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Outline

Burgers’ family

ut + 2uux − νuxx = 0 (Burgers)

un,x = un(un+1 − un) (sd-Burgers)

un+1,m+1 =
pun,m+1 − qun+1,m

p − q + un,m+1 − un+1,m
(d-Burgers-I)

∆mu =
(1− pu)∆n(∆nu + uEnu)

1 + q(∆nu + uEnu)
. (d-Burgers-II)

1. Brief review Burgers’ family

2. Connection with (1+1)-D and (2+1)-D systems

3. Discrete Burgers

I 3D consistency

I Linearisation

I Continuum limit



I Burgers

I-1: Burgers equation ut + 2uux − νuxx = 0

I [H. Bateman-1915] Motion of a viscous fluid,

I [J.M. Burgers-1948] Turbulence in a finite interval [0, b]:

bUt = P − νU

b
− 1

b

∫ b

0

u2 dx ,

ut =
U

b
u − 2uux + νuxx ,

where u = u(x , t) describes velocity of the fluid, U = U(t) denotes
a mean velocity, P is the analogue of an exterior force acting upon
U, and the terms with ν represent frictional effects.

I [V.A. Florin-1948] [E. Hopf-1950] [J.D. Cole-1951] Linear form:

u = −ν ϕx

ϕ
, ϕt = νϕxx + c(t)ϕ.



I-2: Integrability ut + 2uux − νuxx = 0

I Lax pair:

ψx + uψ = λψ, ψt = ψxx + 2uψx .

I Burgers hierarchy:

utn = −T nux = −∂x(∂x + u)nu, (n = 0, 1, 2, · · · ),

recursion operator [P.J. Olver-1977]

T = ∂x + u + ux∂
−1
x = ∂x(∂x + u)∂−1

x .

I Linear form

u = −ν ϕx

ϕ
, ϕtn = ∂n+1

x ϕ+ c(t)ϕ,

I Infinitely many symmetries, conservation laws, not Hamiltonian

I Related to Bell’s polynomials: ey(x)∂nx e
−y(x)

I Galilean trans for Burgers, Generalized GT for Burgers hierarchy



I-3: Related to (1+1)-D: derivative NLS

I Chen-Lee-Liu: [ M. Wadati, K. Sogo-1983]

Ψx = MΨ, M =

(
− 1

2 (η2 − qr) ηq
ηr 1

2 (η2 − qr)

)
, (CLL sp)

CLL hierarchy(
q
r

)
tm

= Rm

(
q
−r

)
, m = 1, 2, · · · ,

R =

(
∂x + qr + qx∂

−1
x r − q∂−1

x rx qx∂
−1
x q + q∂−1

x qx
rx∂

−1
x r + r∂−1

x rx −∂x + qr + rx∂
−1
x q − r∂−1

x qx

)
.

I Reduction

qt2 = qxx + 2qrqx ,

rt2 = −rxx + 2qrrx ,

derivative NLS: r = ±q∗,
Burgers equation/hierarchy: (q, r) = (u, 1) or (q, r) = (1, u).



I-4: Related to (2+1)-D: mKP

Way-I: reduction

I Burgers: Lax pair

ψx + uψ = λψ, ψt = ψxx + 2uψx .

I mKP: Lax pair
LmKPψ = λψ, ψtm = Amψ,

where
LmKP = ∂x + u + u2∂

−1
x + u3∂

−2
x + · · · .

Am = (LmmKP)≥1.

I Reduction
LmKP|u2=u3=···=0



I-4: Related to (2+1)-D: mKP

Way-II: Squared eigenfunction symmetry constraint

I mKP: Lax pair/adjoint form

LmKPψ = λψ, ψtm = Amψ,

L∗mKPφ = λφ, φtm = −A∗
mφ,

where
LmKP = ∂x + u + u2∂

−1
x + u3∂

−2
x + · · · .

I Squared eigenfunction symmetry: σ = (ψφ)x

I Constraint: 0 = ux − σ =⇒ u = φψ = qr

I Results: [D.Y. Chen-2002]

LmKP = ∂x + q∂−1
x r∂x ,

LmKPΦ = λΦ =⇒ CLL spectral problem (λ = −η2).
ψtm = Amψ, φtm = −A∗

mφ =⇒ CLL hierarchy.



II Semi-discrete (sd) Burgers
II-1: sdBurgers: zn,t = zn(zn+1 − zn) or zn,t = −zn(zn − zn−1)

I Spectral problem: ϕn+1 = ζznϕn

I sd Burgers hierarchy: T1 = −∆E−1zn∆−1

(ln zn)ts+1 = T1(ln zn)ts , (ln zn)t1 = (ln zn)x = −∆zn−1 = W1.

I Linear form:

zn =
αn

αn+1
, αn,ts = (−1)s+1αn−s + cs(t)αn.

I Continuum limit: zn = eεu, x = εn, ∂ts = −εs∂t′s

(ln zn)ts = (T1 + 1)s−1W1, =⇒ ut′s = ∂x(∂x − u)s−1u.

I BT: [Chen, Zhang, Zhang-2021]

BT : zn,x = −zn(zn − zn−1), (ln zn)ts+1 = T1(ln zn)ts

Burgershierarchy : ∂ts+1zn = −∂x(∂x + zn)∂−1
x ∂ts zn.



II-2: Related to relativistic Toda (R-Toda)

I sdBurgers: zn,t = zn(zn+1 − zn) or zn,t = −zn(zn − zn−1)

I R-Toda:

Ωn+1 =

(
ζ(1 + αRn)− ζ−1 ζQn−1

−α 0

)
Ωn,

where zn = 1 + αRn, rn = α2Qn and α is a constant.

R-Toda(+) hierarchy:

(
ln zn
ln rn

)
ts+1

= R

(
ln zn
ln rn

)
ts

,

where

zn,t1 = zn(rn − rn−1),

rn,t1 = rn(rn+1 + zn+1 − rn−1 − zn),

R =

(
zn (rnE − E−1rn)∆−1

(E + 1)zn (ErnE − E−1rn)∆−1 + rn + ∆zn∆−1

)
.

I Reduction: rn = −zn or rn = −zn+1



II-2: Related to sd derivative NLS

I sdBurgers: zn,t = zn(zn+1 − zn) or zn,t = −zn(zn − zn−1)

I sdCLL(Chen-Lee-Liu): [Date,Jimbo,Miwa-1983](
ψ1,n+1

ψ2,n+1

)
=

(
−hη2 + 1 + hanbn han

hη2bn 1

)(
ψ1,n

ψ2,n

)
,

sdCLL hierarchy:

(
an
bn

)
t̄s+1

= T̄

(
an
bn

)
t̄s

,

where

an,t̄1
= h−1(1 + hanbn)(an+1 − an),

bn,t̄1
= h−1(1 + hanbn)(bn − bn−1),

T̄ = · · ·

I Reduction: 1 + an = zn, bn = 1 or an = 1, 1 + bn = −zn



II-3: Related to D∆mKP via R-Toda

I The D∆mKP hierarchy:

Lψ = λψ, ψx = A1ψ, ψts = Asψ,

L∗φ = λφ, φx = −A∗
1φ, φts = −A∗

sφ,

where (∆ = E − 1, Efn = fn+1, As = (Ls)≥1 )

L = v∆ + v0 + v1∆−1 + · · · .

cf. LmKP = ∂x + u + u2∂
−1
x + u3∂

−2
x + · · · .

I Squared eigenfunction symmetry: σ = (ψE∆−1φ)x ,

v = ψE∆−1φ −→ v = anbn, an = ψ, bn = E∆−1φ.

I R-Toda: L = anbn∆ + an∆−1bn∆, zn = −anbn, rn = an+1bn,

Lψ = (anbn∆ + an∆−1bn∆)ψ = λψ −→ R-Toda spectral problem,

R-Toda hierarchy

ψts = Asψ, φts = −A∗
sφ.



II-4: Related to D∆mKP via sdCLL

I The D∆mKP hierarchy:

L̄Φ = λΦ, Φx̄ = Ā1Φ, Φt̄s = ĀsΦ,

L̄∗Φ∗ = λΦ∗, Φ∗
x̄ = −Ā∗

1Φ∗, Φ∗
t̄s

= −Ā∗
s Φ∗,

L̄ = h−1v̄∆ + v̄0 + hv̄1∆−1 + · · ·+ hj v̄j∆
−j + · · · , v̄ = 1 + hṽ .

I Squared eigenfunction symmetry: σ = h(ΦE∆−1Φ∗)x̄ ,

ṽ = hΦE∆−1Φ∗ = anbn, an = Φ, bn = hE∆−1Φ∗.

I sdCLL: L̄ = h−1(1 + hanbn)∆ + an∆−1bn∆

L̄φ̄ = λφ̄ −→ sdCLL spectral problem,

sdCLL hierarchy

Φt̄s = ĀsΦ, Φ∗
t̄s

= −Ā∗
s Φ∗.



III Discrete Burgers

III-1: Related to Bianchi identity

I Burgers hierarchy: ∂ts+1zn = (−1)s∂x(∂x + zn + λ)szn,x

I Bäcklund transformation:

zn,x = (zn + λ)(zn−1 − zn),

∂ts+1 ln(zn + λ) = (−1)s+1∆[E−1(zn + λ)]szn−1.

I Bianchi/superposition formula: [Levi,Ragnisco,Bruschi-1983]

z̃x = (z̃ − p)(z − z̃),
ẑx = (ẑ − q)(z − ẑ),

=⇒ ̂̃z =
pẑ − qz̃

p − q + ẑ − z̃
.

I Notations:

z ≡ zn,m, z̃ ≡ zn+1,m, ẑ ≡ zn,m+1, ̂̃z ≡ zn+1,m+1,



III-2: Related to Darboux transformation

I CLL: (
ψ1,n

ψ2,n

)
x̄

=

(
−η2 + anbn ηan

ηbn 0

)(
ψ1,n

ψ2,n

)
.

I Darboux transformation:(
ψ1,n+1

ψ2,n+1

)
=

(
−hη2 + 1 + hanbn+1 han

hη2bn+1 1

)(
ψ1,n

ψ2,n

)
,

I Commuting DT:

M(γ, h, an,m, bn+1,m) =

(
−hγ + 1 + han,mbn+1,m han,m

hγbn+1,m 1

)
,

Ψn+1,m = M(γ, p, an,m, bn+1,m)Ψn,m, Ψn,m+1 = M(γ, q, an,m, bn,m+1)Ψn,m,

I Discrete CLL (reduction to dBurgers: an,m = 1 or bn,m = 1):

pan,m+1 − qan+1,m − (p − q)an,m = pq(an+1,m − an,m+1)an,mbn+1,m+1,

qbn,m+1 − qbn+1,m + (p − q)bn+1,m+1 = pq(bn+1,m − bn,m+1)an,mbn+1,m+1.



III-3: 3D consistency of discrete Burgers

I (triangle) discrete Burgers:

̂̃z =
pẑ − qz̃

p − q + ẑ − z̃

I 3D consistency:

(a) (b)



III-4: Integrability of discrete Burgers

I (triangle) discrete Burgers:

̂̃z =
pẑ − qz̃

p − q + ẑ − z̃

I Lax pair:

Φ̃ = UΦ =

(
p −r z̃
1 p − r − z̃

)
Φ, Φ̂ = VΦ =

(
q −r ẑ
1 q − r − ẑ

)
Φ,

I Lax pair (without spectral parameter r):

ϕ̃ = (p − z̃)ϕ, ϕ̂ = (q − ẑ)ϕ.

I Linear form (via zn,m = p − ψn−1,m

ψn,m
):

ψ̂ − ψ̃ = (p − q)
̂̃
ψ.



Summary

Burgers’ family

ut + 2uux − νuxx = 0 (Burgers)

un,x = un(un+1 − un) (sd-Burgers)

un+1,m+1 =
pun,m+1 − qun+1,m

p − q + un,m+1 − un+1,m
(d-Burgers-I)

∆mu =
(1− pu)∆n(∆nu + uEnu)

1 + q(∆nu + uEnu)
. (d-Burgers-II)

1. Brief review Burgers’ family

2. Connection with (2+1)-D systems

3. Discrete Burgers

I 3D consistency

I Linearisation

I Continuum limit
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