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Outline

Burgers’ family

Uy + 2uuy — vy =0 (Burgers)

Upnx = Un(un+1 - Un) (sd—Burgers)
u —qu

Untlm4l = Plnmi1 = Glnitm (d-Burgers-1)

P— g+ Unpm+t1l — Untl,m
(1= pu)A,(Apu+ uE,u)
Apu= . d-B -1l
“ 1+ q(Apu+ uEqu) (d-Burgers-11)

1. Brief review Burgers’ family
2. Connection with (141)-D and (2+1)-D systems

3. Discrete Burgers
» 3D consistency
> Linearisation

» Continuum limit



Burgers

I-1: Burgers equation u; + 2uuy, — vuy, =0
> [H. Bateman-1915] Motion of a viscous fluid,
> [J.M. Burgers-1948] Turbulence in a finite interval [0, b]:
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Up = —U — 2UlUy + VU,
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where u = u(x, t) describes velocity of the fluid, U = U(t) denotes
a mean velocity, P is the analogue of an exterior force acting upon
U, and the terms with v represent frictional effects.

> [V.A. Florin-1948] [E. Hopf-1950] [J.D. Cole-1951] Linear form:

U:—V%, (Pt:V(pxx+C(t)(p'



I-2: Integrability u; + 2uuy — vuy =0
> Lax pair:
Ux +uh = M, P = thoc + 20y
> Burgers hierarchy:
u, = —T"uy = —0x(0x + u)"u, (n=0,1,2,--+),
recursion operator [P.J. Olver-1977]

T:8X+U+UX3;1 :ax(ax+ U)a;l'

» Linear form

» Infinitely many symmetries, conservation laws, not Hamiltonian
> Related to Bell's polynomials: ey(x)d’(’e’y(x)

> Galilean trans for Burgers, Generalized GT for Burgers hierarchy



I-3: Related to (1+1)-D: derivative NLS
> Chen-Lee-Liu: [ M. Wadati, K. Sogo-1983]
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» Reduction

dr, = Gxx + 29rqx,
ry, = —rw +2qrry,

derivative NLS: r = +gq*,
Burgers equation/hierarchy: (q,r) = (u,1) or (q,r) = (1, u).



I-4: Related to (2+1)-D: mKP

Way-I: reduction

» Burgers: Lax pair
wx + ud) = )\1/), 1/)1: = 11[}XX + 2U77Z)x-

» mKP: Lax pair
LmKPw = A, 'l/}t,,, = An,

where

Loxp = O+ u+ dt + 130724 - .

Am = (LITlKP)Zl‘

» Reduction
LmKP"Jz:LB:"':O



I-4: Related to (2+41)-D: mKP

Way-Il: Squared eigenfunction symmetry constraint
» mKP: Lax pair/adjoint form
LInKP¢ = )‘¢a L/)tm = Am%
L:;]KP¢ = )‘¢7 d)tm = _A;¢7

where
Loxp =0« +u+ it +ud 2+

> Squared eigenfunction symmetry: o = ()
» Constraint: 0 =u, —0 = u= ¢ =gqr
> Results: [D.Y. Chen-2002]

Linkp = Ox + q0; ' rdy,

L xp® = A® = CLL spectral problem (A = —5?).
Ut = Amt, ¢, = —Aj,¢ = CLL hierarchy.



Il Semi-discrete (sd) Burgers
II-1: sdBurgers: z,: = z,(zp4+1 — zn) OF Zpt = —2p(2n — Zn—1)

» Spectral problem: ¢,11 = (z,0n

> sd Burgers hierarchy: T1 = —AE~1z,A™!

(Inzp)e,, = Tillnzy)e, (Inzp)y = (Inzp)x = Az = Wi

» Linear form:
Zy = %, Qpyt, = (—1)5“04,,,S + ().
» Continuum limit: z, = e, x =¢n, 0y, = —°0y
(Inzp)e, = (To + 1WA, = uy = 0u(0x — u)*u.
» BT: [Chen, Zhang, Zhang-2021]

BT : z,x = —2za(z0 — zn-1), (Inzp)s,, = Ti(Inzs)s,

Burgershierarchy : 0y,,,2, = —0x(0x + 2,)0y 104,20



11-2: Related to relativistic Toda (R-Toda)
> sdBurgers: z,: = z,(Zn41 — 2Zn) OF Znt = —2p(2n — Zn—1)

» R-Toda:

—

= (S0 0R) @Y

where z, = 1+ aR,, r, = a?Q, and « is a constant.

R-Toda(+) hierarchy: ( 'I” Zn ) - R( Ilnz,, ) ,
Nin /. N /)y,

where

Zn,t; = Zn(rn - rn—l)y

'n,ty = rn(rn+1 + Zn+1 — h—1 — Zn)7

R Zn (rE — E71r)A™1
"\ (E+ 1z, (EnfE—E ')A +r,+A0z,A7Y )

» Reduction: r, = —z, or r, = —z,11



11-2: Related to sd derivative NLS
> sdBurgers: zp ¢ = z(Zn41 — 2Zn) OF Znt = —2Zp(2n — Zp—1)

> sdCLL(Chen-Lee-Liu): [Date,Jimbo,Miwa-1983]

1pl,nJrl — _h772 +1+ hanbn han 7wbl,n
w2,n+1 h772bn 1 ¢2,n ’

. an — T n
sdCLL hierarchy: ( b )ESH = T( b, )Es’

any = hfl(l + hapb,)(ant1 — an),
bn,ﬁ = h_l(l + hanbn)(bn - bnfl)»

where

o

» Reduction: 14+ a,=2z,, by=1ora,=1, 1+ b, =—z,



11-3: Related to DAmKP via R-Toda
» The DAmKP hierarchy:

L= b, e = A, e, = Ast,
L"o =X, ox=—Ad, ¢, =—A9,
where (A = E — 1, Ef, = fo11, As = (L%)>1)
L=vA+vg+wvAtt....

cf. Loxp =0x+u+ it +us0;%+ .
» Squared eigenfunction symmetry: o = (YEA™1¢),,

v=yEAT'¢ — v =asb,, a,=1, b,=EA'¢.
» R-Toda: L = a,b,A + a,A"'b,A, z,= —anb,, rh = ani1bn,
L1y = (apbyA + a, A7 b,A)i) = \p — R-Toda spectral problem,
R-Toda hierarchy

Yy, = A, Pr, = _A:¢~



11-4: Related to DAmKP via sdCLL
» The DAmKP hierarchy:

Lo =)b, Oz =A0, & =AD,
L*o* = A0*, Of = —Ajd*, O = —A70",
L=h""WA+0%+hnA WA+ =1+ hi.
» Squared eigenfunction symmetry: o = h(PEA~1d*)s,
V=hOEATIO" = apb,, an=®, b,=hEA"1O*.
» sdCLL: L = h7Y(1 + hanbn)A + a,A71b,A
Lp = \p — sdCLL spectral problem,
sdCLL hierarchy

P = AP, O = —AId*



Il Discrete Burgers

I1l-1: Related to Bianchi identity
» Burgers hierarchy: 0y ,,z, = (—1)°0x(0x + z, + A)°zn «

v

Backlund transformation:

Znx = (Z,, + )\)(anl - zn)7
ey Iz + A) = (“1)* P A[E (20 + N zo_1.

> Bianchi/superposition formula: [Levi,Ragnisco,Bruschi-1983]
A S U S L. L
2= (- q)z-2), P atz_3
> Notations:

Z=2Znmy Z=2Zpy1lmy Z= Zn,m+1; zZ = Zn+1,m+17
) )



111-2: Related to Darboux transformation

» CLL:
1/}1,n — *7]2 + anbn Nan wl,n
w2,n % 77bn O wQ,n '
» Darboux transformation:
( ¢1,n+1 > — < _h772 +1+ hanbn+1 han > ( {lpl,n )
w2,n+1 h772bn+1 1 1pZ,n ’

» Commuting DT:

7h +1+han mbn m hanm
M(v, h, an,m, bp1,m) = ( ! h’Ybn+1;n " 1 ) )

wn+1,m = M(’Yv P, an,m, bn+1,m)wn,m7 wn,m+1 = M(’Yv q,an,m, bn,m+1)wn,m7

> Discrete CLL (reduction to dBurgers: a,, =1 or b, , = 1):

Panm+1 — 9ant+1i,m — (p - q)anﬁm - pq(an+1,m - an,m+1)an¢mbn+1,m+17
qbn,m+1 - qbn+1,m + (P - q)bn+1,m+1 = pq(bn+1,m - bn,m+1)an,mbn+1,m+1'



111-3: 3D consistency of discrete Burgers

> (triangle) discrete Burgers:

> 3D consistency:

z=

(a)

pZ —qz

p—q+z—2z
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n
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111-4: Integrability of discrete Burgers

> (triangle) discrete Burgers:

= pz — qz
Z=—""=x< =<
p—qt+z—2z
> Lax pair:
d=vo=(P T o s=ve=(9 T o,
1 p—r—z 1 g—r—2z

> Lax pair (without spectral parameter r):
e=(p—-2)p, ¢=(q-2)p.
wnfl,m):

> Linear form (via z,;m = p — o

~

-0 =(p—q).



Summary

Burgers’ family

Us +2uuy — vy =0

Unx = Un(Unt1 — Up)
PUnm+1 — QUny1,m

Uny1,m+1 =
p—q + Un,m+1 - Un+1,m

(1= pu)A,(Azu+ uE,U)
1+ q(Aqu+ uE,u)

Anpu=

1. Brief review Burgers' family
2. Connection with (24+1)-D systems
3. Discrete Burgers

» 3D consistency

» Linearisation

» Continuum limit
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(d-Burgers-11)



Questions for sandpit?

Thank You!
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