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1
.

The Riemann theta functions
· M-thate function (Prym thata tract)
· Ventex operators

2
. KP solitons
· I- functions an Gr**,N

,M)
· I- functions as an M-theta facts

.

(Normalization and singular curves)



3. Applications
· KP soliton gas

1 (Phaseshifts)
· KP solitan gas 2 (spatal patterns)

· Solitans on quasi-periodic background .

Celliptic solutions etc)
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.

The Riemann that functions

Ig(zin) = xgexpax(mm + m +z)
z = 98

,

regi=)8x8 symmetric matrix]
Im >0



C : Smooth compact Riemann surface
= Sa , .., ag ,

bi
,
-, by <H , [Ciz)

Canonica homological cycles
-[c , . . ., wg] : normalfea holomorphic

differentials
bi

& =

bij ,g =I =..⑯
ai

↑



Mumford (1984) constructed a thata function
on a singular current of g=0 with singular pts
S = <P , -, Pg3 .

Assume these pts an ordinary
double pts (nodes)

.

Then I the normalization

-> ... P
;

it : P- I
0 ⑦with bit --
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it "(Pj) = 2bj ,C; 3
~ c

x(bj) =π(() = Pj

-
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W . -> C= (b - Es de
I j j

Pj(x)Ce. g y= T
(x-xi) wi=- Cy dX

-

In the limit (Pinch) ,

(Kella
,
2011

,
Ichikawa 2023)

Imbij- is 1=j= gdresEn milogs)--

(bj-(x)((j -bx)



Before taking limits, conside shifts
zj + zj - ejj

Og(i)-zi - g,eljiI jis

+ w
;z; (

Then taking the limits
=

+ic ,
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Amarks
① This is the Mirota g-solitan solution of

the KP equation where

2xizj = 9j = Z P
!

"
- E!) En

n
=

1

Also note this is the KP solitans

corresponding to the lowest dimensional-

irreducible element of Gr(9 ,28)



② Eg can be written in the form,
-

Og = ↑(1+ Yj [T) · 1
j = 1

wepile!k= j
C

Note :
-

, (i) .V
,
12] = e · ]Vicle] :

A

nei



③
g =

det (j.x
+ et"(zj+zi)C

the Grammian form
④ Considery double covers of singular curve ,

(Prym variety) · BKP

Es= :)(i) - lt-t)) az

Is became aftian.

Th"(P) = 2 =bj , =C)



2
.
KP solitons

KP equation (-4Ut +64Ux + 1xxx)
x

+3 Ugy =

0

u = 22= It.
Theorem Let If : jt-] be a set af indep ,

sols
-

227:at the linea systems =-
-y re
, .

ThenTf. - fil
gives a solution of the KP equation .



· No zere sollumn
Let A=1ai) = Gr

*

"N
,M)

.

(irreducible IL
⑧ No row having

just pivot

↑
Take fi =hije

*:
,5j = k,x+k,2y +k!t

Then the I-function can be expressed as

5M

I
e5 .....

5MSTG := det (AET
, E =

Keesi. e



The Binet-Candy Lem . gives

Ta= 2 W
= (A) EI

,

I = 3 i .... :N
I =M(A)

M(A) = [2=(i) (WI (A) <0}
WICA) =

the minor corresp ,
to the column [1 ,

-

; (7)
.

3r, + -. + Six
EI = Wr(e: .., e

**
)= I(ki-kie)e
k

With the ride (K,K ..<1) E=>0 .



Lma :
Each At GCN,M) can be peantryed

by a derangement it = SM .

rem : Each KP soliton has thefollowing
properties : Let it he a derangement in Sm .

· Y T(i)> ; (exadue) I a solitan
of type (i , (i)] in y> 0

· is (i); Canti-exceder)
I a solion

of type < #(i) , 2]
in y0 ·



[i ,+]]
y = N Sohtons

I I in y>0

i
# x = Mr solitar

I

... ↑ in y0

/ I I
Internation patterns consists of

[TIj) ,
j] X ad Y shapes



amples Gr ( . 4)

· N = 1 A = (1,A, *,* )
,

dim= 3

-es i = (4123)

[1 ,2]- (g = 3)
-

· N = 2

(a) A = 1 ! i =

=) dim= 4



[2 .4] 113]
53.47↳ D
-

--I I2 * I= (34(2)[2,31
[1.4]
I

-1 ,2] 22, 4] (g = 3)
.his

33 ,4] ⑪ ,3] A = (d i) dim=3
-

(b)
3.
2]
* (8 =3)

S
/ [2 .4]

S

I= (3142)
[2 .4]
·

Y
-1.2] x = (2413)↑-(C) I-15

.43I
y[1-3]I dim=3 (9 =3)



(d) & + = (4312)
.

(8 =3)
/

(0) & + = (3421) (8 =3)

(f). -0 i
= (2143) (8 = 2)

(9-
= (4321)(8 =2)

· N = 3 i = (2341) (9 =3)



Let Io EMIA) be the Lexico
, graphical min . of M/A)

The dividing [A by Jo(A)EIo (WICE)= 1)
,

TA = Ex = 1 + I WICA) E
I cMA) 19503

ht)= gEe



where

· g = (I =M(A))(In 1) = N + 3)
= # (nonzero elements in A3-pilots

· 24izj= 4j 1 j I
1 2 - .. n ,

A = (
* 0 A ....

- * ⑧

II 0 A -- *

n
,+ 1 ... n

,+12
2

-
-

* - - - X

g



· 95 + l = 34 - Sin n

A = (0 -- .0101 ...... )= ~throw
it ens

&

· Singular pts [P.. ---> (5)

i
-

(Pg+e) = 2
, k3



zijl·

Cjr= e

I scienceCbj-

j = &x
-it mE R = Ik- 1

+
m



Example : Hirota 4-solton
⑧0 0123 45688

c+Y4
,8)I 0 0 * E

A = I 1 * 01A
08 I

42 = 35-32 , 44
= 38 -37E 9

= 34-3,, 43 = 35 - 35

⑰⑰
.

.."II
9
x

8 2

↳ /

3 -
;' I ⑪. 8 · I -I ⑧ 8

/ I
--

or 6 I~ litt



Example : 1234 g=3

A = (! ( 9.+44 = 92+ 43

9 = 35-3 , 42
= 34- 3
, 4

- 35-32
, 44 = 3x-3

-

-DS ⑳↳
⑳ 02listicit est

X !&
2 3 XL eI I/ 94

⑧

I/ (3
,4, 1 ,2)4

,

=> C2 = 4 = 22x = (34=0 C470
, C2370
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-models& KP solita gas

① Hirota -soliton .

There are (g = (38) Soltan solutions

al this type

.
Give random phase stuff
and assign a proper

weight for each Cjk .



② Give random permutation ,
with propen

measure (es
.

Schur measure ? ) ·

Then diture the most likely-

tern generated by KP solitans .

All Intjj are large . (but finite)

Observe the patterns from G(k , 9)
for 1Ck = 8-1 . (Flag ? )



③ KP solitors on quasi-periodic
Nakayashili , Kekeibackground . S Zhang ot all C

Conside only far same jj-+ic .

Ig" (2:) = Call g - n
(2)
-

solitan Quasi-periodic

E) :

(9-n) x Cg-n) period matrix .

z(
= (Zax ,

-- , zg)


