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Classical groups - L-groups - L-parameters

Let G be a connected reductive real algebraic group.

Most of the time G
will be a classical or unitary group, that is to say :

GLpnq, Spp2nq, SOpnq, Upnq.

‚ Let _G be the complex dual group of G , e.g.

G “ GLpnq ùñ _G “ GLpn,Cq
G “ Spp2nq ùñ _G “ SOp2n ` 1,Cq

G “ SOp2n ` 1q ùñ _G “ Spp2n,Cq
G “ SOp2nq ùñ _G “ SOp2n,Cq

G “ Upnq ùñ _G “ GLpn,Cq.

‚ Let WR be the Weil group of R :

WR “ Cˆ \ jCˆ

in which

j2 “ ´1 and jzj´1 “ z̄ , z P Cˆ.
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Nicolás Arancibia Robert Cergy Paris Université Real Arthur packets from a sheaf theoretic perspective



Classical groups - L-groups - L-parameters

Let G be a connected reductive real algebraic group. Most of the time G
will be a classical or unitary group, that is to say :

GLpnq, Spp2nq, SOpnq, Upnq.

‚ Let _G be the complex dual group of G , e.g.

G “ GLpnq ùñ _G “ GLpn,Cq
G “ Spp2nq ùñ _G “ SOp2n ` 1,Cq

G “ SOp2n ` 1q ùñ _G “ Spp2n,Cq
G “ SOp2nq ùñ _G “ SOp2n,Cq

G “ Upnq ùñ _G “ GLpn,Cq.

‚ Let WR be the Weil group of R :

WR “ Cˆ \ jCˆ

in which

j2 “ ´1 and jzj´1 “ z̄ , z P Cˆ.
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Classical groups - L-groups - L-parameters

‚ Let LG be the L-group of G i.e.

LG “ _G ¸WR.

‚ Let ΦpG q be the set of L - parameters of G , that is to say, the set of
_G -conjugacy classes of continuous group homomorphism

ϕ : WR ÝÑ
LG ,

verifying :

i. the diagram

WR //

!!

LG

}}
WR

is commutative.

ii. for every w PWR the projection of ϕpwq onto _G is semisimple.
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Nicolás Arancibia Robert Cergy Paris Université Real Arthur packets from a sheaf theoretic perspective



Classical groups - L-groups - L-parameters

‚ Let LG be the L-group of G i.e.

LG “ _G ¸WR.

‚ Let ΦpG q be the set of L - parameters of G , that is to say, the set of
_G -conjugacy classes of continuous group homomorphism

ϕ : WR ÝÑ
LG ,

verifying :

i. the diagram

WR //

!!

LG

}}
WR

is commutative.

ii. for every w PWR the projection of ϕpwq onto _G is semisimple.
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Nicolás Arancibia Robert Cergy Paris Université Real Arthur packets from a sheaf theoretic perspective



Local Langlands Correspondance

Notation : A real form of a complex algebraic group G is an
antiholomorphic involutive automorphism

σ : G ÝÑ G .

The group of real points of σ is

G pR, σq “ tg P G : σpgq “ gu.
We define

ΠpG pR, σqq “ Set of (equivalence classes) of irreducible

admissible representations of G pR, σq.

Theorem (Local Langlands Correspondance)

The set ΠpG pR, σqq is a disjoint union of finite subsets Πϕpσq indexed by
ΦpG q :

ΠpG pR, σqq “
ğ

ϕPΦpGq

Πϕpσq.

The sets Πϕpσq are called L-packets.
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Local Arthur Conjectures : the real case

Arthur realized that in order to account for the representations which are
of interest to the description of the automorphic representations, the
notions of L-parameter would have to be modified. Arthur introduced a
new set of parameters

ΨpG q “ A - parameters of G ,

consisting of _G -equivalence classes of group homomorphisms

ψ : WR ˆ SLp2,Cq ÝÑ LG ,

satisfying :

i. The restriction of ψ to WR is a bounded Langlands parameter.

ii. The restriction of ψ to SLp2,Cq is holomorphic.
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Local Arthur Conjectures : the real case

Next, Arthur conjectured the existence of a correspondance :

Local Arthur Conjecture
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ψ P ΨpG q

§

§

§
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Πψpσq “ finite set of irreducible unitary
representations of G pR, σq

looooooooooooooooooomooooooooooooooooooon

(Local) A-packet

Local components of automorphic
representations

.
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Local Arthur Conjectures : the real case

Arthur’s correspondance should verify a list of properties :

Property A : Recall that to every A-parameter ψ we can associate a
L-parameter

ϕψ : WR ÝÑ LG ,

by defining for every w PWR,

ϕψpwq “ ψ

ˆ

w ,

ˆ

|w |1{2 0
0 |w |´1{2

˙˙

.

Then the A-packet of ψ should contain the L-packet of ϕψ :

Πϕψ pσq Ă Πψpσq.

Furthermore, Πψpσq should be the support of a stable virtual character
ηψpσq :

Supp pηψpσqq “ Πψpσq.
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Nicolás Arancibia Robert Cergy Paris Université Real Arthur packets from a sheaf theoretic perspective



Local Arthur Conjectures : the real case

Property B : Define

_Gψ “ the centralizer in _G of the image of ψ.

and consider its component group :

Aψ “ _Gψ{ p
_Gψq0 .

Then associated to each π P Πψpσq there is a non-zero finite-dimensional
representation of Aψ :

τψ : Πψpσq ÝÑ Âψ

π ÞÝÑ τψG
pπq,

such that the stable virtual character of Property A satisfies :

ηψpσq “
ÿ

πPΠψpσq

επ dimpτψpπqqπ.

Here επ “ ˘1 is to be defined.
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Local Arthur Conjectures : the real case

Property C : The stable virtual character ηψG
pσq should satisfy the

Spectral Identities

(ordinary and twisted) predicted by the theory of endoscopy.

Property D : The irreducible representations of Πψpσq are all unitary.
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Local Arthur Conjectures : the real case

In the case of a real classical or unitary group G there are
two approaches towards the solution of Arthur’s local conjectures :
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Local Arthur Conjectures : the real case

First Approach : The harmonic analysis approach has been used in :

1. J. Arthur (2014)

“The Endoscopic Classification of Representations”,

to prove the Local Arthur Conjectures in the case of quasi-split classical
groups.

2. C.P MOK (2015)

“Endoscopic classification of representations of quasi-split unitary groups”,

to prove the Local Arthur Conjectures in the case of quasi-split Unitary
groups.

3. C. Moeglin and D. Renard (2020)

“Sur les paquets d’Arthur des groupes classiques réels”,

to extend the proof of the Local Arthur Conjectures to all pure real forms of
classical and unitary groups.
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Local Arthur Conjectures : the real case

Second Approach :

The second approach uses connections between
representations and equivariant sheaves. It was taken by J. Adams, D.
Barbasch and D. Vogan (ABV) in their 1992 book :

“The Langlands classification and irreducible characters

for real reductive groups”

Their solution to the conjectures is valid in the case of

G an arbitrary real reductive group,

and it is based on sophisticated geometric tools :

Microlocal Geometry : D-modules and perverse sheaves,

characteristic cycles.
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Local Arthur Conjectures : the real case

The rest of the talk will be divided as follows :

§ First, we give a short description of the two different approaches. We
will concentrate our exposition on ABV’s sheaf theoretic approach.

§ Finally, we give an overview of the proof in

“Equivalent definitions of Arthur packets for

real classical groups”

J. Adams - A - P. Mezo.

and

“Equivalent definitions of Arthur packets for

real unitary groups”

A - P. Mezo.

of the equivalence of the two approaches in the case of pure real
forms of classical and unitary groups.
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Local Arthur Conjectures : the real case

Let σq be a quasi-split real form of a classical or unitary group G .

Fix
an A-parameter ψG of G . Each approach give us an A-packet and a map
to the component group :

ψG

{{
ηAr
ψG
pσqq

Supp

��

?
“ ηABV

ψG
pσqq

ΠAr
ψG
pσqq

τAr
ψG

��

ΠABV
ψG

pσqq

ΠAr
ψG
pσqq

?
“ ΠABV

ψG
pσqq

AψG

AψG

The proof of ΠAr
ψG
pσqq “ ΠABV

ψG
pσqq, reduces to verify

ηAr
ψG
pσqq “ ηABV

ψG
pσqq.

Once the equality between packets is obtained, it is not difficult to prove

τABV
ψ “ τAr

ψ .
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Arthur’s approach

ψG ÝÑ ηAr
ψG
pσqq ÝÑ ΠAr

ψG
pσqq.

Let us begin by discussing the strategy followed by Arthur and Mok to
define ΠAr

ψG
pσqq.

Their method can be resumed as follows :

‚ Step 1 : Express G as a twisted endoscopic group of a nice group H,
for which Arthur’s conjecture is easier to verify or already known.

H :“ GLN if G is a classical group

H :“ RC{RGLN “ GLN ˆGLN if G is a unitary group.

with

HpR, σqq “
"

GLNpRq if G is a classical group
GLNpCq if G is a unitary group,
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Nicolás Arancibia Robert Cergy Paris Université Real Arthur packets from a sheaf theoretic perspective



Arthur’s approach

The relationship between G and H is given by an outer automorphism
ϑ of H given by

ϑpgq “ J̃ pg´1qᵀ J̃´1, g P GLN ,

if H “ GLN , and by

ϑpg1, g2q “

´

J̃ pg´1
2 qᵀ J̃´1, J̃ pg´1

1 qᵀ J̃´1
¯

g1, g2 P GLN ,

if H “ RC{RGLN , where J̃ is the anti-diagonal matrix :

J̃ “

»

–

0 1
´1

. .
.

p´1qN´1 0

fi

fl ,

such that there exist an element :

sϑ P _H ¸ ϑ Ă _H ¸ 〈ϑ〉

for which
_G “

´

p_Hqsϑ
¯

0
.
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Arthur’s approach

This give us an inclusion

_G ãÝÑ _H,

which can be extended into an inclusion

ε : LG ãÝÑ LH,

permitting us to express G as a twisted endoscopic group of H.

Step 2 : Using ψG and the previous inclusion, we define an A-parameter
of H :

ψ “ ε ˝ ψG .

Then through the Local Langlands Correspondence, we define

ΠAr
ψ pσqq “ Πϕψ pσqq “ tπψu

i.e. πψ is the unique irreducible rep. in the L-packet of ϕψ.

Remark : πψ ˝ ϑ – πψ.
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Nicolás Arancibia Robert Cergy Paris Université Real Arthur packets from a sheaf theoretic perspective



Arthur’s approach

This give us an inclusion

_G ãÝÑ _H,

which can be extended into an inclusion

ε : LG ãÝÑ LH,

permitting us to express G as a twisted endoscopic group of H.

Step 2 : Using ψG and the previous inclusion, we define an A-parameter
of H :

ψ “ ε ˝ ψG .

Then through the Local Langlands Correspondence, we define

ΠAr
ψ pσqq “ Πϕψ pσqq “ tπψu

i.e. πψ is the unique irreducible rep. in the L-packet of ϕψ.

Remark : πψ ˝ ϑ – πψ.
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Arthur’s approach

Step 3 : Definition of ΠAr
ψG
pσqq as the preimage of πψ under endoscopic

transfer. A little of notation first :

‚ Twisted characters of H : Suppose

π ˝ ϑ – π, π P ΠpHpR, σqqq.

The Whittaker normalization permits to extend π into a
representation π„ of HpR, σqq ¸ 〈ϑ〉. We then define the Twisted
character of π as :

Trϑpπq : f ÞÝÑ Tr

˜

ż

HpR,σqq

f pxϑqπ„pxϑqdx

¸

, f P C8c pHpR, σqq ¸ ϑq.

and write

KΠpHpR, σqq, ϑq “ Z´ linear space of
 

Trϑpπ
„q : π ˝ ϑ – π

(

.

‚ Characters of G : We write KΠpG pR, σqqq for the Grothendieck
group of finite-length admissible reps of G pR, σqq :

KΠpG pR, σqqq “ Z´ linear space of
 

Trpπq : π P ΠpG pR, σqqq
(

.
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Nicolás Arancibia Robert Cergy Paris Université Real Arthur packets from a sheaf theoretic perspective



Arthur’s approach

Step 3 : Definition of ΠAr
ψG
pσqq as the preimage of πψ under endoscopic

transfer. A little of notation first :

‚ Twisted characters of H : Suppose

π ˝ ϑ – π, π P ΠpHpR, σqqq.

The Whittaker normalization permits to extend π into a
representation π„ of HpR, σqq ¸ 〈ϑ〉. We then define the Twisted
character of π as :

Trϑpπq : f ÞÝÑ Tr

˜

ż

HpR,σqq

f pxϑqπ„pxϑqdx

¸

, f P C8c pHpR, σqq ¸ ϑq.

and write

KΠpHpR, σqq, ϑq “ Z´ linear space of
 

Trϑpπ
„q : π ˝ ϑ – π

(

.

‚ Characters of G : We write KΠpG pR, σqqq for the Grothendieck
group of finite-length admissible reps of G pR, σqq :

KΠpG pR, σqqq “ Z´ linear space of
 

Trpπq : π P ΠpG pR, σqqq
(

.
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Arthur’s approach

The work of Mezo and Shelstad, proves that twisted characters of
HpR, σqq ¸ ϑ are related to stable distributions on G pR, σqq, through the
(twisted) Transfer map :

TransH¸θG : KΠpG pR, σqqqst ÝÑ KΠpHpR, σqq, ϑq.

The transfer map opens a path towards the definition of the A-packets.
Recall that Property C of the conjecture states :

ηψG
pσq should satisfy the spectral identities

Arthur defines ηAr
ψG
pσqq as the solution of the twisted spectral identity :

Trϑpπ
„
ψ q “ TransH¸ϑG

´

ηAr
ψG
pσqq

¯

.

The A-packet attached to ψG consists then of :

ΠAr
ψG
pσqq “ Irreducible representations in the support of ηAr

ψG
pσqq.
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Nicolás Arancibia Robert Cergy Paris Université Real Arthur packets from a sheaf theoretic perspective



Arthur’s approach

The work of Mezo and Shelstad, proves that twisted characters of
HpR, σqq ¸ ϑ are related to stable distributions on G pR, σqq, through the
(twisted) Transfer map :

TransH¸θG : KΠpG pR, σqqqst ÝÑ KΠpHpR, σqq, ϑq.

The transfer map opens a path towards the definition of the A-packets.
Recall that Property C of the conjecture states :

ηψG
pσq should satisfy the spectral identities

Arthur defines ηAr
ψG
pσqq as the solution of the twisted spectral identity :

Trϑpπ
„
ψ q “ TransH¸ϑG

´

ηAr
ψG
pσqq

¯

.

The A-packet attached to ψG consists then of :

ΠAr
ψG
pσqq “ Irreducible representations in the support of ηAr

ψG
pσqq.
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Adams-Barbasch-Vogan’s approach

ψG ÝÑ ηABV
ψG

pσqq ÝÑ ΠABV
ψG

pσqq.

Adams, Barbasch and Vogan use completely different methods in proving
Properties A to D of the conjecture.

They introduce a

Sheaf theoretic version of the spectral identities

to then prove that their definition of A-packet verifies it. To do this, their
strategy can be divided into two parts :

1. Define a pairing between :

Finite-length admissible representation of real forms of G

and
_G ´ equivariant sheaves on a topological space X

`

LG
˘

.

2. Using sophisticated techniques from microlocal geometry, do
interesting work on the sheaves and transport back to the world of
representations using the pairing.
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Adams-Barbasch-Vogan’s approach

The underlying novelty in ABV’s work is the introduction of a space :

X
`

LG
˘

“ Disjoint union of generalized flag varieties

which reparametrize the set of L-parameters

, i.e.

‚ X
`

LG
˘

is equipped with a _G -action.

‚ The _G -orbits are in bijection with the set of L-parameters :
 

_G ´ orbits in X
`

LG
˘(

ÐÑ Φ pG q .

The advantage to working with orbits of X pLG q lies in the additional
topological structure. Among other things :

i. Orbits are not necessarily closed in X pLG q.

ii. Each _G -orbit S Ă X pLG q can be supplemented with an irreducible
_G -equivariant local system V of complex vector spaces. A pair

ξ “ pS ,Vq
is called a complete geometric parameter. The set of such
complete geometric parameters is denoted by

ΞpG q.
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Adams-Barbasch-Vogan’s approach

‚ Step 1 : The Pairing :

Since we have a bijection :
 

_G ´ orbits in X
`

LG
˘(

ÐÑ Φ pG q ,

the Langlands Correspondence can be stated as :
 

_G ´ orbits in X
`

LG
˘(

ÐÑ tL´ packets of ΠpG pR, σqqqu.

Then ABV refine the Langlands Correspondence to a one-to-one
relationship :

ΞpG q ÐÑ ΠpG{Rq “
ž

σ in the inner class of σq

ΠpG pR, σqq

ξ ÐÑ πpξq.

Since by the Langlands classification each πpξq P ΠpG{Rq is the
Langlands quotient of a unique standard representation :

πpξq “ Mpξq,

the refined correspondence yields also a bijection

ξ ÐÑ Mpξq.
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Nicolás Arancibia Robert Cergy Paris Université Real Arthur packets from a sheaf theoretic perspective



Adams-Barbasch-Vogan’s approach

To each ξ P ΞpG q we have attached two objects :

πpξq ÐÝ ξ ÝÑ Mpξq.

Two more objects can be attached to it. For each _G -orbit S Ă X
`

LG
˘

,
write d “ dimS and

S
j

ãÝÑ S
i

ãÝÑ X
`

LG
˘

.

‚ Constructible sheaf : To every ξ “ pS ,Vq P ΞpG q, we associate an
irreducible constructible sheaf µpξq on X

`

LG
˘

by :

V ÞÝÑ
extension by zero to S

j!V ÞÝÑ
direct image to XpLGq

µpξq :“ i˚j!V.

‚ Perverse sheaf : To every ξ “ pS ,Vq P ΞpG q, we associate an
irreducible perverse sheaf Ppξq on X

`

LG
˘

by :

Vr´ds ÞÝÑ
intermediate extension to S

j!˚Vr´ds

ÞÝÑ
direct image to XpLGq

Ppξq :“ i˚j!˚Vr´ds “ ICXpLGq pVq .
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Nicolás Arancibia Robert Cergy Paris Université Real Arthur packets from a sheaf theoretic perspective



Adams-Barbasch-Vogan’s approach

To each ξ P ΞpG q we have attached two objects :

πpξq ÐÝ ξ ÝÑ Mpξq.

Two more objects can be attached to it. For each _G -orbit S Ă X
`

LG
˘

,
write d “ dimS and

S
j

ãÝÑ S
i

ãÝÑ X
`

LG
˘

.

‚ Constructible sheaf : To every ξ “ pS ,Vq P ΞpG q, we associate an
irreducible constructible sheaf µpξq on X

`

LG
˘

by :

V ÞÝÑ
extension by zero to S

j!V ÞÝÑ
direct image to XpLGq

µpξq :“ i˚j!V.

‚ Perverse sheaf : To every ξ “ pS ,Vq P ΞpG q, we associate an
irreducible perverse sheaf Ppξq on X

`

LG
˘

by :

Vr´ds ÞÝÑ
intermediate extension to S

j!˚Vr´ds

ÞÝÑ
direct image to XpLGq

Ppξq :“ i˚j!˚Vr´ds “ ICXpLGq pVq .
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To each complete geometric parameter ξ P ΞpG q we have attached four
objects :

πpξq Mpξq

ξ

>>

!!

``

~~
Ppξq µpξq

Moreover, we have two Grothendieck groups parametrized by ΞpG q :

KΠpG{Rq “ Z´ linear space of
 

πpξq : ξ P ΞpG q
(
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`
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Nicolás Arancibia Robert Cergy Paris Université Real Arthur packets from a sheaf theoretic perspective



Adams-Barbasch-Vogan’s approach

To each complete geometric parameter ξ P ΞpG q we have attached four
objects :

πpξq Mpξq

ξ

>>

!!

``

~~
Ppξq µpξq

Moreover, we have two Grothendieck groups parametrized by ΞpG q :

KΠpG{Rq “ Z´ linear space of
 

πpξq : ξ P ΞpG q
(

“ Z´ linear space of
 

Mpξq : ξ P ΞpG q
(

,

and the Grothendieck group of sheaves on X
`

LG
˘

:

KX
`

LG
˘

“ Z´ linear space of
 

Ppξq : ξ P ΞpG q
(

“ Z´ linear space of
 

µpξq : ξ P ΞpG q
(

.
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Adams-Barbasch-Vogan’s approach

It therefore makes sense to define the canonical pairing

x¨, ¨yG : KΠpG{Rq ˆ KX p_G q ÝÑ Z,

by the requirement 〈
Mpξq, µpξ1q

〉
G
“ epξqδξ,ξ1 .

It is natural to ask what the formula for this pairing is in terms of the
bases of irreducible representations and perverse sheaves.

Theorem (Adams-Barbasch-Vogan)

For ξ, ξ1 P ΞpG q, we have〈
πpξq,Ppξ1q

〉
G
“ epξqp´1qdimpSξqδξ,ξ1 .
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Adams-Barbasch-Vogan’s approach

Let’s go back for a moment to Arthur’s setting.

As earlier, let

H “

"

GLN

RC{RGLN

and let Intpsq ˝ ϑ be the automorphism verifying

_G “

´

p_Hqsϑ
¯

0
.

G a classical or unitary group. Earlier we have defined the Z-module of
twisted characters :

KΠpHpR, σqq, ϑq “ Z´ linear space of
 

Trϑpπq : π ˝ ϑ – π
(

“ Z´ linear space of
 

TrϑpMpπqq : π ˝ ϑ – π
(

.

We are going to define a Twisted Pairing :

x¨, ¨yH : KΠpHpR, σqq, ϑq ˆ KX p_H, ϑq ÝÑ Z

between twisted irreducible characters and twisted irreducible
sheaves.
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Adams-Barbasch-Vogan’s approach

The automorphism Intpsq ˝ ϑ acts on the ABV-variety X
`

LH
˘

in a
manner which is is compatible with the _H-action.

Consequently

‚ It induces an action on the set ΞpHq, which permits us to define

ΞpHqϑ “
 

ξ P ΞpHq : ϑ ¨ ξ “ ξ
(

‚ It induces an action over _H-equivariant constructibles and perverse
sheaves.Therefore, for each ξ P ΞpHqϑ, we can extend µpξq and Ppξq
to a p_H ¸ xϑyq-equivariant sheaf in two inequivalent ways. We
dispose of a preferred one, that we denote

µpξq` and Ppξq`.

The set to be paired with the twisted characters is then defined by :

KX
`

LH, ϑ
˘

“ Z´ linear space of
 

µpξq` : ξ P ΞpHqϑ
(

“ Z´ linear space of
 

Ppξq` : ξ P ΞpHqϑ
(

.
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Adams-Barbasch-Vogan’s approach

The twisted pairing :

x¨, ¨yH : KΠpHpR, σqq, ϑq ˆ KX pLH, ϑq Ñ Z

may now be defined by

xMpξq∼, µpξ1q`yH “ δξ,ξ1

for all ϑ-fixed ξ, ξ1 P ΞpHq.

Theorem (Adams-A-Mezo)

For all ϑ-fixed ξ, ξ1 P ΞpHq, we have〈
πpξq∼,Ppξ1q`

〉
H
“ p´1qdimpSξqδξ,ξ1 .
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The pairing is a bridge between characters and sheaves. It allows us to
regard characters and twisted characters as Z-valued linear functionals on
KX pG q and KX pH, ϑq, respectively :

Corollary

KΠpG{Rq – HomZ
`

KX
`

LG
˘

,Z
˘
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KX
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Through this last result, we can implement a sheaf-theoretic version of
the (twisted) transfer map :

TransH¸θG : KΠpG pR, σqqqst Ñ KΠpHpR, σqq, ϑq,

that we call

LiftH¸ϑG : KΠpG pR, σqqqst ÝÑ KΠpHpR, σqq, ϑq.
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Adams-Barbasch-Vogan’s approach

The definition of Lift goes as follows :

The inclusion

ε : LG ãÝÑ LH.

induces an inclusion of ABV-varieties

ε : X
`

LG
˘

ÝÑ X
`

LH
˘

.

The inverse image functor of ε˚ :

ε˚ : KX
`

LH, ϑ
˘

ÝÑ KX p_G q,

allow us then to define a map

ε˚ : KΠpG{Rq ÝÑ KΠpHpR, σqq, ϑq

by 〈
ε˚Mpξq, µpξ

1q`
〉
H
“

〈
Mpξq, ε˚µpξ1q`

〉
G
.

Finally, we define
LiftH¸ϑG “ ε˚|KΠpGpR,σqqqst .

Theorem (Adams-A-Mezo)

TransGLN¸ϑ
G “ LiftH¸ϑG .
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Adams - Barbasch - Vogan’s approach

Step 2 : Microlocal Geometry and the definition of A-packets.

Let
ψG be an A-parameter of G . We know that associated to ψG we have

ψG ÝÑ ϕψG
ÝÑ SψG

.

The theory of microlocal geometry attaches to SψG
a microlocal

multiplicity map :

χmic
SψG

: KX pG q ÝÑ Z,

These multiplicities appear in the theory of characteristic cycles, and
are related with _G -equivariant local systems on a conormal bundle over
X pG q. These multiplicities can also be defined through :

‚ Morse theory : Morse theoretic result attaches to each

Ppξq, ξ P ΞpG q ÞÝÑ QmicpPpξqq
looooomooooon

Local system on a conormal bundle of XpGq

such that

χmic
SψG
pPpξqq “ dim

`

QmicpPpξqqv
˘

, v P T˚S X pG q.

Nicolás Arancibia Robert Cergy Paris Université Real Arthur packets from a sheaf theoretic perspective



Adams - Barbasch - Vogan’s approach

Step 2 : Microlocal Geometry and the definition of A-packets. Let
ψG be an A-parameter of G

. We know that associated to ψG we have

ψG ÝÑ ϕψG
ÝÑ SψG

.

The theory of microlocal geometry attaches to SψG
a microlocal

multiplicity map :

χmic
SψG

: KX pG q ÝÑ Z,

These multiplicities appear in the theory of characteristic cycles, and
are related with _G -equivariant local systems on a conormal bundle over
X pG q. These multiplicities can also be defined through :

‚ Morse theory : Morse theoretic result attaches to each

Ppξq, ξ P ΞpG q ÞÝÑ QmicpPpξqq
looooomooooon

Local system on a conormal bundle of XpGq

such that

χmic
SψG
pPpξqq “ dim

`

QmicpPpξqqv
˘

, v P T˚S X pG q.
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Adams - Barbasch - Vogan’s approach

These multiplicities are the last ingredient needed for the definition of

ΠABV
ψG

pσq.

Using the identification

KΠpG{Rq – HomZ pKX p
_G q,Zq

η ÞÝÑ 〈η, ¨〉G ,

ABV define ηABV
ψG

to be the virtual character corresponding to χmic
Sψ

, i.e.

xηABV
ψG

, µyG “ χmic
SψG
pµq, µ P KX pG q.

and for each real form σ they denote ηABV
ψG

pσq as the restriction

ηABV
ψG

pσq “ ηABV
ψG

|KΠpGpR,δqq.

A-packets are then defined by ABV as :

ΠABV
ψG

pσq “ Irreducible representations in the support of ηψG
pσq

“ tπpξq : ξ P ΞpG q, χmic
SψG
pPpξqq ‰ 0, πpξq P ΠpG pR, σqqu.
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Adams - Barbasch - Vogan’s approach

Using further methods in microlocal geometry, they prove :

‚ Property A : ηABV
ψG

pσq is a stable virtual character.
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pσq ÝÑ Âψ is defined through Morse

theoretic techniques.

‚ Property C : ΠABV
ψG

pσq verifies the ordinary spectral identities.

‚ Property D : The authors leave the unitarity issue unsolved in 1992.
However, recently, Adams, Mason-Brown and Vogan prove that :

Every representation in ΠABV
ψG

is a constituent of a representation
obtained from a representation in an unipotent ABV-packet by a
combination of real parabolic and cohomological induction in a
range which preserves unitarity.

Unitarity of unipotent ABV-packets has been verified for :
‚ G a classical group : “Special Unipotent Representations of
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Adams - Miller - van Leeuwen -Vogan.
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Nicolás Arancibia Robert Cergy Paris Université Real Arthur packets from a sheaf theoretic perspective



Adams - Barbasch - Vogan’s approach

Using further methods in microlocal geometry, they prove :

‚ Property A : ηABV
ψG

pσq is a stable virtual character.

‚ Property B : τABV
ψG

: ΠABV
ψG
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Nicolás Arancibia Robert Cergy Paris Université Real Arthur packets from a sheaf theoretic perspective



Arthur vs ABV approach

The two different definitions of A-packets in Problem A have now been
sketched.

How does one reconcile the two definitions ?

The answer lies in adapting the framework of ABV to Arthur’s
definition. We saw that Arthur defines the stable virtual character ηAr

ψG
as

the solution of the twisted spectral transfer identity :

Trϑpπ
„
ψ q “ TransH¸ϑG pηAr

ψG
pσqqq.

The equality between

ηAr
ψG
pσqq and ηABV

ψG
pσqq

reduces then to prove

Trϑpπ
„
ψ q “ TransH¸ϑG pηABV

ψG
pσqqq.
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Arthur vs ABV approach

Now, since
LiftH¸ϑG “ TransH¸ϑG ,

we just need to prove that

Trϑpπ
„
ψ q “ LiftH¸ϑG pηABV

ψG
pσqqq.

Theorem (ABV, Christie-Mezo, Adams-A-Mezo)

Let ψG be an A-parameter for G and write ψ “ ε ˝ ψG for the
corresponding A-parameter of H. Then ΠABV

ψ pσqq is a singleton, i.e.

ΠABV
ψ pσqq “ Πϕψ pσqq “ tπψu “ ΠAr

ψ pσqq.

Moreover

LiftH¸ϑG

`

ηABV
ψG

pσqq
˘

“ p´1qdim Sψ´dim SψG ηABV,`
ψ pσqq

“ Trϑpπ
„
ψ q.

where the ` symbol means that the representations occurring in
ηABV,`
ψ pσqq are normalised through the Atlas normalisation.
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Arthur vs ABV approach

In summary, we have

LiftH¸ϑG

`

ηABV
ψG

pσqq
˘

“ ηABV,`
ψ pσqq

“ Trϑpπ
„
ψ q

“ TransH¸ϑG

`

ηAr
ψG
pσqq

˘

“ LiftH¸ϑG

`

ηAr
ψG
pσqq

˘

.

Finally, for G not isomorphic to SON , N even, we have that LiftH¸ϑG is
injective, consequently

ηAr
ψG
pσqq “ ηABV

ψG
pσqq and ΠABV

ψG
pσqq “ ΠAr

ψG
pσqq.

For G – SON , N even, we only have

ΠABV
ψG
pσqq “ ΠAr

ψG
pσqq Y ΠAr

Intpωq˝ψG
pσqq, ω P ON ´ SON .
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Nicolás Arancibia Robert Cergy Paris Université Real Arthur packets from a sheaf theoretic perspective



Arthur vs ABV approach

In summary, we have

LiftH¸ϑG

`

ηABV
ψG

pσqq
˘

“ ηABV,`
ψ pσqq

“ Trϑpπ
„
ψ q

“ TransH¸ϑG

`

ηAr
ψG
pσqq

˘

“ LiftH¸ϑG

`

ηAr
ψG
pσqq

˘

.

Finally, for G not isomorphic to SON , N even, we have that LiftH¸ϑG is
injective, consequently

ηAr
ψG
pσqq “ ηABV

ψG
pσqq and ΠABV

ψG
pσqq “ ΠAr

ψG
pσqq.

For G – SON , N even, we only have

ΠABV
ψG
pσqq “ ΠAr

ψG
pσqq Y ΠAr

Intpωq˝ψG
pσqq, ω P ON ´ SON .
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Arthur vs ABV approach
σ pure real forms of classical/unitary groups :

For each s̄ P AψG
,

choose a semisimple representative s P _G and its endoscopic group G 1,
i.e. _G 1 “ pCent_G psqq0 .
Then G 1 is given by a product of classical (resp. unitary) groups, and we
have and embedding

ε : LG 1 ÝÑ LG such that ψG “ ε ˝ ψ1G .

The previous embedding permits to define a sheaf theoretic transfer map

Lift
GpR,σq
G 1pR,σqq

: KΠpG 1pR, σqqqst ÝÑ KΠpG pR, σqqq.

Theorem (ABV, A-Mezo)
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.
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`

ηAr
ψG
pσq

˘

psq “ Trans
GpR,σqq

G 1pR,σqq

´

ηAr
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pσqq

¯
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G 1pR,σqq

´

ηAr
ψG 1
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¯
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GpR,σqq

G 1pR,σqq
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ψG 1

pR, σqq
¯
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`

ηABV
ψG

pσq
˘

psq.
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Nicolás Arancibia Robert Cergy Paris Université Real Arthur packets from a sheaf theoretic perspective



Arthur vs ABV approach
σ pure real forms of classical/unitary groups : For each s̄ P AψG

,

choose a semisimple representative s P _G and its endoscopic group G 1,
i.e. _G 1 “ pCent_G psqq0 .
Then G 1 is given by a product of classical (resp. unitary) groups, and we
have and embedding

ε : LG 1 ÝÑ LG such that ψG “ ε ˝ ψ1G .

The previous embedding permits to define a sheaf theoretic transfer map

Lift
GpR,σq
G 1pR,σqq

: KΠpG 1pR, σqqqst ÝÑ KΠpG pR, σqqq.

Theorem (ABV, A-Mezo)

Trans
GpR,σq
G 1pR,σqq

“ Lift
GpR,σq
G 1pR,σqq

.

Consequently, we have
`

ηAr
ψG
pσq

˘

psq “ Trans
GpR,σqq

G 1pR,σqq

´

ηAr
ψG 1
pσqq

¯

“ Lift
GpR,σqq

G 1pR,σqq

´

ηAr
ψG 1
pσqq

¯

“ Lift
GpR,σqq

G 1pR,σqq

´

ηABV
ψG 1

pR, σqq
¯

“
`

ηABV
ψG

pσq
˘

psq.
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Where to go from here ?

A sheaf-theoretic perspective to Twisted-Endoscopy : Extend the
equality

Trans
Hpσq¸ϑ
G “ Lift

Hppσqq¸ϑ
Gpσqq

.

to any twisted endoscopic group G of an arbitrary real group H. This
could have for consequence that the A-packets of ABV also verify the
twisted endoscopic identities predicted by Arthur.

Computational methods : Implement the ATLAS-software, in order to
explicitly compute the A-packets of a real classical and unitary group :

Input “ A-parameter ÝÑ Output “ A-packet.

With Adams and Mezo we have been able to implement this tool in the
case of A-packets with regular infinitesimal character and some
progress has already been made in the singular case.

Let us mention that Atlas has already implemented a tool that compute
“weak” unipotent A-packets, and lower rank unipotent A-packets (but
the implemented tool is too slow to treat groups of higher rank).

Nicolás Arancibia Robert Cergy Paris Université Real Arthur packets from a sheaf theoretic perspective



Where to go from here ?

A sheaf-theoretic perspective to Twisted-Endoscopy :

Extend the
equality

Trans
Hpσq¸ϑ
G “ Lift

Hppσqq¸ϑ
Gpσqq

.

to any twisted endoscopic group G of an arbitrary real group H. This
could have for consequence that the A-packets of ABV also verify the
twisted endoscopic identities predicted by Arthur.

Computational methods : Implement the ATLAS-software, in order to
explicitly compute the A-packets of a real classical and unitary group :

Input “ A-parameter ÝÑ Output “ A-packet.

With Adams and Mezo we have been able to implement this tool in the
case of A-packets with regular infinitesimal character and some
progress has already been made in the singular case.

Let us mention that Atlas has already implemented a tool that compute
“weak” unipotent A-packets, and lower rank unipotent A-packets (but
the implemented tool is too slow to treat groups of higher rank).
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Nicolás Arancibia Robert Cergy Paris Université Real Arthur packets from a sheaf theoretic perspective



Where to go from here ?

A sheaf-theoretic perspective to Twisted-Endoscopy : Extend the
equality

Trans
Hpσq¸ϑ
G “ Lift

Hppσqq¸ϑ
Gpσqq

.

to any twisted endoscopic group G of an arbitrary real group H. This
could have for consequence that the A-packets of ABV also verify the
twisted endoscopic identities predicted by Arthur.

Computational methods : Implement the ATLAS-software, in order to
explicitly compute the A-packets of a real classical and unitary group :

Input “ A-parameter ÝÑ Output “ A-packet.

With Adams and Mezo we have been able to implement this tool in the
case of A-packets with regular infinitesimal character and some
progress has already been made in the singular case.

Let us mention that Atlas has already implemented a tool that compute
“weak” unipotent A-packets, and lower rank unipotent A-packets (but
the implemented tool is too slow to treat groups of higher rank).
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Where to go from here ?

Other questions that Atlas could help to solve are :

1. Given an irreducible representation of a classical or unitary group,
implement in Atlas an algorithm that determines whether the
representation belongs to an A-packet or not, and

2. if there exists such an A-packet, determine all the A-packets
containing the given representation.

3. When do two A-packets have non-trivial intersection ? When does an
A-packet contain a tempered representation ?

Structure of real A-packets : Using the microlocal definition of the map

π ÞÝÑ τABV
ψG

pπq,

give a detailed description of its properties :

1. Under which conditions this map is injectivity/surjectivity or it lacks
any of those properties.

2. Prove that the A-packets of a classical group verify the
multiplicity one property, i.e

@π P Πψ, dim
`

τABV
ψG

pπq
˘

“ 1.
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Nicolás Arancibia Robert Cergy Paris Université Real Arthur packets from a sheaf theoretic perspective



Where to go from here ?

Other questions that Atlas could help to solve are :

1. Given an irreducible representation of a classical or unitary group,
implement in Atlas an algorithm that determines whether the
representation belongs to an A-packet or not

, and

2. if there exists such an A-packet, determine all the A-packets
containing the given representation.

3. When do two A-packets have non-trivial intersection ? When does an
A-packet contain a tempered representation ?

Structure of real A-packets : Using the microlocal definition of the map

π ÞÝÑ τABV
ψG

pπq,

give a detailed description of its properties :

1. Under which conditions this map is injectivity/surjectivity or it lacks
any of those properties.

2. Prove that the A-packets of a classical group verify the
multiplicity one property, i.e

@π P Πψ, dim
`

τABV
ψG

pπq
˘

“ 1.
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Where to go from here ?
Strategy :

‚ C. Moeglin and D. Renard prove the multiplicity one property in
the case of A-packets with regular infinitesimal character. Use the
Coherent Continuation Representation and its relation to the
translation principle in order to go from the singular to the regular
infinitesimal character case.

‚ As mentioned, Morse theory give us a map

Ppξq, ξ P ΞpG q ÞÝÑ QmicpPpξqq.

ABV prove that to each of these local systems it corresponds a
represention of AψG

:

QmicpPpξqq ÞÝÑ τABV
ψG

pξq P ÂψG
.

Giving us a map

ξ P ΞpG q ÞÝÑ τABV
ψG

pξq P ÂψG
.

Implement the Vanishing Cycles approach in order to give an
equivalent definition of the map π ÞÝÑ τψG

pπq.
We expect to obtain : a more easy to handle definition, which is
possible to compute in non trivial examples.
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Nicolás Arancibia Robert Cergy Paris Université Real Arthur packets from a sheaf theoretic perspective



Where to go from here ?
Strategy :

‚ C. Moeglin and D. Renard prove the multiplicity one property in
the case of A-packets with regular infinitesimal character. Use the
Coherent Continuation Representation and its relation to the
translation principle in order to go from the singular to the regular
infinitesimal character case.

‚ As mentioned, Morse theory give us a map

Ppξq, ξ P ΞpG q ÞÝÑ QmicpPpξqq.

ABV prove that to each of these local systems it corresponds a
represention of AψG

:

QmicpPpξqq ÞÝÑ τABV
ψG

pξq P ÂψG
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Where to go from here ?

Other groups : Expand the sheaf theoretic methods of ABV to a broad
family of groups :

‚ p-adic groups : Work already started by Cunningham, Fiori,
Moussaoui, Ray, Xu, et al.

‚ Adelic groups : If the sheaf-theoretic objects in ABV have a
uniform description over any local field, the natural next step is to
combine the local objects to obtain a global object.

‚ Non linear real groups ?
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Thank you.
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