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3D Euler equations on a periodic domain

ou

a—i—(u-V)u:—Vp, (x,t) € T3 x (0,77,
Vou=0, (z,1) € T x (0,7, (1)
uli—o =, x e T

o u = (u1,us,us) is the velocity field.
e p = p(ax,t) is the scalar pressure.
e T2 =R3/Z3 is a unit cube.
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3D Euler equations on a periodic domain

%‘t‘ﬂu.wu: ~Vp, (@) €T x (0,7],
V-u=0, (x,t) € T3 x (0,77, (1)
u|t=0 =mn, T € T?.

@ Local well-posedness has been established.

Theorem (Kato, 1972)

Ifn € H™(T?) or H™(R3) for some m > 5/2 and satisfies V - m = 0, then there
exists a time T > 0 such that (1) has a unique solution w with the initial
condition 1 and the solution satisfies u € C([0,T]; H™) (N C*([0,T); H™1).
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3D Euler equations on a periodic domain

%‘t‘ﬂu.wu: ~Vp, (@) €T x (0,7],
V-u=0, (x,t) € T3 x (0,77, (1)
uli—o =, x e T

Open question (global well-posedness)
Does there exist a smooth initial condition n € H™ for m > 5/2, such that

lim ||u(t;n)||gm = oo, 0<T" <o0?
t—=T*

@ The global-wellposedness of solutions of the Navier-Stokes equations is one
of the “millennium problems” posed by the Clay Mathematics Institute.
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3D Euler equations on a periodic domain

ou

a—i—(u-V)u:—Vp, (x,t) € T3 x (0,77,
V.u=0, (z,t) € T> x (0,7, (1)
uli—o =, x e T

Beale-Kato-Majda (BKM) criterion (Beale et al. 1984)

A smooth solution u of (1) develops a singularity at ¢ = T if and only if

T*
| @iz dt = o, w=Y xa.
0

@ There have been various refinements of the BKM criterion (Kozono &
Taniuchi 2000, Chae 2001).
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3D Euler equations on a periodic domain

o Kerr 1993, Bustamante & Brachet 2012, Hou 2022,
Kang et al. 2020, Kang & Protas 2022, etc.

Figure: (Hou & Li 2006) The 3D view of the vortex tube for t = 0 and ¢t = 6. The
tube is the isosurface at 60% of the maximum vorticity. The ribbons on the symmetry
plane are the contours at other different values.
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3D Euler equations on a periodic domain

0

aitt +(u-V)u=-Vp, (z,t) € T? x (0, 7],
V-u=0, (z,t) € T x (0,77, 1)
u|t:0 =n, T TB'

Open question (global well-posedness)

Does there exist a smooth initial condition n € H™ for m > 5/2, such that

lim ||u(t;n)||gm = oo, 0<T* <o0?
t—=T*

@ We choose m = 3 and assume fTs u dx = 0, thus we consider the H3-norm.
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Optimization problem

@ Objective functional

or(n) = [w(Tin)lfs,  ne M

My = {neG" / ndw=07V~n=07lln|H3=1}-
’H‘S

o G (Gevrey space) is endowed with the inner product (Kukavica & Vicol
2009)
(W, u)ge = Y _ (14 |2m4]%)e ™o - ay.
=

e Symmetry of the Euler equations: Au(x, At) = ||n||gs = 1.
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Optimization problem

@ Objective functional

Or(n) = u(Tin)|fs,  ne M

My = {neG" / ndw=07V~n=07lln|H3=1}-
’H‘S

@ Optimization problem: given T' € R, find

1N, = argmax & (n).
neMy
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Evaluation of the gradient

o Objective functional: ®r(n) := [|w(T;n)%;-

(') = lim ~ [0 (14 enf) — B ()] = (VO (). )
=2 <’LL(-,T),’LL/(-,T)>H3 .

o Linearization of the Euler equations around the solution (u(t; 1), p)

<[]~ -l

u'(0) =7

ou' +u' -Vu+u-Vu' + Vp
V-u
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Evaluation of the gradient

o Objective functional: ®r(n) := [|w(T;n)%;-

Or(n;n') : = lim — [‘I’T(n+en) Pr(n)] = (Ver(n),n')g-
:2< ('ﬂT>7u/('7T)>H3'

o Adjoint states (u*,p*)

(6] ) = [ L e[][] awer
— [ w(=,0) 7/ (x) de
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Evaluation of the gradient

@ Objective functional: ®7(n) := ||u(T;n)
O (msn') = (Ver(n),n) o
=2 <u('aT)7ul('vT)>H3 =2 <|D|6u('vT)’ul("T)>
= (u*(0),m) 2,
where |D| = v/—A.

5+

L2

o Vdp(n) = (1+|D*) e 21Ply*(0).

@ Adjoint system

. {u} - [_&u* —(Vu* (Vu*)T)u_Vp*] B H
Pl -V -u* ’

w*(T) = 2|D|%u(T).
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Riemannian conjugate gradient method

,’](nJrl) =R [77(”) + Tnd(n):| 3 n= 07 13 2, Tty
77(0) =1),y. <= Taylor-Green, Random, Hou 2022, Kerr 1993
o R(v) = v/|[vl 2, v #0.

o d" =Pr, G 48,0, g (d ), n 21, G = Vo (n™),
where (3,, is computed using the Polak-Ribiére approach.

Xinyu Zhao (McMaster) 5/18



Riemannian conjugate gradient method

ﬂ(nH) =R [n(n) + Tnd(n):| ’ n= Oa 17 27 T
n© = 1y. <= Taylor-Green, Random, Hou 2022, Kerr 1993
° R(v) =v/[[v][gs, v#0.
0 d" =P, G + 8,0, gi(d"), n>1,GM = Vs (™),

where (3,, is computed using the Polak-Ribiére approach.

® T, = argmax,. {<I>T (R [n(") + Td(”)} )} .
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Numerical results

We use uniform meshes with N3 grid points and denote the solution we obtain at
time T by 7.

@ Shorter times T: limy_00 1 (’ﬁzj\«[) < o0

= equation is well-posed on [0, T7;

@ Longer times T limy_,o0 @7 (7~7¥> =00

—> there is a possible singularity at 7* < T.

@ In practice, we use N3 = 1283, 2563, 5123, 10243.
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Different initial guesses

35 7 X 10
30 ;(?;/ ——nrg 1 fwﬂwwm *****
¢ " Mrand | | 1.5 / )i
. B ——ng ot / —n7G
= 20 H = + / % Mrand
£ E 1t ——nK
0 n | |
‘é‘N N i | é‘\ i ngx
0f | ] | / M
b j 0sf 4 {
’ ;,/:...J | 4 ‘
0 20 40 60 80 100 120 0 20 40 60 80
n n
(b) T =175

(a) T=25
Figure: Dependence of the objective functional @1 (n(")) on the iteration index n for

different initial guesses.
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Behavior of &1 for T' =25 and T =
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Figure: Comparison of the objective functional at different spatial resolutions for different
time windows.
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Vorticity components of 77%224

Xinyu Zhao (McMaster) 9/ 18



rticity field of (75; ﬁ}_gn)
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Figure: Visualization of the vorticity field.
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Time evolution of ‘w (¢ ﬁ%m)‘
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Figure: Time evolution of the vorticity field.
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Time evolution of w* (¢; ﬁ%m)

Figure: Time evolution of the vorticity component orthogonal to the symmetry plane.
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Thank you!
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Time evolution of ‘w (¢ ?ﬁgM)‘

Figure: Time evolution of the vorticity field.
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Numerical results for the long time window (T =7
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Figure: Comparison of the time evolution of the H3-norm and the maximum vorticity of
solutions with different initial conditions.
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0and t =25
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Oand t =75
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Figure: Growth rate of ||u(t)|| 3.
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