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© Background and motivations



Isoperimetric inequality

o Let Q be a bounded domain in R? with boundary 9Q. Then
the classical isoperimetric inequality states that

09| > Vx|,

where |0Q]| is the length of the boundary 0%, || denotes the

area of Q.
Equality holds if and only if Q is a disk.
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Isoperimetric inequality

o Let Q be a bounded domain in R? with boundary 9Q. Then
the classical isoperimetric inequality states that
09| > Vx|,

where |0Q]| is the length of the boundary 0%, || denotes the
area of €.

Equality holds if and only if Q is a disk.

@ For a smooth bounded domain 2 C R” with boundary
02 = X, there holds

Wn—1

= . <Vol(Q)>n_n1’

Wn—1
n

where |X| denotes the area of ¥ and w,_1 is the area of the
unit sphere S"~1.
Equality holds iff ¥ is a round sphere.
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The classical Minkowski inequality

@ For a closed convex surface ¥ in R3, there holds

/ Hdp > +/167|X|.
>

Equality holds if and only if ¥ is a round sphere.
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The classical Minkowski inequality

@ For a closed convex surface ¥ in R3, there holds
/ Hdp > +/167|X|.
X
Equality holds if and only if ¥ is a round sphere.

@ For a closed convex surface X in R”, we have

n—2

_1
[ Haw = (- Dol
>

Equality holds if and only if X is a round sphere.
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Alexandrov-Fenchel inequalities

Theorem (Alexandrov-Fenchel inequalities (1937))

For convex hypersurface - in R", we have

n—1—k

1 1 =
/deu2< /deu> " 0<j<k<n-1
Wn—-1 Jy Wn-1 Jx
(1)

where Hy, = C";k is the k-th normalized mean curvature.
n—1

=" holds iff ¥ is a round sphere.

”
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Alexandrov-Fenchel inequalities

Theorem (Alexandrov-Fenchel inequalities (1937))

For convex hypersurface - in R", we have

n—1—k

1 1 =
/deu2< /deu> " 0<j<k<n-1
Wn—-1 Jy Wn-1 Jx
(1)

where Hy, = C";k is the k-th normalized mean curvature.
n—1

=" holds iff ¥ is a round sphere.

”

Extention to non-convex hypersurfaces: Guan-Li, Huisken,
Chang-Wang, Qiu, Agostiniani-Fogagnolo-Mazzieri
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Guan-Li's theorem

Theorem (Guan-Li, 2009)

Alexandrov-Fenchel inequalities (1) hold for star-shaped and
k-convex hypersurfaces.

e Y"1 C R" is called star-shaped, if its support function
u=(X,v) >0on X, where X is the position vector of ¥, v
is the unit outer-normal.

@ X is called k-convex if H; >0 for all 1 < j < k.
In particular, 1-convex is called mean convex.
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The flow approach

Method: Inverse curvature flow

d, Hei1 . n
= v in R (2)
n—1—k

o I (%) = (fzt de,ut) - th Hydpe is \, along flow (2)
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The flow approach

Method: Inverse curvature flow
0 Hi—1
Zox — w
ot H,

in R ()

o I (%) = (fzt de,ut) - th Hydpe is \, along flow (2)

d Hi—1
— He=(n—1-k H <(h—-1-—k H
G L r=-1-0 [ HalZ <o-1-10 [ H

d : Hi—1 :
w10 [ maBE -1 [ #
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The flow approach

Method: Inverse curvature flow
0 Hi—1
Zox — w
ot H,

in R ()

o I (%) = (fzt de,ut) - th Hydpe is \, along flow (2)

d Hi—1
— He=(n—1-k H <(h—-1-—k H
G L r=-1-0 [ HalZ <o-1-10 [ H

d : Hi—1 :
a L H=n-1-n [ mafEee-1-p [ 1

Theorem (C. Gerhardt/ J. Urbas(1990))

If X is star-shaped, k-convex, then ¥ expands to infinity as t — oo and
e 'Y — S"(ro) smoothly.
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The flow approach

Method: Inverse curvature flow
0 Hi—1
Zox — w
ot H,

in R ()

o I (%) = (fzt de,ut) - th Hydpe is \, along flow (2)

d Hi—1
— He=(n—1-k H <(h—-1-—k H
G L r=-1-0 [ HalZ <o-1-10 [ H

d : Hi—1 :
a L H=n-1-n [ mafEee-1-p [ 1

Theorem (C. Gerhardt/ J. Urbas(1990))

If X is star-shaped, k-convex, then ¥ expands to infinity as t — oo and
e 'Y — S"(ro) smoothly.

k—j

@ Gerhardt/Urbas's theorem implies that
Thj(Xo) 2 Jim Tij(e) = Tuj(Sr) = wpy -
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Weighted AF inequalities in H"

@ Brendle-Hung-Wang (2015)

- 1,
/ (VHl —(VV, I/))d,u > w,’;:ll\Z]nTi,
>

provided X is star-shaped and mean convex hypersurface in
H", where V' = coshr.
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Weighted AF inequalities in H"

@ Brendle-Hung-Wang (2015)

- 1,
/ (VHl —(VV, I/))d,u > w,’;:ll\Z]nTi,
>

provided X is star-shaped and mean convex hypersurface in
H", where V' = coshr.

e Ge-Wang-W. (2015)

=) R GE AN
(k+1 (n 1) k+1 (n 1)
/ VHop1dp > wp—1 (( > + < > > ]
> Wn—1 Wn—-1

provided that ¥ be a horospherical convex hypersurface in H".
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Inequality involve r’-weighted mean curvature

Theorem (K. Kwong-P. Miao, 2014)

Let X be a smooth, star-shaped hypersurface with positive mean
curvature in R". Then

/ r?Hydu > nVol(Q), (3)
)N

where Vol(Q) is the volume of Q enclosed by ¥, r is the distance to a
fixed point O. Equality holds iff ¥ is a geodesic sphere.
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Inequality involve r’-weighted mean curvature

Theorem (K. Kwong-P. Miao, 2014)

Let X be a smooth, star-shaped hypersurface with positive mean
curvature in R". Then

/ r?Hydu > nVol(Q), (3)
)N

where Vol(Q) is the volume of Q enclosed by ¥, r is the distance to a
fixed point O. Equality holds iff ¥ is a geodesic sphere.

o Q(t) = e [ [o rPHidu — nVol(Q,)] is \, along the IMCF:

0y — 1
EX— Hll/.
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Inequality involve r’-weighted mean curvature

Theorem (K. Kwong-P. Miao, 2014)

Let X be a smooth, star-shaped hypersurface with positive mean
curvature in R". Then

/ r?Hydu > nVol(Q), (3)
)N

where Vol(Q) is the volume of Q enclosed by ¥, r is the distance to a
fixed point O. Equality holds iff ¥ is a geodesic sphere.

® Q(t)=e " if[ [ r2Hydu — nVol(Qy)] is \, along the IMCF:
Ox_— 1, i
ot A Y

@ Using Reilly’s formula, (3) holds for convex hypersurface.

/(Au)2 _ |V2ul? = Ric(Vu, Vu)dvol :/ 2u, Agu+ H(u,)?
Q >

+ I(VEu, VEu)dp.
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Inequality involve r’-weighted mean curvature

Theorem (K. Kwong-P. Miao, 2014)

Let X be a smooth, star-shaped hypersurface with positive mean
curvature in R". Then

/ r?Hydu > nVol(Q), (3)
)N

where Vol(Q) is the volume of Q enclosed by ¥, r is the distance to a
fixed point O. Equality holds iff ¥ is a geodesic sphere.

® Q(t)=e " if[ [ r2Hydu — nVol(Qy)] is \, along the IMCF:
Ox_— 1, i
ot A Y

@ Using Reilly’s formula, (3) holds for convex hypersurface.

/(Au)2 _ |V2ul? = Ric(Vu, Vu)dvol :/ 2u, Agu+ H(u,)?
Q >

+ I(VEu, VEu)dp.

IMCF
@ A star-shaped and mean convex hypersurface —> convex .
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Inequality involve r’-weighted mean curvature

Theorem (Girdo-Rodrigues, 2020)

Let > be a smooth, star-shaped hypersurface with positive mean
curvature in R". Then

=
/ r2H1 Z w,,_1< ’2| > 0 (4)
b Wn—1

Equality holds iff ¥ is a geodesic sphere.
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Inequality involve r’-weighted mean curvature

Theorem (Girdo-Rodrigues, 2020)

Let > be a smooth, star-shaped hypersurface with positive mean
curvature in R". Then

=
/ r2H1 Z w,,_1< ’2| > 0 (4)
b Wn—1

Equality holds iff ¥ is a geodesic sphere.

o Use IMCF:  §X = fv
o Consider E(t) = [T, 71 Js, r*Hidp: that

2
E'(t) < n(nVol(Qt)—/ r2H1dut>
|Zt‘n71 Zt

<0 (by Kwong-Miao's result)
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Inequality involve r’-weighted mean curvature

Theorem (Girdo-Rodrigues, 2020)

Let > be a smooth, star-shaped hypersurface with positive mean
curvature in R". Then

=
/ r2H1 Z w,,_1< ’2| > 0 (4)
b Wn—1

Equality holds iff ¥ is a geodesic sphere.

o Use IMCF:  §X = fv
o Consider E(t) = [T, 71 Js, r*Hidp: that

2
E'(t) < . (nVol(Qt)—/ r2H1dut>
|Zt‘n71 Zt
<0 (by Kwong-Miao's result)

o E(0) > limyooE(t) = w, 7.

n
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Inequality involve weighted k-th mean curvature

Theorem (K. Kwong-P. Miao, 2015)

Let X be a smooth, closed, star-shaped and k-convex
hypersurface in R"(n > 3). Then for all k =2,--- 'n—1,
there holds

/r2deu2/Hk_2du.
> >

Equality holds if and only if ¥ is a round sphere.

Approach: use of a generalized Hsiung-Minkowski formula.
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Inequality involve weighted k-th mean curvature

Theorem (Y. Wei-T. Zhou, 2023)

Let ¥ be a smooth, closed, star-shaped and k-convex hypersurface
in R"(n > 3). Then for all k =2,--- ,n—1, there holds

n—k+1

H _ d n—k
/z P2 Hedp > wn1 (fzkl'u> ) (5)

Wnp—1

Equality holds if and only if ¥ is a round sphere.
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Inequality involve weighted k-th mean curvature

Theorem (Y. Wei-T. Zhou, 2023)

Let ¥ be a smooth, closed, star-shaped and k-convex hypersurface
in R"(n > 3). Then for all k =2,--- ,n—1, there holds

n—k+1

H _ d n—k
/z P2 Hedp > wn1 (fzkl'u> ) (5)

Wnp—1

Equality holds if and only if ¥ is a round sphere.

. 9y _ Hi1
e use ICF: 55X = eV

__ n—k+1

o Consider Q(t) = (fz[ Hk1> K fzt rHed s,

—k

Quy<2( [ H o Hi_ad 2 S
< k-1 k—2dpe— | r°Hedp; < o
P pas S
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A natural question

o Is there a direct proof of (4) and (5) without
using Kwong-Miao's results?
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© Sharp weighted inequality involving three distinct
quermassintegrals



Sharp weighted inequality involving three distinct
quermassintegrals

Theorem (W.)

Let > be a smooth, closed, star-shaped and k-convex hypersurface
in R"(n > 3). Then for each k =1,--- ,n— 1, there holds

2(k —1
/rszd,qu()/ Hi_odpu
pN pN

n—k+1
ntk—1 J5 He_adp a5
> —w g BT :
n—k+1 Wn—1

Equality holds iff ¥ is a round sphere.
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Sharp weighted inequality involving three distinct
quermassintegrals

Theorem (W.)

Let > be a smooth, closed, star-shaped and k-convex hypersurface
in R"(n > 3). Then for each k =1,--- ,n— 1, there holds

2(k —1
/rszd,qu()/ Hi_odpu
pN pN

n—k+1
ntk—1 J5 He_adp a5
> —w g BT :
n—k+1 Wn—1

Equality holds iff ¥ is a round sphere.

@ k = 1: reduces to Girdo and Rodrigues's result (make
convention that [¢ H_idu = nVol(Q2)).

o Kwong-Wei, 2023.
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|dea of Proof

@ Key point: Use the normalized(rescaled) inverse curvature flow

0 Hik—1 .
X < H, U>l/, u=(X,v).

@ The above flow is equivalent to the un-normalized one by
rescaling.

it
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|dea of Proof

@ Key point: Use the normalized(rescaled) inverse curvature flow

0 Hik—1 .
X < H, U>l/, u=(X,v).

it

@ The above flow is equivalent to the un-normalized one by
rescaling.

@ Choose functional

([ Je Heen T o 2Ak—1)
a0 =(B20) (L e T e

e Monotonicity: Qk(t) is N\, along above flow.
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Monotonicity of Qk(t)
@ Apply the variation formula along %—)t( = Fv that

d
p Hi—1dpe =(n — k)/ HiFd e,
t Js,

s

d 2
= Hyd
dr Zt" kd [t

/ <(n — 1— k) rHis1 + 2(k + 1) uHi
P

— 2ka_1) qut.
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Monotonicity of Qk(t)
@ Apply the variation formula along %—)t( = Fv that

d
p Hi—1dpe =(n — k)/ HiFd e,
t Js,

s

i rszdpt / <(n—1—k)l’2Hk+1+2(k+l)qu
dt /s, 5
— 2ka—1)Fdﬂt~
@ We have

d ) 2(k—1)/
= Hidpe + ——=2 | H,_»d
Hyc_
/ (n—1—K)rPHes1 + 2(k + 1) uHy — 2Hi_q | [ =<2 — 4
>, H
Hics1Hi—

=(n—-1- k)/ r? (kJrll_lkl — qu+1> dpt

>, k

5 H. 2
+2k/ (uHi—1 — quk)dutf2/ Hel ==X —u) dp..
Jx, Jx, Hy
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Lemma

Let (X"~1, g) be a closed hypersurface in the Euclidean space R".
Fork=1,--- , n—1, we have

1 .,
/rzqudMZ/ rszfldM“"W/(kal)uvi(rz)vj(rz)d%
X X n—1JX
1 ;
/qukdu:/ qu_ld,u—i—W/(Tk_l)”hfvj(rZ)Vs(r2)du.
X X n—1JX

Here, (Tk)J’: = % and T,ij = (Tw)ig”.

I
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Lemma

Let (X"~1, g) be a closed hypersurface in the Euclidean space R".
Fork=1,--- , n—1, we have

1 .,
/rzqudMZ/ rszfldM“"W/(kal)uvi(rz)vj(rz)d%
X X n—1JX
1 ;
/qukdu:/ qu_ld,u—i—W/(Tk_l)”hfvj(rZ)Vs(r2)du.
X X n—1JX

Here, (Tk)J’: = % and T,ij = (Tw)ig”.

I

V,-(T;flvjﬂ) =2((n — k)ok_1 — kowu) = 2kCK_ (Hi_1 — uHy).

e Multiply by the function r? and integration by parts
@ Multiply by v and notice Vu = hfvs(%rz).
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Monotonicity of Qk(t)

d ) 2(k — 1)
e[ P+ BT [ s

His1 He
2(M _ quH) de

=(n-1-k) [ r He

P

2
+2k [ (uHi_1— quk)dpff2/ P de
o Hi

pars
1 ijLs
<(n—1- k)/ r? (Hk — uHks1) dpie — 7k/ (Tu1) BV (rP)Vs(r?)d e
X 2Cnfl pars

=(n—1—k) /z r* (Hk — uHs1) dpie — le_l /z (f(n)fs + okgﬁ>vj(r2)vs(r2)

2(k +1)CiH
=(n—1-— k)/ r*(H — uHks1) + %/ P (uHirr — He)
pars n—1 pas

1 .
~ s [ 2T
2Cn—l pa

1
—_ 5/ He|V () Pd e < 0.
pars
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Monotonicity of Qk(t) and Rigidity

@ Monotonicity: The kth quermassintegral is preserved by the
Minkowski formula

d

Hi—1
— Hi_1dp: = (n—k H,
dt s, k—1dpe = (n )/Zt k( H,

= u)dut = 0.

- n— k+1
H n—k
= Qk(t) = <f>:Ln kl 1) <fz r2Hk—|—nS_1 Z s, Hy_ 2>
is \ along the flow.

o Limit: Note that Qk(t) is a scaling invariant, we have

Qu(0) > lim Qu(r) = 1Ek =1

t—00 T kg1t

e Rigidity: If equality holds, then %Qk(t) = 0 holds on the
solution of ¥ ; of the flow for all time t — the initial
hypersurface ¥ is a coordinate sphere.
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Weighted Alexandrov-Fenchel inequalities

Theorem (W.)

Let X be a smooth, closed, star-shaped and k-convex hypersurface
in R"(n > 3). Then forallk=1,--- ,n—1, j=0,--- ,k—1 and
1 < « € R, there holds

n—1—k+2c

Hd n—1—j
/rzadeMan—l<f2Ju> ! . (6)
pN

Wn—1

Equality holds if and only if ¥ is a round sphere.
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Weighted Alexandrov-Fenchel inequalities

Theorem (W.)

Let X be a smooth, closed, star-shaped and k-convex hypersurface
in R"(n > 3). Then forallk=1,--- ,n—1, j=0,--- ,k—1 and
1 < « € R, there holds

n—1—k+2c

Hd n—1—j
/rzadeMan—l<f2Ju> ! . (6)
pN

Wn—1

Equality holds if and only if ¥ is a round sphere.

@ Isoperimetric type result: In class of star-shaped and k-convex
hypersurfaces with fixed [s Hjdp (0 <j < k —1), minimum
of [¢ r**Hydp (o > 1) is achieved by and only by round
spheres.
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A reformulation

@ Observe above can be reformulated as

20 dy\ iokTEm Hidu\ 75

Wn—1 o Wnp—1

o Let p(X) be the outer radius of a bounded domain Q with
boundary X that p, (X) =inf{p: Q C B,(O)}, then one has

(f): rz"deu) e

Wp—1

lim
a—400

= p+(X).
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Application

Theorem (W.)

Let ¥ be a smooth, closed, star-shaped and k-convex hypersurface
in R"(n > 3). Then
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Application

Theorem (W.)
Let ¥ be a smooth, closed, star-shaped and k-convex hypersurface
in R"(n > 3). Then

@ Inequality (8) can be also interpreted as an upper bound of
the curvature integrals.

e For j =0, it was proved by Scheuer-Xia (2019) in the ambient
space of non-positive radial curvature.
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@ Inequality (8) is known for convex hypersurfaces.

o For the case of j = k — 1, (8) is equivalent to

Jx deu> == o)

Wnp—1

p+(X) 2 (

provided that X is a star-shaped and (k + 1)-convex
hypersurface.

@ Comparing with the Alexandrov-Fenchel inequality, can one
generalize this result to k-convex hypersurfaces?

Jie Wu Weighted Alexandrov-Fenchel type inequalities for hypersurfaces



@ Inequality (8) is known for convex hypersurfaces.

o For the case of j = k — 1, (8) is equivalent to

provided that X is a star-shaped and (k + 1)-convex
hypersurface.

@ Comparing with the Alexandrov-Fenchel inequality, can one
generalize this result to k-convex hypersurfaces?

The inequality (9) holds for a smooth, closed, star-shaped and
k-convex hypersurface in R"(n > 3).
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Sketch of Proof

@ Approach: Use the normalized(rescaled) inverse curvature flow

0, ([ Hk1 B
E)tx_( H, u>1/, u=(X,v).

@ Monotonicity:

_ n—1—k+2«a

<~ Hedp n—1-s
Qa(t) = (]z IU> 1 / ”2quth
Jx,

Wn—1

is \, along the above flow.

e Limit: Note that Q,(t) is a scaling invariant, we have

Qa(o) > tllﬁno]o Qa(t) = Wnp—-1-
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General evolution equation

Let X+ be a smooth family of closed hypersurfaces in the Euclidean
space R" satisfying a general flow

0

—X = Fu, 10

T v (10)
where v is the outward unit normal of X+ and F is a smooth
function on ;. Then forallk =1,--- ,n—1 and o € R, we have

g / O Hy dpe

— / ((n —1—k)OHyy 1 + a(k + 1)d* L uH, — akd* 1 H, 4
>

ala—1 i
(Ckl)cba 2ka_1v,-d>vj¢> Fdye, (11)

n

where ® = ®(r) = 112
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Monotonicity of Q,(t)

al
dt J.

Hy—
pars p

q)ade‘Ut

ala—=1) , » i Hi_
/zt Tq) (Tk 1) VCDV‘D Hk u d/Jt

Hics1Hi—
(n—1—k)o* (k““ - qu+1> dpue +/ ak®® Y (uHy_y — u?Hy)
b Hi b

H 2 H2
—/ ucbalHk( kol u) dpue —/ ok — 1)¢a1<k—1 - qul)
T, Hy T, Hy

a(a ) 27 (Hk 1 )
= = S pe2Th VioV;o —u
/zr le 1 kot Hk

=I+1l+1I+1V+V.
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Monotinicity of Q,(t)

@ Using Newton-Maclaurin inequality,
/ S / (n —1- k)(ba (Hk — UHk+1> d/JJt
P

@ Multiply ®>~1u to both sides of

1 ..
Il :/ ak®* Y uHy_q — v Hy)dpe = CT/ ad* tyV(T) V)
pars n—1 JX;

== C,;l /Zt oo — 1)¢a_2UTE_1Vi¢Vj¢ +adet TE_IV;UVJ'CD

=- Cn’}l /z ala — 1) 2uT)_ V,dV;0 + ad 1T hV. 0V,

— = Cnil /z ala — 1) 2uTl_ V,0V,;04+a0% Yo, g TL)V,0V;0
=— ckl_l /z <a(a — 1) 2uT) V0V, ddu; +ad* L H |V

—a® ITIV,0V,0 ) = Ih + I + Il
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Monotinicity of Q,(t)

@ Using again the divergence-free property of Tk,

1 ii 1
I3 = CT/ a®* I TV, 0V, 0dpu, = _CT/ V(T ®)dpe
n—1JX; n—1J%;

1 o
_ CT/ O (k + 1) A3 (Hy — uHics1)de
n—1 JX;

=—(n—-1- k)/ Y (Hy — uHyq1)d e
P

e — [+ 1/5<0.

o Ih+V=-[ %M-?T,jf_l BV, OV d iy

v < - / alk — 1) Y (He_o — uHk_1)
JY;

1 , 1 ,
:—a/ O Vi(TY,V,0) = %/ UET,Viov,0
P Cn—l n—1 P
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Monotinicity of Q,(t)

We finally arrive at
d

— O*H d
dt Js, kAt

H, 2
< —/ ad>°‘_1Hk|V¢|2dut—/ ozd)o‘_lHk( — —u>
Zl' Zt Hk

_ 1 i Hka 1
—afa—1 ¢a2< i - T”)V@V¢

_ 1 i Hikaa 1 >
<-afla-1) [ o2 T/ - T ,|VioV,e
= ( )/Zt <C,I1(1 k—1 Hk C:__ll k—2 J

<0
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Monotinicity of Q,(t)

We finally arrive at

d
— O*H d
dt Js, kAt

H, 2
< —/ ad>°‘_1Hk|V¢|2dut—/ ozd)o‘_lHk( = —u>
Zl' Zt Hk

_ 1 i Hka 1
—afa—1 Ol 2< i - 7 >V,-<I>V-d>

_ 1 i Hikaa 1 >
<—ala—1) [ o2 T/ - T ,|VioV,e
= ( )/Zt <C,I1(1 k—1 Hk Cr/;__ll k—2 J
<0

by the observation

i Hi-1 i _ I%flgjsa Hy .
Ck, *1 He ckl 2 He ° 9h \ Hia

n
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Monotinicity of Q,(t)

@ On the other hand, we have

d .
— | Hidu: =(n—1—J)/

Hi—1
Hior [ 22X _ y)d
dt s, s, j+1 ( Hk U) /"Lt

>(n~1-J) [ (H; = ubj1)due =
P

by the Newton-Maclaurin inequality and Minkowski formula .

o Combining the above together and recalling ® = &(r) = 112,

n—j—k+2a

B - 5
) / r ade/.Lt
P

fz H;dp
Wn—1

Qa(t) = <

is \, along the flow.
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A natural question

Theorem (W.)

Let > be a smooth, closed, star-shaped and k-convex hypersurface
in R"(n > 3). Then forallk=1,--- ,n—1, j=0,--- ,k—1 and
1 < a e R, there holds

n—1—k+2«

Hd n—1—j
/fzaf‘/kd,u2wn—1<fz S N) ’
b

Wnp—1

Equality holds if and only if ¥ is a round sphere.

Question 1: Does the inequality hold for all a € [0, 1]7?
@ a = 0: by the Alexandrov-Fenchel inequalities.

o a= %: by the Minkowski formula.
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A natural question

Theorem (W.)

Let > be a smooth, closed, star-shaped and k-convex hypersurface
in R"(n > 3). Then forallk=1,--- ,n—1, j=0,--- ,k—1 and
1 < a e R, there holds

n—1—k+2«

Hd n—1—j
/fzaf‘/kd,u2wn—1<fz S N) ’
b

Wnp—1

Equality holds if and only if ¥ is a round sphere.

Question 1: Does the inequality hold for all a € [0, 1]7?
@ a = 0: by the Alexandrov-Fenchel inequalities.
o a= %: by the Minkowski formula.

Question 2: Does the weighted inequality for general « hold for
the hypersurface in H"?
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Thank you for your attention!
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