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Given an algebra A over a commutative ring k, we may form the sequence

· · · → A⊗4 d3−→ A⊗3 d2−→ A⊗2 d1−→ A → 0

of k-modules (the tensor products are taken over the ground ring k) and maps,
where dn is defined by

a0 ⊗ · · ·⊗ an $→
n−1∑

i=0

(−1)ia0 ⊗ · · ·⊗ aiai+1 ⊗ · · ·⊗ an

+ (−1)nana0 ⊗ a1 ⊗ · · ·⊗ an−1.

This is a complex, i.e. the composition of two consecutive maps is zero, and it is
known as the Hochschild complex of A. The nth homology group Ker dn/ Im dn+1,
denoted HHn(A), is the nth Hochschild homology group of A.

The aim of this Research in Teams meeting was to establish a conjecture due to
Han for certain classes of algebras. The conjecture, stated in [Han], says that if all
the higher Hochschild homology groups of a finite dimensional algebra vanish, then
the algebra is of finite global dimension. The motivation for this conjecture was
a remark made by Happel in [Hap], a remark which evolved into a cohomological
version of the above conjecture, and which became known as “Happel’s question”.
However, a counterexample to this cohomological version was found by Buchweitz,
Green, Madsen and Solberg in [BGMS].

Han’s conjecture has been establish for some classes of algebras. In [AV-P],
Avramov and Vigué-Poirrier showed that it holds for finite dimensional commuta-
tive algebras, whereas Solotar and Vigué-Poirrier showed in [SV-P] that it holds for
certain classes of finitely generated and graded algebras. We, Bergh and Madsen,
established the conjecture for Koszul algebras, local graded algebras and cellular
algebras in [BeM], provided the ground field has characteristic zero. Our cooper-
ation began during the workshop “Hochschild Cohomology of Algebras: Structure
and Applications”, held at BIRS in September 2007.

During this Research in Teams meeting, we studied Hochschild homology basi-
cally in two settings. First, we looked at split pairs of algebras, that is, algebras A
and B related via a pair

B
i−→ A

π−→ B

of algebra homomorphisms satisfying π ◦ i = 1B . Since Hochschild homology is
functorial, vanishing of HHn(A) implies vanishing of HHn(B), hence one obtains
information on the Hochschild homology of A through studying that of B. Using
this very elementary concept, we obtained results on the Hochschild homology of
the following classes of algebras:

(1) fibre products of algebras,
(2) trivial extensions,
(3) monomial algebras,
(4) path algebras whose underlying quivers contain loops,
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(5) graded-commutative algebras,
(6) quantum complete intersections.

For the quantum complete intersections, we also computed lower bounds for the
dimensions of the Hochschild cohomology groups.

During the second part of our meeting, we studied the Hochschild homology of
path algebras containing oriented cycles of a special form. The importance of path
algebras is established in the classical result of Gabriel: every finite dimensional
basic algebra over an algebraically closed field k is isomorphic to a factor kQ/I of a
path algebra, where Q is some finite quiver and I ⊆ kQ is an ideal. Moreover, every
finite dimensional algebra over a field is Morita equivalent to a finite dimensional
basic algebra over the same field. If A is an algebra of the form kQ/I, where Q
and I are as above, then an oriented cycle in A is a sequence

i1
α1−→ i2

α2−→ i3 → · · · → it
αt−→ i1

of arrows in Q, starting an ending in the same vertex. Such sequences appear very
naturally when one studies finite dimensional algebras, due to the following fact:
a path algebra (modulo relations) has infinite global dimension if and only if the
underlying quiver contains an oriented cycle.

We showed that if there exists such an oriented cycle in A with the property
that

α2α1 = α3α2 = · · · = αtαt−1 = α1αt = 0,

then A has infinitely many nonzero Hochschild homology groups. In other words,
Han’s conjecture holds for algebras containing such oriented cycles. Applying this
to graded algebras, we generalized one of the results in [SV-P], and also obtained a
result on the Hochschild homology of a fibre product of local rings. Moreover, we
recovered the result which establishes Han’s conjecture for algebras whose radicals
square to zero.
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