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From May 1 to May 6, 2004 24 set theorists met at the Ban International Researt Station to
discussSingular Cardinal Combinatorics. Descriptions of the contents of their talks will be published
in a Proceedingsthat will appear in the Notre Dame Journal of Symbolic Logic.

During the workshop, seweral important new results were announcedand explained, and there
were problem sessionsheld (some with signi cant amounts of prize money attached to particular
problems, seethe last section for details). To summarize the direction of the conferencewe will
presert here an annotated collection of represenativ e problems with somereferences. Where the
problems were novel, attribution is attempted and it is noted where there is money attached to
particular problems.

Three closely related themes dominated the discussion: stationary sets and stationary set re-
ection, variations of squareand approachability and the singular cardinals hypothesis. Underlying
most of the discussionwere ideas from Shelah's PCF theory. Important subthemeswere mutual
stationarity, Aronszajn trees and superatomic Boolean Algebras.

1 The Singular Cardinals Hyp othesis and
Hilb ert's First Problem

In 1871, Cantor showed that for every cardinal the cardinality of the collection of subsetsof
(which we call 2 ) is at least the cardinal successoif (which wecall *). For innite cardinals,
it is independert of the usual assumptionsof mathematics (the axioms\ZF C") whether2 = *.
Indeed the question of whether cardinality of all subsetsof the natural numbersis equalto the rst
uncountable cardinal wasthe rst problem on the famouslist of problems preseried by Hilbert at
the 1900 International Congressof Mathematics. Partial information on this question is given by
Konig's Theorem which says that the co nality of 2 is at least *.

Godel shavedthat in the Constructible UniverseL, the Generalized Continuum Hypothesisholds;

namely for all in nite cardinals ; 2 = *. For regular cardinals Konig's theoremiis all one can say:
it is atheorem of Easton that if V | GCH then for all monotonefunctionsf : OR! OR sud that
f() and cf (@ )) > @ there is a genericextensionof V where 20 = @ ) forall  where
@ is regular.

At singular cardinals the situation turns out to be quite dierent. Silver proved that if is a
singular cardinal of uncountable co nalit y and for a stationary collectionof < ;2 = * then
2 = *. ([13])) This was improved by Galvin and Hajnal to get general bounds on the power

of a singular cardinal of uncountable co nalit y in terms of the behaviour of the power of smaller
singular cardinals ([7]). At the conference,Gitik announcedrecert results along this line, that are
summarizedin his paper for the proceedings.

This left the problem of cardinals with countable co nalit y quite open. Magidor ([9]) showed that
Silver's theorem is falsefor cardinals of countable co nalit y: assuminglarge cardinalsit is consisten
for 2@ > @.; with the GCH holding belov @ . After this result it was generally thought that
the behaviour of the power of singular cardinals of co nalit y | was as arbitrary asthat of regular
cardinals.
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However in the late 1980's S. Shelah proved a seriesof results getting cardinal bounds on the
behaviour of the power function at singular cardinals by studying reduced products of cardinals
below the singular cardinal. This ultimately led to a powerful generaltool, known as PCF theory
([22]). This theory hashad many applications outside the study of cardinal arithmetic, constructing
examplesof Jonnsonalgebrason successonf singular cardinals, and providing interesting examples
in settheoretic topology and algebra.

1.1 PCF Theory Problems

We will say that a set A is an interval of regular cardinals if it is the intersection of an interval of
cardinals with the regular cardinals. A will be called progressivei jAj < min(A). If A is a set of
regular cardinals then PCF (A) is de ned to be:

Y
fcof( A=D):D isanultralter on Ag:
Shelahshowed that if A is a progressiw interval of regular cardinals with supremum  then
cf ( JA"; i ) = maxPCF (A):

In particular maxP CF (A) always exists. As an immediate corollary one seesthat if jAj < <
and is regular then
[1] =2 maxPCF(A):

In particular, if is a singular strong limit cardinal of co nality that is not a cardinal xed
point then2 =2 maxPCF(A).

It remains to bound the cardinality of PCF (A). Shelahdid this by proving the remarkable
theorem that if A is a progressiwe interval of cardinals then

) JPCF(A) jAj":
Putting theseresults together we get the following corollary:

Theorem (Shelah) Supposethat is a singular cardinal of co nality and is not a cardinal xed
point. Then
2 <max((2 )"; @+ ()):

In particular if @ is a strong limit then 2@ < @,.
Despite signi cant progressby Gitik, Shelah,Woodin and others, it is not known if thesebounds
are optimal. Our rst questionsrelate to this:

Question 1 Isit consistert to have a progressie set A sud that jPCF (A)j > jAj?
Question 2 Is it consisten that

maxPCFf@, :1 n<!g>@,?

Question 3 Is it possiblethat
f < :maxPCF() g

be uncourtable?
Question 4 Is it possiblethat
f :cf()>"! and maxPCF( ) g
be in nite?

The assumption that the answers to questions3 and 4 are \no" is known as the Shelah weak
hypothesis
(These questionsare well known, but relayed to the author by M. Gitik.)
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1.2 PCF Structures

There are seweral collections of axioms that have been proposedto capture the essenceof PCF
theory. Indeed Shelah'soriginal bound (y) was proved by summarizing results about the behaviour
of real PCF structures and shawing that any structure satisfying his summary had to have small
cardinality.

Jedh ([8]) found a very weak collection of axiomsthat su ce to prove Shelah'sbound. Here our
intention is dierent. We want to nd as strong a collection of axioms as possibleand seeif they
can prove a better bound.

This project then has two directions: the rst is to establish whether a better bound on the
size of PCF structures can be proved. The secondis to nd a \complete" axiomatization of PCF
structures. We will useherean axiomatization dueto Magidor (with aid from Foreman). It appeared
in print in the Ph.D. thesis of John Ruyle (1998).

1.2.1 The PCF top ology

Inherent in the axiomatization is the PCF topology. The operation A 7! PCF(A) is a closure
operator and hencethere is a natural topology assaiated with the PCF operation. For simplicity
we will restrict ourselvesto progressiwe setsA of regular cardinals that have no limit points that are
cardinal xed points.

Explicity: A PCF(A) andfor all B;C PCF(A),

1. 1f B Cthen PCF(B) PCF(C)
2. PCF(B[ C) = PCF(B)[ PCF(C).
3. PCF(PCF(B)) = PCF(B).

The PCF topology is compactHausdor , 0-dimensionaland scattered. Via Stoneduality there is
a direct connection betweenlocally compact Hausdor, O-dimensional, scattered spacesand super-
atomic Boolean Algebras. Namely given such a spaceX , the regular open setsform a superatomic
Boolean algebra whose Stone spaceis the original spaceX .

To review:

Let B be a Boolean Algebra. De ne a trans nite sequenceof idealsin B by setting:

Jo to be the ideal generatedby the atoms of B

J +1 the ideal generatedby the atoms of B=J and J
S
for limit ; J = J.

<

B is superatomic i whenewer J is a proper ideal, B=J is atomic. (We will use the jargon
\SBA" for superatomic Booleanalgebra.)

If one traces through the proof of Stone duality, it is immediate that the atoms of B=J cor-
respond canonically with the isolated points in the ™ Cantor-Bendixson derivative of the Stone
spaceof B.

We now give somemore de nitions necessaryto formulate the PCF axioms:

1. The height of B isthe least ; J = B.
2. Therank of b2 B isthe least ; b2 J .
3. ¢ isdened to bethe cardinality of fb2 B : rank of b= g.

4. The cardinal sequen@ of B ishc : < height of Bi.
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There is a standard medanism for building SBA's involving well-founded partial orderings. Let

< be a well-founded partial orderingonasetT. Fort2 T, leth = fs:s< tg.
An SBA ordering will be a pair (< ;i) suc that < is a well-founded ordering on a set T and

HIENON
is such that

1. for all s;t;i(s;t) is a minimal set such that;

b\ b = [ by
u2i(sit)
(soif i(s;t) = fug;:::ungthen
b\ by =hby, [ :::] by, ?)
2. Forallt2 T, lessthan the < -rank of t,
b\ fs:rank(s)= g

is in nite.

Other authors call SBA orderings \selectors" or \admissible partial orderings". Given an SBA
ordering on a set T we can topologize T by taking basic open setsto be of the form:

bn(bu, [ b, [ by, ):
The following proposition is standard:

Prop osition Let (< ;i) be an SBA ordering on a set T and endonv T with the topology above.
Then:

1. T is locally compact, Hausdorf, O-dimensional and scattered.
2.T by, [ by, :::[ by,, for someu;'s then T is compact.
3. The ™ Cantor-Bendixson derivative of T is ft : the < -rank of t is at least g.

4. The algebra of clopen subsetsof T is an SBA with cardinal sequence

c = jft: therank oft = gj:

We are now in a position to give the PCF axioms:

Denition An -PCF structure is an SBA partial ordering < on a successoordinal satisfying:

PCF1 < implies 2

PCF2 =

PCF3 If I is an interval, the T is also an interval.

PCF4 For eah < of uncountable co nalit y, there is a closed unbounded C such that
Cc + 1.

PCF5 is compactwith the < topology.
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The main point of the axiomsis that the work of Shelahshows that the PCF axioms are true:

Theorem (Shelah, [12])Let A be a progressiw interval of regular cardinals of order type . Then
there is an ordering < on PCF (A) which makesPCF (A) into a PCF structure.

(Hint: Todene < , nd a\transitiv e" collection of generatorshb : < maxPCF (A)i for the
PCF idealson PCF(A) anddene < i 2b)
We now are in a position to state the main open questionsinvolving PCF structures.

Question 5 Do the PCF axioms capture ALL of PCF theory? (PCF completeness)
Question 6 What PCF structures consistertly exist?

We needsomemore background to make these questionsexplicit:

Let ( ;< ) bea -PCF structure. Let c : < ht(< )i be the cardinal sequenceof ( ;< ).
Then:
1. (j j-tightness/localization) If A and 2 AthenthereisaB 2 [AJ i suchthat 2 B. (In
fact, using results of Todorcevic,if =! the topology is \sequertial".)

2. If X is closedthen supX 2 X.
3. For < ht(< );c jj.
4. If =+ 1,then thereis a closedunboundedsetof < suchthatc | j.

Thesefacts show a close connection between PCF structures and the literature about cardinal
sequencedor SBA's, especially those that have each ¢ = ! . Using the work of Baumgartner
and Shelah ([1]) and extending work of Velickovic, Ruyle provedthat if hc : < !,i is a cardinal
sequenceavith ¢ = ! onaclosedunboundedset, then there is a cardinal preservingforcing for adding
an SBA on! , + 1 with this cardinals sequencgand a little further). Moreover,if hc : < < !ji
is a cardinal sequencevherec =! for < !j;andjcj !,then thereisaPCF algebraof height

+ 1 with this cardinal sequence.

Question 7 Is it consistert that there is an ! -PCF algebra of size! 3? (If not, there is a better
bound on 2@ )

This requires somenew SBA techniques as there are no known examplesof SBA's of height ! 3+ 1
which have ead countable level countable, and in which there are a closedunbounded collection of
levels of cardinality ! , that are countable.

Question 8 Is it consistent that there are! -PCF algebrasof height for all <! 3? What about
= + 1lwhere isthe rst indecomposible ordinal above! ,?

Question 8 may not require new SBA techniques, as Martinez, in work exposited at the workshop,
has showved it consistert that there are thin SBA algebrasof all heights lessthan ! ;.

The question of \PCF completeness'is a little vaguer, and may involve all of the di culties of
the SCH itself. However hereis a concreteversion of the question that may be somewhateasier:

Question 9 Assuming large cardinals, is it true that if A is a PCF structure then there is a
forcing extension which producesa such that A is isomorphic to a closedsubsetof PCF( )\
f regular cardinalsg?

This subsetshould be of the form PCF (A) whereA is a progressiwe subsetof the regular cardinals
of

We concludewith a problem of Todorcevic about PCF structures. Topological results of Todor-
cevic can be usedto show that PCF structures are sequential. This leadsto the question:
Question 10 What is the sequential rank of PCF (f@, : n > 1g)?

In his talk, Martinez gave a collection of problems about the structure of SBA's that are not
necessarilyPCF algebras. These problems will appearin the proceedingsof the conference.
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2 Stationary set Re ection, variations of Square, Scales and
Aronsza jn trees

In 1989 Woodin and others asked whether the failure of the Singular Cardinals hypothesis at a
cardinal of conality! implied the existenceof an Aronszajn tree on *. The existenceof special
Aronszajn treeswasproved by Jensenin the 1970'sto be equivalent to the existenceof a weak square
sequenceso Woodin's question seemscloselyrelated to questionsabout squaresequence®f various
types. Investigations of square properties in inner models for large cardinals led to the isolation of
certain square properties weaker than corventional square. ([11]) Theseturned out to have direct
relations to previously known combinatorial properties such as weak square and very weak square
([5]) In this sectionwe presert somebadkground and state someproblemsthat remain open.

We begin rst by motivatin Woodin's question: As noted in the previous paragraph, Jensen
shawed that there is a special Aronszajn tree on * i holds. Shelahshowed that there are no
Aronszajn treeson * if isalimit of countably many strongly compact cardinals. Using this work,
Magidor and Shelah ([10]) showved that if it is consistert that there is a 2-huge cardinal then it is
consistent that there is no Aronszahntree on @ +1 .

Lacking any evidenceto the contrary theseresults suggestthat the failure of existenceof Aron-
szahntrees on successor®f co nalit y ! cardinals is tied to being a limit of strongly compact car-
dinals. Sinceresults of Solovay ([14]) show that the SCH holds above a strongly compact cardinal
Woodin's question seemsqguite natural. We list it in the following form:

Question 11 If there are no Aronszajn treeson @ .1 and @ is a strong limit, is it true that
2@ = @+17?

Cummings, Foremanand Magidor initiated a program of giving ana rmativ eanswerto Woodin's
guestion. The philosophy was to try to use PCF theory to construct Aronszajn trees. It hasthe
following componerts:

1. Isolate PCF properties that are consequencesf square.
2. Show that they imply the existenceof A-trees
3. Shaw that they follow from the failure of SCH

Figure 1is a summary of the results of this program. This diagram includesresults from ([5],[4],[2],[3]
) Someof the arrows and non-arrows in the diagram were the main contents of the seriesof talks
given by Cummings and Magidor at the workshop.

Recert results of Gitik and Sharon deal a major blow to this program when they showed:

Theorem (Gitik, Sharon) From appropriate large cardinals follows the relativ e consistencyof:
1. issingular strong limit of conality! ;2 > * andthe approacability property fails.

2. There is a singular strong limit cardinal ,andh; :i 2 !i conal in with PCF( ; :i 2
Iy=1f :i2!g[ f *gbut novery good scaleon h ;i of length *.

+ +

3. isasingular strong limit cardinal, 2 > and every stationary subsetof re ects.

In particular theseresults show that one cannot hope to prove (for example) that the failure of
the SCH implies the approachability property or that there is a very good scale. Both of theselatter
propositions were viewed as candidatesfor a property intermediate betweenthe failure of the SCH
and the existenceof Aronszajn trees.

There are some potential loopholesin the Gitik/Sharon results though. Their argumens can
be improved to make into @2, but are not yet known to apply to @ . Thus, they may not be
directly relevant to Question 11. There are examplesof properties (such asthe equivalencebetween
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Figure 1. Squarelike consequencesf PFA
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the approadability property and Very Weak Square)that hold at @ , but not at @-. A very strong
conjecture might be that the following question has an a rmativ e answer:

Question 12 If 2@ > @.1, then 4 holds.

Moreover, in the secondresult, the sequenceh ; ;i 2 !i is not the generatorb « . In particular,
the following remains open:

Question 13 If hasconality !, isit true that there is somesequenceh ; :i 2 !'i conal in
which has a very good scaleof length  *.

The problem of the relation between scaleproperties and Aronszajn trees seemsinteresting on
its own merits. A typical question here might be:

Question 14 If hasconality ! and there is somesequencen ; :i 2 !i conal in which hasa
very good scaleof length * is it necessarilytrue that there is an Aronszajn tree on *?

A rmativ e answersto both questions13 and 14 yield a solution to Woodin's question.

A variation of questions13 and 14 is:
Question 15 If * hasconality ! and the approachability property holdsat ™, is it necessarily
true that there is an Aronszajn tree on * ? If the SCH fails at doesthe approachability property
hold?

We note that the diagram leavesmany problems open (and there are \obvious" arrows that we
have not included in the diagram).

3 I[ ] and partial squares.

Shelah'sideal | [ ] was an important topic in the workshop. This ideal can be de ned as follows:

Denition Let bearegularcardinal. Let X = ha : < i be a sequenceof bounded subsets
of . Dene A(X) (the ordinals approachablewith respect to X ) asthe collection of all <  sudc
that thereis asetC such that:

1. C isunboundedin and the order type of C is the co nalit y of

2. Forall < thereisan < sudhthat C\ =a.

This ideal is normal and -completeand turns out to have closeconnectionsto forcing, especially
for argumerts that show (; 1 )-distributivit .
If = * and[ *]° * hascardinality *, then I[ *] comtains a stationary set S such that
I[ *]is generatedby the non-stationary ideal restricted to nS. Without the cardinal arithmetic
assumption, it was a longstanding open problem whether |[ *] contained a stationary subset of
*\ cof( ). This wasrecertly settled by Mitc hell who shawvedthat at ! , this neednot be the case.
His techniques also show that it is consistert that |[! ;] is not generatedby a single set over the
non-stationary ideal. Mitc hell's results will appear in the proceedingsof this conference. While it
appears promising it is not completely clear that Mitc hell's techniques generalizeto ! 3. Thus we
ask the following question which might not remain open for long:

Question 16 For regular I o must I[ *] contain a stationary subsetof * \ cof( )?

Becauseof its close connection to forcing it would be very useful to know the answers to the
following questions:
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Question 17 Can I [! ;] be! 3-saturated? Can I[! ;] J for some! 3-saturated ideal J on ! ,?

The approachability property mentioned above is the statemert that 1| ]is not a proper ideal. If
squareholds, then the squaresequencatself is a withessto 2 I[ ]. In general,I[ ] can be viewed
as those setson which there is a defective squaresequencewith its timing out of order.

We now de ne a closelyrelated notion. If S then a partial squae sequene on S is a sequence
of setshC : 2 Si sud that

1. C is an unbounded subsetof of order type the co nalit y of

2. If isalimit point of bothC andC (; 2S)thenC \ =C \

Shelahshowved that if <  areregularthen *\ cof( ) = S , S whereeah S carriesa
partial squaresequence.ln particular, *\ cof( )2 I[ *].

At successorof singular cardinals, this type of question appears quite open. In particular we
would like to know the following:

Question 18 Is it provable in ZFC that there is a partial squaresequenceon a stationary subsetof
@ +1 \ cof(! 1)? On other co nalities?

In contrast to the successorof regular cardinals, it is always the casethat I[ *] contains a
stationary set: if is singular and < s regular, then I[ *] contains a stationary subset of
cof ( ). Indeed in most co nalities it not known if I[ *] can be a proper ideal. At @+, it is
consistert that there is a stationary subsetof @ .1 \ cof (! 1) that doesnot belongto | [@ +1 ], but
this is not known at other co nalities. This is our next question:

Question 19 Doesl [@ +1 ] contain a closedunbounded set relative to co nality ! »?
A related question is:

Question 20 At successorf singular cardinals, is |[ ] generatedby a single set over the non-
stationary ideal?

In the samevein, it would be interesting to understand the relationship betweenthe collection of
approadhable points in successor®f singular cardinals and other natural stationary sets. A typical
question here might be described as follows. If bg ,, is the generator for PCF(f@, : n 2 ! g) at
@ 11, then relative to a closedunbounded set any two contin uous scalesagreeon the collection of
good points. Hencethe collection of \go od points" form a well-de ned stationary set (modulo the
closedunbounded Iter). An extreme form of a question relating canonical structure would be:

Question 21 Is1[@+1]= NS fGood Pointsg?

We note that it is known that | [@ +1] ([12], [2], [3]) includesNS fGood Pointsg and that if
squareholds below @ , then the two ideals coincide.

At the workshop Eisworth gave a collection of problemsinvolving a \recip " for generatingideals
from squarelik e principles and his contribution to the proceedingswill list these questions.
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4 Stationary Sets

In [6] Foreman and Magidor beganto develop a theory of stationary setsfor singular cardinals of
countable co nalit y. We work on the @ 's for simplicity. Sincea subsetA @ naturally givesrise
to a sequenceof subsetsS, = A\ !, we deal with sequence®f subsetsof the ! 's directly.

Let bealargeregularcardinaland S PP( ). LethS, :m n 2 !i bea sequenceof sets
with S, ! ,. Then the sequenceS, is S-stationary i

fN :foralln m;supN\!,2S,g2S

Dene | (n)=supN\ !,. Then we canrestate this assaing that | 2 Qm n Sn. Toillustrate

the de nition we give two important examples:

Example 1 S = fA : A is stationaryg. For this example we call the sequencemutually
stationary.

Example 6 S=fA : QDis stationary and cqssistsof tight structuresg, where N is tight i
N\ “!,isconalin "(N\ !,) (.,e. N\ " !, isconal below .) This is called tight
stationarity .

We note that there are many other interesting examplestaken by varying S. One is obtained by
taking S to be the internally approadable structures.

The theory of mutual stationarity and its variants is still in its infancy despite somesuccess.In
particular there are a large number of embarassingproblems still completely open. (Weld, in his
proceedingsarticle, givesanother collection.)

Question 22 Is there a ZFC example of a sequenceof stationary sets hSy, I'n:n 2 !1isud
that hS,i is not mutually stationary? For concretenessve may demandthat S, cof(! ;). Find a
combinatorial property that implies the existenceof such a set.

Foreman and Magidor shaved that such a sequenceexistsin L and Welch, Schindler and others
have extendedtheir results to certain inner modelsfor large cardinals. The question of the existence
of such sequencess open even in many well-studied inner models.

Solovay showed that every stationary subsetof a regular cardinal can be slit into  many
disjoint stationary subsets. Foremanand Magidor shaved that a tightly stationary sequenceof sets
consisting of ordinals of a xed conality can be split into  many disjoint tightly stationary
sequencesFor mutual stationarity we do not know if we can split a sequencédnto even two disjoint
mutually stationary sequences:

Question 23 Supposethat hS, : n 2 !'i is mutually stationary. Are there hS2;S! : n 2 i such
that

Sh is the disjoint union of S¥; St

hS!i is mutually stationary for i = 0; 1.

A subproblemfor Question 23 would be to isolate the appropriate Fodor's Theorem. We note that
the natural conjecture would be that if S, : m n 2 !i is mutually stationary, then %jelch Sy can

be partitioned into ! , disjoint subsetshS, : < ! ,i sud that for every function f 2

the sequencers,ﬂ(”) :m niis mutually stationary.

There are a whole host of related problems. We note the following de nitions, which we give for
setsof cardinality ! 1, again for concretenesslLet N  H( ) have cardinality ! ;. Then N is:

m n2! * N

1. N isinternally unbounded i N\ [N]® is unboundedin [N]®.
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2. N isinternally stationary i N\ [N]@ is stationary in [N]©.
3. N isinternally clubi N\ [N]@ contains a closedunboundedsetin [N]®.

S
4. N is internally approachablei N = N where eadh N is courtable and for 2
l;hN : < i 2N.

Under certain circumstances,suc asthe CH, these properties are all equivalert. It is not clear in
generalwhat the relation is.

Question 24 Give examplesseparating the properties 1)-4).

Many propertiesin settheory propagatethrough successocardinals, but require special hypoth-
esisto passthrough limit cardinals. (This is one of the main reasonsfor the workshop.) There are
however someproperties where the propogation is not clear. We give one examplethat would seem
to require useful new ideas:

Question 25 Supposethat isregular, N H( )andN\ [N\ ]@ isstationary. ISN\ [N\ *]@
stationary?

5 General Combinatorial Problems

We list here seweral problems that were asked at the conference. The rst is due to Hajnal who
announceda $250(US) prize for any signi c ant progress on the problem.

Question 26 Does!,! ()2 for!i+ 1< <1,?

We note that it is also and interesting problem to determine what happens at successorsof
singular cardinals.
Cummings reminded the audienceof the following 2 closelyrelated questions:

Question 27 Is it consistert that there is a forcing that makes@ +; into ! ,?
Question 28 Is it consistert that (@ +1;@) ! (! ;1 1)?

In the presenceof Woodin cardinals a positive answer to question 28 yields a positive answer to
guestion 27.
Schimmerling (as explicated in his contribution to the Proceedings)noted the following question:

Question 29 Is it consistert to have the GCH, weak squareand no Suslin treeson @ +1 ? What
about ' ?
@

Question 30 (Steel) Let M be the canonical minimal iterable extender model with a Woodin limit
of Woodin cardinals . Let N be a derived determinacy model obtained by forcing over M with the
Levy collapsemaking = ! Y. (Thus N satis es ADg.) Prove or refute: s regular in N.

Reward: $200
The next two questionswere asked with signi cant cashprizes:
Question 31 (Steel) Prove or refute (in Peano Arithmetic): if ZFC + \there is a singular strong

limit cardinal suc that fails" is consister, then ZFC + \there is a superstrong cardinal" is
consisten.
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Reward: $300for a refutation. For a proof, $4000- $500x, where x is the time in yearsfrom May
1, 2004 to the date of submissionof a correct, complete manuscript. UC Berkeley faculty are not
eligible for the reward.

Question 32 (Woodin) Supposethat there is an extendible cardinal. Must HOD compute the
successoicorrectly for some(uncountable) cardinal?

Prize:
$1000max(min (n; 10 n);1)]
where
n = (calenderyear of submission) 2004

Terms: Collect if a correct proof is given for either \y es”, or if a correct proof is given that the
failure implies the consistencywith ZFC of the large cardinal 10 of Kanamori's book. (Details: Clay
rules)
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