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theorems in finite combinatorics  vs their infinite counterparts
the methods of generalizations

proof of a “finite” theorem vs proof of its “infinite” version.
basic proof methods

set-theoretic tools

nice problems
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Connectedness

A finite graph G = (V,E) is
connected iff given any partition
(Vo, V1) of the vertices into two
non-empty sets there is an edge
between Vg and V;.

Let A= {z € V : 3x-z-path}.
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Connectedness

A finite graph G = (V,E) is
connected iff given any partition
(Vo, V1) of the vertices into two
non-empty sets there is an edge
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LetT = (V,F) be a minimal connected subgraph of G.
Then T can not contain a circle, so it is a spanning tree.
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LetT = (V,F) be a minimal connected subgraph of G.
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Spanning trees

Finite case General case

Every finite connected graph Every connected graph
G = (V,E) has a spanning tree. G = (V, E) has a spanning tree.

First Proof

LetT = (V,F) be a minimal connected subgraph of G.

Then T can not contain a circle, so it is a spanning tree.

no infinite version

how to get a minimal connected subgraph of an infinite graph?

an infinite graph G may contain a decreasing chain Gg, G4, ... of
connected subgraphs of G such that V(G;) = V(G) but
NienE(Gi) = 0.
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Spanning trees
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Every finite connected graph Every connected graph
G = (V,E) has a spanning tree. G = (V, E) has a spanning tree.

Second Proof

7 = { connected subtrees of G}
(7T, C) has a maximal element T by Zorn’s lemma

There is no edge between V(T ) and V \ V(T).
V(T)=V.
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Spanning trees

Finite case General case

Every finite connected graph Every connected graph
G = (V,E) has a spanning tree. G = (V, E) has a spanning tree.

Second Proof

7 = { connected subtrees of G}
(7T, C) has a maximal element T by Zorn’s lemma

There is no edge between V(T ) and V \ V(T).
V(T)=V.

A mmmmmmmmmmmmmmmmmmmmmommommemeemeemsamaasazz
Zorn's Lemma, Axiom of Choice. J
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Spanning trees

Finite case General case

Every finite connected graph Every connected graph
G = (V,E) has a spanning tree. G = (V, E) has a spanning tree.

Second Proof

7 = { connected subtrees of G}
(7T, C) has a maximal element T by Zorn’s lemma

There is no edge between V(T ) and V \ V(T).
V(T)=V.

(O
Zorn's Lemma, Axiom of Choice. Really need? J
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Spanning trees and AC

If every connected graph has a spanning tree then the Axiom of
Choice holds.
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A ={A; :i € 1} afamily of non-empty sets.
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A= {A; :i €|} afamily of non-empty sets. A NA; = ()
V={x}U{y,zi:i e lJUU{A :i €I},
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A= {A; :i €|} afamily of non-empty sets. A NA; = ()
V={x}U{y,zi:i e lJUU{A :i €I},
E={xyi:i €l}UUic{yia,az; :ac Aj}.
G is connected, T = (V,F) spanning tree.
(i) {xyi:iel}CF,
(i) Vi el Jla € A st yiaj,aizi € F,
(iii) Ya € A \{ai} (yia € F iff az ¢ F).
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A= {A; :i €|} afamily of non-empty sets. A NA; = ()
V={x}U{y,zi:i e lJUU{A :i €I},
E={xyi:i €l}UUic{yia,az; :ac Aj}.
G is connected, T = (V,F) spanning tree.
(i) {xy;:iel}CF,
(i) Vi el dlgj € Aj s.t. yiai,aizi € F,
(i) Ya e A \{ai} (via € F iff az ¢ F).
f(i) = & is a choice function for A
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Unfriendly Partitions

Definition

Let G = (V,E) be a graph. A partition (A,B) of V is called unfriendly
iff every vertex has at least as many neighbor in the other class as in
its own.
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Unfriendly Partitions

Definition

Let G = (V,E) be a graph. A partition (A,B) of V is called unfriendly
iff every vertex has at least as many neighbor in the other class as in
its own.

Observation
Every finite graph has an unfriendly partition.

Unfriendly Partition Conjecture

Every graph has an unfriendly partition.

Theorem (Shelah)
There is an uncountable graph without an unfriendly partition.
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Unfriendly Partitions

Theorem (Shelah)

Every graph has a partition into three pieces such that every vertex
has at least as many neighbor in the two other classes as in its own.
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Unfriendly Partitions

Theorem (Shelah)

Every graph has a partition into three pieces such that every vertex
has at least as many neighbor in the two other classes as in its own.

Every locally finite graph has an unfriendly partition.
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Proof: locally finite graphs have unfriendly partitions
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G = (V,E) locally finite,

enumerate V = {Xg,X1,... }

Th={(A,B) : an unfriendly partition of G[Xo, ... Xn]}

7 ={UTn,C}

can not apply Konig's Lemma
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Proof: locally finite graphs have unfriendly partitions

Natural aproach:Konig’'s Lemma instead of Godel’'s Theorem
G = (V,E) locally finite,

enumerate V = {Xg,X1,... }

Th={(A,B) : an unfriendly partition of G[Xo, ... Xn]}

7 ={UTn,C}

can not apply Kénig’s Lemma T, # the n"-level of T
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Proof: locally finite graphs have unfriendly partitions

Godel's Compactness Theorem

Theorem (Gddel)
A theory T has a model provided every finite subset of T has a model.
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Proof: locally finite graphs have unfriendly partitions

Godel's Compactness Theorem

G = (V,E) locally finite graph
Language: {c, :Vv €V} constant symbols, R, and Rg are unary
relation symbols.
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Proof: locally finite graphs have unfriendly partitions

Godel's Compactness Theorem

G = (V,E) locally finite graph

Language: {c, :Vv €V} constant symbols, R, and Rg are unary
relation symbols.

Formulas: ¢: Vx (Ra(x) <> —Rg(x))

forallv e V write 7,= {C C E(v) : [F| > |[E(V)|/2}
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G = (V,E) locally finite graph

Language: {c, :Vv €V} constant symbols, R, and Rg are unary
relation symbols.
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¢val Ra(Cy) = Veer, Axer Re(Cx)
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Proof: locally finite graphs have unfriendly partitions

Godel's Compactness Theorem

G = (V,E) locally finite graph

Language: {c, :Vv €V} constant symbols, R, and Rg are unary
relation symbols.

Formulas: ¢: Vx (Ra(x) <> —Rg(x))

forallv € V write 7/,= {C C E(v) : |[F| > |[E(v)|/2} and put
¢val Ra(Cv) = Veer, Axer Re(Cx)

vvet Re(Cv) = Veer Axer Ralcx)
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Proof: locally finite graphs have unfriendly partitions

Godel's Compactness Theorem

G = (V,E) locally finite graph

Language: {c, :Vv €V} constant symbols, R, and Rg are unary
relation symbols.

Formulas: ¢: Vx (Ra(x) <> —Rg(x))

forallv € V write 7/,= {C C E(v) : |[F| > |[E(v)|/2} and put
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Theory: T = {¢,pya,ovp:VEV}
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Proof: locally finite graphs have unfriendly partitions

Godel's Compactness Theorem

G = (V,E) locally finite graph

Language: {c, :Vv €V} constant symbols, R, and Rg are unary
relation symbols.

Formulas: ¢: Vx (Ra(x) <> —Rg(x))

forallv € V write 7/,= {C C E(v) : |[F| > |[E(v)|/2} and put
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LetW = {v : ¢, occursin T'}.

Soukup, L (Rényi Institute) From Finite to Infinite Banff 2007 12/ 74



Proof: locally finite graphs have unfriendly partitions

Godel's Compactness Theorem

G = (V,E) locally finite graph

Language: {c, :Vv €V} constant symbols, R, and Rg are unary
relation symbols.

Formulas: ¢: Vx (Ra(x) <> —Rg(x))

forallv € V write 7/,= {C C E(v) : |[F| > |[E(v)|/2} and put
pval Ra(v) = Veer, Axer Re(cx)

pv.e Re(Cv) = Veer Axer Ra(Cx)

Theory: T = {¢,pya,ovp VvV EV]

Every T’ € [T]~ has a model.

Let W = {v : ¢y occurs in T'}. Then G[W] has an unfriendly partition
(A, B).
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Proof: locally finite graphs have unfriendly partitions

Godel's Compactness Theorem

G = (V,E) locally finite graph

Language: {c, :Vv €V} constant symbols, R, and Rg are unary
relation symbols.

Formulas: ¢: Vx (Ra(x) <> —Rg(x))

forallv € V write 7/,= {C C E(v) : |[F| > |[E(v)|/2} and put
pval Ra(v) = Veer, Axer Re(cx)

pv.e Re(Cv) = Veer Axer Ra(Cx)

Theory: T = {¢,pya,ovp VvV EV]

Every T’ € [T]~ has a model.

Let W = {v : ¢y occurs in T'}. Then G[W] has an unfriendly partition
(A,B). Let M be the following model: the underlying set M is W, ¢, is
interpreted as v for v € W, and Ry is interpreted as A and Rg is
interpreted as B.
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Proof: locally finite graphs have unfriendly partitions

Godel's Compactness Theorem

G = (V,E) locally finite graph

Language: {c, :Vv €V} constant symbols, R, and Rg are unary
relation symbols.

Formulas: ¢: Vx (Ra(x) <> —Rg(x))

forallv € V write 7/,= {C C E(v) : |[F| > |[E(v)|/2} and put
pval Ra(v) = Veer, Axer Re(cx)

pv.e Re(Cv) = Veer Axer Ra(Cx)

Theory: T = {¢,pya,ovp VvV EV]

Every T’ € [T]~ has a model.

Let W = {v : ¢y occurs in T'}. Then G[W] has an unfriendly partition
(A,B). Let M be the following model: the underlying set M is W, ¢, is
interpreted as v for v € W, and Ry is interpreted as A and Rg is
interpretedas B. M = T".

Soukup, L (Rényi Institute) From Finite to Infinite Banff 2007 12/ 74



Proof: locally finite graphs have unfriendly partitions

Godel's Compactness Theorem

G = (V,E) locally finite graph

Language: {c, : v €V} constant symbols, R, and Rg are unary
relation symbols.

Formulas: ¢: Vx (Ra(x) < —Rg(x))

forallv € V write /,= {C C E(v) : |[F| > |[E(v)|/2} and put
¢val Ra(Cy) = Veer, Axer Re(Cx)

¢ve: Re(Cv) = VEeer Axer Ra(cx)

Theory: T = {¢,pya,ovp VvV EV]

Every T’ € [T]™ has a model.

Let M be amodel of T and let A={v € V : M = Ra(cy)} and
B={veV:MERg(cy)}
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Unfriendly Partitions
Every locally finite graph has an unfriendly partition. l
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Unfriendly Partitions
Every locally finite graph has an unfriendly partition.

If G = (V,E) is countable and every v € V has infinite degree then G
has an unfriendly partition.
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Unfriendly Partitions
Every locally finite graph has an unfriendly partition.

If G = (V,E) is countable and every v € V has infinite degree then G
has an unfriendly partition.

Unfriendly Partition Conjecture, revised

Every countable graph has an unfriendly partition.
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Unfriendly Partitions
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Unfriendly Partitions

Let G = (V,E) be a locally finite graph and V' C V such that V' is
“rare” (e.g the distances are large between the elements of V' in G).
Is it true that every partition (A’,B’) of V' can be extended to an
unfriendly partition (A, B) of G?
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Unfriendly Partitions

Let G = (V,E) be a locally finite graph and V' C V such that V' is
“rare” (e.g the distances are large between the elements of V' in G).
Is it true that every partition (A’,B’) of V' can be extended to an
unfriendly partition (A, B) of G?

No, V. Bonifaci gave a very strong counterexample.
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Unfriendly partitions

Theorem (Bonifaci)

There is a locally finite infinite graph with exactly one unfriendly
partition.
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Unfriendly partitions

Theorem (Bonifaci)

There is a locally finite infinite graph with exactly one unfriendly
partition.

vertices : in columns

o o
o
o o
o
o o o o
o
o o o o
o
o o o o o
o
o o o o
o o o
o o
o
o o
o
12 2 3 3 nnn+1l
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Unfriendly partitions

Theorem (Bonifaci)

There is a locally finite infinite graph with exactly one unfriendly
partition.

vertices : in columns

oL edges: between neighbouring
o columns
o O
[}
[} [} o O
o o O ©
o/ o o o o ©°
\o o o o °
[} [} [}
o O
o O e
o
12 2 33 nnn+1l
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Unfriendly partitions

Theorem (Bonifaci)

There is a locally finite infinite graph with exactly one unfriendly
partition.

vertices : in columns

oL edges: between neighbouring
o columns
o O
[}
[} [} o O
iX: o O ©
[} [} o O ©
o O e
[} [} [}
o O
o O e
o
122 33 nnn+1l
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Unfriendly partitions

Theorem (Bonifaci)

There is a locally finite infinite graph with exactly one unfriendly
partition.

vertices : in columns
° edges: between neighbouring
o columns

O o O O O O
O 0 O O O O

12 2 33

5
S
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Unfriendly partitions

Theorem (Bonifaci)

There is a locally finite infinite graph with exactly one unfriendly
partition.

vertices : in columns

M edges: between neighbouring
o columns
17, column of size n
o |0
o |0 ©
o |0 ©
o |O e
o |0 ©
o |0 e
— O
122 33 nnn+l
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Unfriendly partitions

Theorem (Bonifaci)

There is a locally finite infinite graph with exactly one unfriendly
partition.

— vertices : in columns
Ninls edges: between neighbouring
o columns
Mo column of size n
Nl red or blue majority in the
Z Z . neighbouring columns
ol |0 e
ol |0 ©
ol |0 e
Lol
122 33 nnn+1
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Unfriendly partitions

Theorem (Bonifaci)

There is a locally finite infinite graph with exactly one unfriendly
partition.

vertices : in columns

3 ° edges: between neighbouring
o columns
u |8 column of size n
° .l red or blue majority in the
u B neighbouring columns
Z ° blue majority = the column is
Nl (B red.
122 33 nnn+1l
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Unfriendly partitions

Theorem (Bonifaci)

There is a locally finite infinite graph with exactly one unfriendly

partition.

12 2 33

vertices : in columns

edges: between neighbouring
columns

column of size n

red or blue majority in the
neighbouring columns

blue majority = the column is
red.

next column is also

[ oo o o o

nn N+l monochromatic: it should be blue .
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Pseudo-winners in tournaments
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Pseudo-winners in tournaments

Definition
Let T = (V,E) be atournamentand lett € V.
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Pseudo-winners in tournaments

Definition

Let T = (V,E) be atournamentand lett € V.
t is a pseudo-winner

Soukup, L (Rényi Institute) From Finite to Infinite Banff 2007 16/ 74



Pseudo-winners in tournaments

Definition

Let T = (V,E) be atournamentand lett € V.
t is a pseudo-winner iff for eachy € V there is a path of length at
most 2 which leads fromttoy.
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Pseudo-winners in tournaments
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Pseudo-winners in tournaments

Finite case
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Pseudo-winners in tournaments

Finite case

Every finite tournament has a
pseudo-winner .
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Pseudo-winners in tournaments

Finite case

Theorem

Every finite tournament has a
pseudo-winner

Proof

If t has maximal out-degree then t
is a pseudo-winner.

| \

N
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Pseudo-winners in tournaments

Finite case Infinite case

Theorem

Every finite tournament has a
pseudo-winner

Proof

If t has maximal out-degree then t
is a pseudo-winner.

| A\

N
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Pseudo-winners in tournaments

Finite case Infinite case
Observation
Every finite tournament has a No pseudo-winner in (Z, <).

pseudo-winner .

<

Proof

If t has maximal out-degree then t
is a pseudo-winner.
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Pseudo-winners in tournaments

Finite case Infinite case

Theorem
Every finite tournament has a No pseudo-winner in (Z, <).

Observation

pseudo-winner

| \

Proof A tournament T contains a
If t has maximal out-degree then t pseudo-winner
is a pseudo-winner.
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Pseudo-winners in tournaments

Finite case Infinite case

Theorem
Every finite tournament has a No pseudo-winner in (Z, <).

Observation

pseudo-winner

| A\

Proof A tournament T contains a
If t has maximal out-degree then t pseudo-winneror Ix #y €V s.t.
is a pseudo-winner. T = Out(x) U In(y).
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Pseudo-winners in tournaments

Finite case

Every finite tournament has a
pseudo-winner .

<

If t has maximal out-degree then t
is a pseudo-winner.

Infinite case

Observation
No pseudo-winner in (Z, <).

A tournament T contains a
pseudo-winneror Ix #y €V s.t.
T = Out(x) UIn(y).

<

Proof

If y is not a pseudo-winner
witnessed by x, then

T = Out(x) UIn(y).

Soukup, L (Rényi Institute)

From Finite to Infinite
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Quasi Kernels and Quasi Sinks
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Quasi Kernels and Quasi Sinks

Theorem (Chvatal, Lovasz)
Every finite digraph (i.e. directed graph) contains a quasi-kernel
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Quasi Kernels and Quasi Sinks

Theorem (Chvatal, Lovasz)

Every finite digraph (i.e. directed graph) contains a quasi-kernel (i.e it
contains an independentset A
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Quasi Kernels and Quasi Sinks

Theorem (Chvatal, Lovasz)

Every finite digraph (i.e. directed graph) contains a quasi-kernel (i.e it
contains an independent set A such that for each point v
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Quasi Kernels and Quasi Sinks

Theorem (Chvatal, Lovasz)

Every finite digraph (i.e. directed graph) contains a quasi-kernel (i.e it
contains an independent set A such that for each pointv there is a
path of length at most 2 from some point of A to v.

?a A

Soukup, L (Rényi Institute)

From Finite to Infinite

Banff 2007 18/74



The original problem
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The original problem

joint work of P. L. Erd 6s, A. Hajnal and — J
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The original problem

joint work of P. L. Erd 6s, A. Hajnal and — J
What is the right question? J
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Graphs with quasi-kernels

A directed graph G = (V,E) has a quasi-kernel ,
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Graphs with quasi-kernels

A directed graph G = (V,E) has a quasi-kernel , provided (a) or (b)
below holds:
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Graphs with quasi-kernels

Theorem

A directed graph G = (V,E) has a quasi-kernel , provided (a) or (b)
below holds:

(@) In(x) is finite for each x € V,
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Graphs with quasi-kernels

A directed graph G = (V,E) has a quasi-kernel , provided (a) or (b)
below holds:

(@) In(x) is finite for each x € V,
(b) the chromatic number of G is finite .
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Quasi Kernels and Quasi Sinks

Let G = (V,E) be a digraph.
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Quasi Kernels and Quasi Sinks

Let G = (V,E) be a digraph.
An independentset A is a quasi-kernel
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Quasi Kernels and Quasi Sinks

Definition

Let G = (V,E) be a digraph.

An independentset A is a quasi-kernel iff for eachv € V thereis a
path of length at most 2 which leads from some points of Ato v.
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Quasi Kernels and Quasi Sinks

Definition

Let G = (V,E) be a digraph.

An independentset A is a quasi-kernel iff for eachv € V thereis a
path of length at most 2 which leads from some points of Ato v.
An independent set B is a quasi-sink

Banff 2007 21/74
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Quasi Kernels and Quasi Sinks

Definition

Let G = (V,E) be a digraph.

An independentset A is a quasi-kernel iff for eachv € V thereis a
path of length at most 2 which leads from some points of Ato v.
An independentset B is a quasi-sink iff foreachv € V there is a
path of length at most 2 which leads from v to some points of B.
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Graphs with nice partitions
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Graphs with nice partitions

If G = (V,E) is a digraph define the undirected complement of the
graph, G = (V,E) as follows:
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Graphs with nice partitions

Definition
If G = (V,E) is a digraph define the undirected complement of the
graph, G = (V, E) as follows: {x,y} € E if and only if (x,y) ¢ E and
(y,x) ¢ E.
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Graphs with nice partitions

Definition
If G = (V,E) is a digraph define the undirected complement of the
graph, G = (V, E) as follows: {x,y} € E if and only if (x,y) ¢ E and
(y,x) ¢ E.

Theorem
Let G = (V,E) be a directed graph.
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Graphs with nice partitions

Definition
If G = (V,E) is a digraph define the undirected complement of the
graph, G = (V, E) as follows: {x,y} € E if and only if (x,y) ¢ E and
(y,x) ¢ E.

Theorem

Let G = (V,E) be a directed graph. Then V has a partition (Vo, V1)
such that
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Graphs with nice partitions

Definition
If G = (V,E) is a digraph define the undirected complement of the
graph, G = (V, E) as follows: {x,y} € E if and only if (x,y) ¢ E and
(y,x) ¢ E.

Theorem

Let G = (V,E) be a directed graph. Then V has a partition (Vo, V1)
such that G[V,] has a quasi-kernel ,
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Graphs with nice partitions

Definition
If G = (V,E) is a digraph define the undirected complement of the
graph, G = (V, E) as follows: {x,y} € E if and only if (x,y) ¢ E and
(y,x) ¢ E.

Theorem

Let G = (V,E) be a directed graph. Then V has a partition (Vo, V1)
such that G[Vp] has a quasi-kernel , and G[V;] has a quasi-sink
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Graphs with nice partitions

Definition
If G = (V,E) is a digraph define the undirected complement of the
graph, G = (V, E) as follows: {x,y} € E if and only if (x,y) ¢ E and
(y,x) ¢ E.

Theorem
Let G = (V,E) be a directed graph. Then V has a partition (Vo, V1)
such that G[Vp] has a quasi-kernel , and G[V;] has a quasi-sink
provided (a) or (b) below holds:
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Graphs with nice partitions

Definition
If G = (V,E) is a digraph define the undirected complement of the
graph, G = (V, E) as follows: {x,y} € E if and only if (x,y) ¢ E and
(y,x) ¢ E.

Theorem

Let G = (V,E) be a directed graph. Then V has a partition (Vo, V1)
such that G[Vp] has a quasi-kernel , and G[V;] has a quasi-sink
provided (a) or (b) below holds:

(@) Kn ¢ G for some n > 2.
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Graphs with nice partitions

Definition
If G = (V,E) is a digraph define the undirected complement of the
graph, G = (V, E) as follows: {x,y} € E if and only if (x,y) ¢ E and
(y,x) ¢ E.

Theorem

Let G = (V,E) be a directed graph. Then V has a partition (Vo, V1)

such that G[Vp] has a quasi-kernel , and G[V;] has a quasi-sink

provided (a) or (b) below holds:

(@) Kn ¢ G for some n > 2. (Especially, if the chromatic number of G
is finite.)
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Graphs with nice partitions

Definition
If G = (V,E) is a digraph define the undirected complement of the
graph, G = (V,E) as follows: {x,y} € E if and only if (x,y) ¢ E and

(v,x) ¢ E.

Theorem

Let G = (V,E) be a directed graph. Then V has a partition (Vo, V1)
such that G[Vp] has a quasi-kernel , and G[V;] has a quasi-sink
provided (a) or (b) below holds:

(@) Kn ¢ G for some n > 2. (Especially, if the chromatic number of G
is finite.)
(b) G is locally finite .
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A theorem
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A theorem

For each directed graph G = (V,E)
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A theorem

Theorem

For each directed graph G = (V, E) there are disjoint, independent
subsets A and B of V
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A theorem

Theorem

For each directed graph G = (V, E) there are disjoint, independent
subsets A and B of V such that for each v € V there is a path of
length at most 2
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A theorem

Theorem

For each directed graph G = (V, E) there are disjoint, independent
subsets A and B of V such that for each v € V there is a path of
length at most 2 which leads either from some points of Ato v,
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For each directed graph G = (V, E) there are disjoint, independent
subsets A and B of V such that for each v € V there is a path of
length at most 2 which leads either from some points of A to v, or from

v to some point of B.

Banff 2007 23/74
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For each directed graph G = (V, E) there are disjoint, independent
subsets A and B of V such that for each v € V there is a path of
length at most 2 which leads either from some points of A to v, or from
v to some point of B.

Banff 2007 24174
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For each directed graph G = (V, E) there are disjoint, independent
subsets A and B of V such that for each v € V there is a path of
length at most 2 which leads either from some points of A to v, or from
v to some point of B.

Conjecture

For each digraph G = (V, E) there is a partition (Vp,V;) of V such
that
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For each directed graph G = (V, E) there are disjoint, independent
subsets A and B of V such that for each v € V there is a path of
length at most 2 which leads either from some points of A to v, or from
v to some point of B.

Conjecture

For each digraph G = (V, E) there is a partition (Vp,V;) of V such
that G[V] has a quasi-kernel ,
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For each directed graph G = (V, E) there are disjoint, independent
subsets A and B of V such that for each v € V there is a path of
length at most 2 which leads either from some points of A to v, or from
v to some point of B.

For each digraph G = (V, E) there is a partition (Vp,V7) of V such
that G[V] has a quasi-kernel , and G[V,] has a quasi-sink .

Banff 2007 24174
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Structure theorems for tournaments

Definition
LetT = (V,E) be atournament,t € V and n € N.
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Structure theorems for tournaments

Definition

LetT = (V,E) be atournament,t € V and n € N.
t is an n-winner
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Structure theorems for tournaments

Definition
LetT = (V,E) be atournament,t € V and n € N.
t is an n-winner iff for each y € V there is a path of length at most n

which leads fromt toy.
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Structure theorems for tournaments

Definition
LetT = (V,E) be atournament,t € V and n € N.
t is an n-winner iff for each y € V there is a path of length at most n

which leads fromt toy.

pseudo-winner = 2-winner
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Structure theorems for tournaments

Definition
LetT = (V,E) be atournament,t € V and n € N.
t is an n-winner iff for each y € V there is a path of length at most n

which leads fromt toy.

pseudo-winner = 2-winner

Let T = (V, E) be an infinite tournament.
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Structure theorems for tournaments

Definition
LetT = (V,E) be atournament,t € V and n € N.
t is an n-winner iff for each y € V there is a path of length at most n

which leads fromt toy.

pseudo-winner = 2-winner

Let T = (V, E) be an infinite tournament.
(1) There is an infinite tournament T = (V,E) such that T has a

3-winner , but there is no 2-winner in T.
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Structure theorems for tournaments

Definition
LetT = (V,E) be atournament,t € V and n € N.
t is an n-winner iff for each y € V there is a path of length at most n

which leads fromt toy.

pseudo-winner = 2-winner

Let T = (V, E) be an infinite tournament.

(1) There is an infinite tournament T = (V,E) such that T has a
3-winner , but there is no 2-winner in T.

(2) If T has an n-winner for some n > 3
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Structure theorems for tournaments

Definition
LetT = (V,E) be atournament,t € V and n € N.
t is an n-winner iff for each y € V there is a path of length at most n

which leads fromt toy.

pseudo-winner = 2-winner

Let T = (V, E) be an infinite tournament.
(1) There is an infinite tournament T = (V,E) such that T has a

3-winner , but there is no 2-winner in T.
(2) If T has an n-winner for some n > 3 then T has a 3-winner .

Banff 2007 25/74

From Finite to Infinite
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Digraphs generated by finite structures
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Digraphs generated by finite structures

Definition

A digraph with terminal vertices is atriple G = (V,E,T), where
(V,E)isadigraphand ) #T C V.

O—=0—0——©0
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Digraphs generated by finite structures

Definition
A digraph with terminal vertices is atriple G = (V,E,T), where
(V,E)is adigraphand ) # T C V. The elements of T are the

terminal vertices of G,

O—=0—0——©0
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Digraphs generated by finite structures

Definition

A digraph with terminal vertices is atriple G = (V,E,T), where
(V,E)is adigraphand ) # T C V. The elements of T are the
terminal vertices of G, the elements of N =V \ T are the
nonterminal vertices of G.

O—=0—0——©0
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Digraphs generated by finite structures

Definition

A digraph with terminal vertices is atriple G = (V,E,T), where
(V,E)is adigraphand ) # T C V. The elements of T are the
terminal vertices of G, the elements of N =V \ T are the
nonterminal vertices of G.

Construct G(-) G = (W,F,S) from G as follows:

O—=0—0——©0
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Digraphs generated by finite structures

Definition

A digraph with terminal vertices is atriple G = (V,E,T), where
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Definition

A digraph with terminal vertices is atriple G = (V,E,T), where
(V,E)is adigraphand ) # T C V. The elements of T are the
terminal vertices of G, the elements of N =V \ T are the
nonterminal vertices of G.

Construct G(-) G = (W,F,S) from G as follows:

keep the terminal vertices and blow up each nonterminal vertex v to a
(disjoint) copy Gy of G.

Teoe=TeUUvev Teys Ne o= Uyev N,

The edges are “inherited” from G in the natural way.
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Digraphs generated by finite structures

Definition

A digraph with terminal vertices is atriple G = (V,E,T), where
(V,E)is adigraphand ) # T C V. The elements of T are the
terminal vertices of G, the elements of N =V \ T are the
nonterminal vertices of G.

Construct G(-) G = (W,F,S) from G as follows:

keep the terminal vertices and blow up each nonterminal vertex v to a
(disjoint) copy Gy of G.

Teoe=TeUUvev Teys Ne o= Uyev N,

The edges are “inherited” from G in the natural way.
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Digraphs generated by finite structures

Definition

A digraph with terminal vertices is atriple G = (V,E,T), where
(V,E)is adigraphand ) # T C V. The elements of T are the
terminal vertices of G, the elements of N =V \ T are the
nonterminal vertices of G.

Construct G(-) G = (W,F,S) from G as follows:
keep the terminal vertices and blow up each nonterminal vertex v to a
(disjoint) copy Gy of G.

Teoe=TeUUvev Ter Neoo=Uyev Na,
The edges are “inherited” from G in the natural way.
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Digraphs generated by a finite structure
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Digraphs generated by a finite structure

G[Tg] is aninduced subgraph of (GO G)[Teoal-
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Digraphs generated by a finite structure

G[Tg] is aninduced subgraph of (GO G)[Teoal-
Now we can repeat the procedure above using G () G instead of G to

get (GO G) OGO G).
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Digraphs generated by a finite structure

G[Tg] is aninduced subgraph of (GO G)[Teoal-

Now we can repeat the procedure above using G () G instead of G to
get (GO G) V(GO G).

Hence we obtain a sequence (G, : n € N) of digraphs with terminal
vertices, Gn = (Vn, En, Tn) S. t. Go[To] € G1[T1] € G2[T2] C ...
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Digraphs generated by a finite structure

G[Tg] is aninduced subgraph of (GO G)[Teoal-

Now we can repeat the procedure above using G () G instead of G to
get (GO G) V(GO G).

Hence we obtain a sequence (G, : n € N) of digraphs with terminal
vertices, Gn = (Vn, En, Tn) S. t. Go[To] € G1[T1] € G2[T2] C ...

Take

G>=J{Gn[Tn] : n € N}.
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Digraphs generated by a finite structure
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Digraphs generated by a finite structure

Let G = (V,E, T) be a finite tournament with terminal vertices
TFEA. E:

(i) G has a 3-winner,

(i) In(v)#0Oforeachv e V\T.
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(b) thereis 2-winnerv €T in G.
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Digraphs generated by a finite structure

Let G = (V,E, T) be a finite tournament with terminal vertices
TFEA. E:

(i) G has a 3-winner,

(i) In(v)#0Oforeachv e V\T.
TFA E.

(@) G has a 2-winner

(b) thereis 2-winnerv €T in G.

Theorem

| A

There is an finite tournament G such that G has a 3-winner, but no
2-winner.
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Digraphs generated by a finite structure

Theorem
Let G = (V,E, T) be a finite tournament with terminal vertices
TFEA. E:
(i) G has a 3-winner,
(i) In(v)#0Oforeachv e V\T.
TFA E.:
(@) G has a 2-winner
(b) thereis 2-winnerv €T in G.

Theorem

There is an finite tournament G such that G has a 3-winner, but no
2-winner.

G:

| A
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Digraphs generated by a finite structure
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Digraphs generated by a finite structure

If G = (V,E,T) is a finite digraph with terminal vertices
Goo — <VOO, Eoo>’
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Digraphs generated by a finite structure

If G = (V,E,T) is a finite digraph with terminal vertices
G> = (V> E), then there is a partition (Vp, V1) of V> such that
G*°[V(] has a quasi-kernel , and G*>°[V;] has a quasi-sink .
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Multi-way cuts

Multiway Cut Problem
Fix a graph G = (V,E)
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Multi-way cuts

Multiway Cut Problem
Fix a graph G = (V,E) and a subset S of vertices called terminals .

S1 S2

i S = {s1,82,83}

S3
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Multi-way cuts

Multiway Cut Problem

Fix a graph G = (V,E) and a subset S of vertices called terminals . A
multiway cut is a set of edges whose removal disconnects each
terminal from the others.

S1 S2

et S = {s1,52,83}

S3
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Multi-way cuts

Multiway Cut Problem

Fix a graph G = (V,E) and a subset S of vertices called terminals . A
multiway cut is a set of edges whose removal disconnects each
terminal from the others. The multiway cut problem is to find the
minimal size of a multiway cut denoted by 7 s.

S1 S2
.\

o
et S = {s1,52,83}

TG,s =2

S3
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Multiway cuts

Definition

If G = (V,E) is a directed graph and A,B C V let A\(G, A, B) be the
maximal number of edge-disjoint directed paths  from some element
of A into some element of B.

Banff 2007 31/74
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Multiway cuts

Definition

If G = (V,E) is a directed graph and A,B C V let )\(é,A, B) be the
maximal number of edge-disjoint directed paths  from some element
of A into some element of B.

Definition

If G = (V,E) is afinite graph, S C V,
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Multiway cuts

Definition

If G = (V,E) is a directed graph and A,B C V let )\(é,A, B) be the
maximal number of edge-disjoint directed paths  from some element
of A into some element of B.

S2

If G = (V,E) is afinite graph, S c V, and g
G is obtained from G by an orientation of
the edges,

t
S = {s1,52,S3}
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Multiway cuts

Definition

If G = (V,E) is a directed graph and A,B C V let )\(é,A, B) be the
maximal number of edge-disjoint directed paths  from some element
of A into some element of B.

If G = (V,E) is afinite graph, S c V, and g 2
G is obtained from G by an orientation of
the edges, then let
_ ~ t
V6 s => MG,S-s,s) S e

SES
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maximal number of edge-disjoint directed paths  from some element
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If G = (V,E) is afinite graph, S c V, and g 2
G is obtained from G by an orientation of
the edges, then let
_ ~ t
V6 s => MG,S-s,s) S e

SES
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Definition

If G = (V,E) is a directed graph and A,B C V let )\(é,A, B) be the
maximal number of edge-disjoint directed paths  from some element
of A into some element of B.

If G = (V,E) is afinite graph, S c V, and g 2
G is obtained from G by an orientation of
the edges, then let
_ ~ t
V6 s => MG,S-s,s) S e

SES
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Multiway cuts

Definition

If G = (V,E) is a directed graph and A,B C V let )\(é,A, B) be the
maximal number of edge-disjoint directed paths  from some element
of A into some element of B.

If G = (V,E) is afinite graph, S c V, and g 2
G is obtained from G by an orientation of
the edges, then let
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Multiway cuts

Definition

If G = (V,E) is a directed graph and A,B C V let )\(é,A, B) be the
maximal number of edge-disjoint directed paths  from some element
of A into some element of B.

If G = (V,E) is afinite graph, S c V, and g 2
G is obtained from G by an orientation of
the edges, then let
_ ~ t
V6 s => MG,S-s,s) S e

SES
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Multiway cuts

Theorem (P. L. Erdés, A. Frank, L. Székely)

If G = (V,E) is a finite graph, S C V, and G is obtained from G by an
orientation of the edges,
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Multiway cuts

Theorem (P. L. Erdés, A. Frank, L. Székely)

If G = (V,E) is a finite graph, S C V, and G is obtained from G by an
orientation of the edges, then vz o < 7g s.
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Multiway cuts

Theorem (P. L. Erdds, A. Frank, L. Székely)

If G = (V,E) is a finite graph, S C V, and G is obtained from G by an
orientation of the edges, then vz o < 7g s.

Theorem (E. Dahjhaus, D. S. Johson, C. H. Papadimitriou, P.D.

Seymout, M. Yannakakis)
The multiway cut problem is NP-complete .
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Multiway cuts

Special case:
G —Sisatree.
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Multiway cuts

Theorem (P. L. Erdés, L. Székely)

If G = (V,E) is afinite graph, S C V such that G — S is tree, then

méix Vé,S = TG,S-

where the maximum is taken over all orientations G of G.
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Multiway cuts

Theorem (P. L. Erdés, A. Frank, L. Székely, reformulated)
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Theorem (P. L. Erdés, A. Frank, L. Székely, reformulated)
If G = (V,E) is a finite graph ,
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Multiway cuts

Theorem (P. L. Erdés, A. Frank, L. Székely, reformulated)

If G = (V,E)is afinite graph , S C V such that G — S is tree, then
there is an orientation G of G,
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Multiway cuts

Theorem (P. L. Erdds, A. Frank, L. Székely, reformulated)

If G = (V,E)is afinite graph , S C V such that G — S is tree, then
there is an orientation G of G, and for each s € S there is an
edge-disjoint family  Ps of (S —s,s)-paths in G
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Multiway cuts

Theorem (P. L. Erdds, A. Frank, L. Székely, reformulated)

If G = (V,E)is afinite graph , S C V such that G — S is tree, then
there is an orientation G of G, and for each s € S there is an
edge-disjoint family  Ps of (S —s,s)-paths in G and for each P € Ps
we can pick an edge ep € P
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Multiway cuts

Theorem (P. L. Erdds, A. Frank, L. Székely, reformulated)

If G = (V,E)is afinite graph , S C V such that G — S is tree, then
there is an orientation G of G, and for each s € S there is an
edge-disjoint family  Ps of (S —s,s)-paths in G and for each P € Ps
we can pick an edge ep € P such that

{ep : P € Ps for some s € S}

is a multiway cut (in G for S).

Soukup, L (Rényi Institute) From Finite to Infinite Banff 2007 35/74



Multiway cuts

Theorem (=)
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Multiway cuts

Theorem (=)
If G = (V,E)is agraph,
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Theorem (=)

If G =(V,E)isagraph, S C V is finite such that G — S is tree
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Theorem (=)

If G =(V,E)isagraph, S C V is finite such that G — S is tree without
infinite trails
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If G =(V,E)isagraph, S C V is finite such that G — S is tree without
infinite trails , then there is an orientation G of G,
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there is an edge-disjoint family Ps of (S — s, s)-paths in G and for
each P € Ps we can pick an edge ep € P such that
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is a multiway cut (in G for S).
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Multiway cuts

Let G = (V,E) be afinite directed graph, and A;B C V s.t

V\ (AUB)
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Multiway cuts

Let G = (V,E) be afinite directed graph, and A;B C V s.t
(1) in(a) =0 and out(a) = 1 for each a € A,

V\ (AUB)
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Multiway cuts

Proposition

Let G = (V,E) be afinite directed graph, and A;B C V s.t
(1) in(a) =0 and out(a) = 1 for each a € A,

(2) in(b) =1 and out(b) =0 foreach b € B,

V\ (AUB)
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Multiway cuts

Proposition

Let G = (V,E) be afinite directed graph, and A;B C V s.t
(1) in(a) =0 and out(a) = 1 for each a € A,

(2) in(b) =1 and out(b) =0 foreach b € B,

(3) in(x) < out(x) foreachx € V \ (AUDb).

“\)\
A ><? B

V\ (AUB)
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Multiway cuts

Proposition

Let G = (V,E) be afinite directed graph, and A;B C V s.t

(1) in(a) =0 and out(a) = 1 for each a € A,

(2) in(b) =1 and out(b) =0 foreach b € B,

(3) in(x) < out(x) foreachx € V \ (AUDb).

Then there is a family P of edge-disjoint A-B-paths s .t. P covers A.

I \\
A ><? B
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V.
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Let G = (V,E) be afinite directed graph, and A;B C V s.t

(1) in(a) =0 and out(a) = 1 for each a € A,

(2) in(b) =1 and out(b) =0 foreach b € B,

(3) in(x) < out(x) foreachx € V \ (AUDb).

Then there is a family P of edge-disjoint A-B-paths s .t. P covers A.
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Let G = (V,E) be afinite directed graph, and A;B C V s.t

(1) in(a) =0 and out(a) = 1 for each a € A,

(2) in(b) =1 and out(b) =0 foreach b € B,
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Multiway cuts

Proposition

Let G = (V,E) be afinite directed graph, and A;B C V s.t

(1) in(a) =0 and out(a) = 1 for each a € A,

(2) in(b) =1 and out(b) =0 foreach b € B,

(3) in(x) < out(x) foreachx € V \ (AUDb).

Then there is a family P of edge-disjoint A-B-paths s .t. P covers A.

‘\)\

V.

—
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Multiway cuts

Infinite case

Let G = (V,E) be a directed graph which does not contain infinite
directed trail, and let A,B C V s.t
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Multiway cuts

Infinite case

Theorem

Let G = (V,E) be a directed graph which does not contain infinite
directed trail, and let A,B C V s.t

(1) in(a) =0 and out(a) = 1 for each a € A,
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Multiway cuts

Infinite case

Theorem

Let G = (V,E) be a directed graph which does not contain infinite
directed trail, and let A,B C V s.t

(1) in(a) =0 and out(a) = 1 for each a € A,
(2) in(b) =1 and out(b) =0 foreach b € B,
(3) in(x) < out(x) foreachx € V \ (AUB).
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Multiway cuts

Infinite case

Theorem

Let G = (V,E) be a directed graph which does not contain infinite
directed trail, and let A,B C V s.t

(1) in(a) =0 and out(a) = 1 for each a € A,
(2) in(b) =1 and out(b) =0 foreach b € B,
(3) in(x) < out(x) foreachx € V \ (AUB).
Then there is a family P of edge-disjoint A-B-paths s .t. P covers A.
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Multiway cuts

Infinite case

Theorem

Let G = (V,E) be a directed graph which does not contain infinite
directed trail, and let A,B C V s.t

(1) in(a) =0 and out(a) = 1 for each a € A,
(2) in(b) =1 and out(b) =0 foreach b € B,
(3) in(x) < out(x) foreachx € V \ (AUB).
Then there is a family P of edge-disjoint A-B-paths s .t. P covers A.

G is countable:
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Multiway cuts

Infinite case

Theorem

Let G = (V,E) be a directed graph which does not contain infinite
directed trail, and let A,B C V s.t

(1) in(a) =0 and out(a) = 1 for each a € A,
(2) in(b) =1 and out(b) =0 foreach b € B,
(3) in(x) < out(x) foreachx € V \ (AUB).
Then there is a family P of edge-disjoint A-B-paths s .t. P covers A.

G is countable: easy induction:
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Theorem

Let G = (V,E) be a directed graph which does not contain infinite
directed trail, and let A,B C V s.t

(1) in(a) =0 and out(a) = 1 for each a € A,
(2) in(b) =1 and out(b) =0 foreach b € B,
(3) in(x) < out(x) foreachx € V \ (AUB).
Then there is a family P of edge-disjoint A-B-paths s .t. P covers A.

G is countable: easy induction: if P is an A-B-path then G — P satisfies
(1))

If G is uncountable then we may got stuck at some point
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Multi-way cuts

Uncountable case

G=(V,E),ABCV,|V|=|Al=w
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G=(V,E),ABCV,|V|=|Al=uw;

Inductive construction, but using the right enumeration
Partition V into countable sets {C, : o < wy }

Enumerate A = {a; : { < w1} such that Co NA = {ag,as,... },
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Multi-way cuts

Uncountable case

G=(V,E),ABCV,|V|=|Al=w;

Inductive construction, but using the right enumeration

Partition V into countable sets {C, : o < wy }

Enumerate A = {a; : { < w1} such that Co NA = {ag,as,... },
CiNnA= {aw,awﬂ, . },

By transfinite induction find edge-disjoint families P, of A-B paths in
G[U{C¢ : £ < a}] such that P, covers C, NA.
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Multi-way cuts

Uncountable case

Partition V into countable sets {C, : &« < wy} s.t
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Multi-way cuts

Uncountable case

Partition V into countable sets {C, : &« < wy} s.t
@ if x € C, with [In(x)| < wthenIn(x) C U{C¢ : £ < a}.
@ if x € C, with |Out(x)| < w then Out(x) C U{C¢ : £ < a}.
@ if x € C, with |Out(x)| > w then Out(x) N Cy is infinite for each
a<f<w.
How to get such a partition? How to get the right properties of

such a partition?
Elementary submodels
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Multi-way cuts

Elementary submodels

Let 6 be a large regular cardinals.
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Let (M, : @ < wj) be an increasing continuous chain of countable
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transitive closure of aset  xisx U (Ux)U(UUX)U...

Let H(#) be the family of sets whose transitive closure has cardinality
less than 6.

H(0)= (H(0), €, <), where < is a well-ordering

Let (M, : @ < wj) be an increasing continuous chain of countable
elementary submodels of H(#) with G,A € Mg. i.e.

(1) M, is a countable elementary submodel of H(0) for o < w1
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Let H(#) be the family of sets whose transitive closure has cardinality
less than 6.

H(0)= (H(0), €, <), where < is a well-ordering

Let (M, : @ < wj) be an increasing continuous chain of countable
elementary submodels of H(#) with G,A € Mg. i.e.
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Let 0 be a large regular cardinals. 6 = (2/C))*

transitive closure of aset  xisx U (Ux)U(UUX)U...

Let H(#) be the family of sets whose transitive closure has cardinality
less than 6.

H(0)= (H(0), €, <), where < is a well-ordering

Let (M, : @ < wj) be an increasing continuous chain of countable
elementary submodels of H(#) with G,A € Mg. i.e.

(1) M, is a countable elementary submodel of H(0) for o < w1
(2) (Mg : 8 < a) € Mgy,

(8) My =U{Mj3 : 8 < a} provided « is limit

(4) G,A € M.
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Multi-way cuts

Elementary submodels

Let 0 be a large regular cardinals. 6 = (2/C))*

transitive closure of aset  xisx U (Ux)U(UUX)U...

Let H(#) be the family of sets whose transitive closure has cardinality
less than 6.

H(0)= (H(0), €, <), where < is a well-ordering

Let (M, : @ < wj) be an increasing continuous chain of countable
elementary submodels of H(0) with G,A € Mg. i.e.

(1) M, is a countable elementary submodel of H(0) for o < w1
(2) (Mg : 8 < a) € Mgy,

(8) My =U{Mj3 : 8 < a} provided « is limit

(4) G,A € M.

Let Co=MpNV and C, =(Mp41 \ My) NV for 0 < n < w and
Co= Mgay1 \My) NV forw < a < wy.
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Multi-way cuts

Elementary submodels

(Mq : @ < wn) is an increasing continuous chain of countable elementary

submodels of (H(#), €) with G, A € Mo.
Co=MoNV and Cp =(Mp 1 \My)NV for0 < n <wand C,= (My11 \ M, )NV

forw < a < wi.
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forw < a < wi.
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Multi-way cuts

Elementary submodels

(Mq : @ < wn) is an increasing continuous chain of countable elementary
submodels of (H(#), €) with G, A € Mo.

Co=MoNV and Cp =(Mp 1 \My)NV for0 < n <wand C,= (My11 \ M, )NV
forw < a < wi.

(*) if x € Cy with [In(x)| < w thenIn(x) C U{C¢ : £ < a}.

H(0) = “ In(x) has an enumeration X = (Xp : N < w)”
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thereis X € My, 1 s.t. M1 = “X is an enumeration of In(x)”
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(Mq : @ < wn) is an increasing continuous chain of countable elementary
submodels of (H(#), €) with G, A € Mo.

Co=MoNV and Cp =(Mp 1 \My)NV for0 < n <wand C,= (My11 \ M, )NV
forw < a < wi.

(*) if x € Cy with [In(x)| < w thenIn(x) C U{C¢ : £ < a}.

H(0) = “In(x) has an enumeration X = (Xn : N < w)”

M,.1 E “In(x) has an enumeration X = (X, : n < w)”
thereis X € My, 1 s.t. M1 = “X is an enumeration of In(x)”
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Since w C M,.; we have X(n) € M, foreachn € w
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Multi-way cuts

Elementary submodels

(Mq : @ < wn) is an increasing continuous chain of countable elementary
submodels of (H(#), €) with G, A € Mo.

Co=MoNV and Cp =(Mp 1 \My)NV for0 < n <wand C,= (My11 \ M, )NV
forw < a < wi.

(*) if x € Cy with [In(x)| < w thenIn(x) C U{C¢ : £ < a}.

H(0) = “In(x) has an enumeration X = (Xn : N < w)”

M,11 E “In(x) has an enumeration X = (X : N < w)”

there is X € M, 11 S.t. M,41 E “X is an enumeration of In(x)”
H(0) = X is an enumeration of In(x)

X is an enumeration of In(x)

Since w C M,.; we have X(n) € M, foreachn € w
SoIn(x) C Mg41.

U{C¢:{ < a} =V NMgya.
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Chromatic number of product of graphs

Hedetniemi’'s Conjecture
If min{x(G), x(H)} > n € Nthen x(G x H) > n.
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Chromatic number of product of graphs

Hedetniemi’'s Conjecture
If min{x(G), x(H)} > n & Nthen x(G x H) > n.

Theorem (El-Sahar, Sauer)
If min{x(G), x(H)} > 4 then x(G x H) > 4.

Theorem (Hajnal)
If x(G),x(H) > wthen x(G x H) > w.
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If x(G) >wand x(H) >n+1then x(G xH)>n+ 1.
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If x(G) >wand x(H) >n+1then x(G xH)>n+ 1.

f:V(G) x V(H) — n.
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If x(G) >wand x(H) >n+1then x(G xH)>n+ 1.

f:V(G) x V(H) = n. 7= {V' € V(G): x(G]V']) < w}.
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If x(G) >wand x(H) >n+1then x(G xH)>n+ 1.

f:V(G) xV(H) = n. ZI={V' CcV(G) : x(G[V']) < w}.
There is an ultrafilter ¢/ onV(G)s.t. U NZ = 0.
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If x(G) >wand x(H) >n+1then x(G xH)>n+ 1.

f:V(G) xV(H) = n. ZI={V' CcV(G) : x(G[V']) < w}.
There is an ultrafilter ¢/ onV(G)s.t. U NZ = 0.
(*) YU el (HVo,Vl c U) VoV1 € E(G)
V(H)
pvl > V(G)
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If x(G) >wand x(H) >n+1then x(G xH)>n+ 1.

f:V(G)xV(H) = n. Z={V' Cc V(G) : x(G[V']) < w}.
There is an ultrafilter ¢/ onV(G)s.t. U NZ = 0.
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If x(G) >wand x(H) >n+1then x(G xH)>n+ 1.

f:V(G)xV(H) = n. Z={V' Cc V(G) : x(G[V']) < w}.
There is an ultrafilter ¢/ onV(G)s.t. U NZ = 0.

(*) YU el (E|V0,V1 € U) VoV € E(G)

Forw e V(H)andi <nletU(w,i)={v eV(G):f(v,w)=i}
V(G)=U(w,0)U---uU(w,n—1).
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f:V(G)xV(H) = n. Z={V' Cc V(G) : x(G[V']) < w}.
There is an ultrafilter ¢/ onV(G)s.t. U NZ = 0.

(*) YU el (HVo,Vl € U) VoV € E(G)

Forw e V(H)andi <nletU(w,i)={v eV(G):f(v,w)=i}
V(G)=U(w,0)U---uU(w,n—1).

Yw e V(H) 3g(w) <nU(w,g(w)) e 4

g:V(H)—n
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If x(G) >wand x(H) >n+1then x(G xH)>n+ 1.

f:V(G)xV(H) = n. Z={V' Cc V(G) : x(G[V']) < w}.
There is an ultrafilter ¢/ onV(G)s.t. U NZ = 0.

(*) YU el (E|V0,V1 € U) VoV € E(G)

Forw e V(H)andi <nletU(w,i)={v eV(G):f(v,w)=i}
V(G)=U(w,0)U---uU(w,n—1).

Yw e V(H) 3g(w) <nU(w,g(w)) e 4

g:V(H) = n 3wew; € E(H) s.t. g(wp) = g(wy).

Wo

Soukup, L (Rényi Institute) From Finite to Infinite Banff 2007



If x(G) >wand x(H) >n+1then x(G xH)>n+ 1.

f:V(G)xV(H) = n. Z={V' Cc V(G) : x(G[V']) < w}.
There is an ultrafilter ¢/ onV(G)s.t. U NZ = 0.

(*) YU el (E|V0,V1 € U) VoV € E(G)

Forw e V(H)andi <nletU(w,i)={v eV(G):f(v,w)=i}
V(G)=U(w,0)U---uU(w,n—1).

Yw e V(H) 3g(w) <nU(w,g(w)) e 4

g:V(H) = n 3wew; € E(H) s.t. g(wp) = g(wy).

U = U(wo,g(wo)) NU(w1,g(w1)) € U

W1 ‘ |
V(H) | |
[ ]
Wo : /
— ) - V(©)
U(W07 g(WO) U(Wla g(Wl)
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f:V(G)xV(H) = n. Z={V' Cc V(G) : x(G[V']) < w}.

There is an ultrafilter ¢/ onV(G)s.t. U NZ = 0.

(*) YU el (E|V0,V1 € U) VoV € E(G)

Forw e V(H)andi <nletU(w,i)={v eV(G):f(v,w)=i}
V(G)=U(w,0)U---uU(w,n—1).

Yw e V(H) 3g(w) <nU(w,g(w)) e 4

g:V(H) = n 3wew; € E(H) s.t. g(wp) = g(wy).
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If x(G) >wand x(H) >n+1then x(G xH)>n+ 1.

f:V(G)xV(H) = n. ZI={V' CcV(G) : x(G
There is an ultrafilter ¢/ onV(G)s.t. UNT
(*) YU el (E|V0,V1 € U) VoV € E(G)
Forw e V(H)andi <nletU(w,i)={v eV(G):f(v,w)=i}
V(G)=U(w,0)U---uU(w,n—1).

Yw e V(H) 3g(w) <nU(w,g(w)) e 4

g:V(H) = n 3wew; € E(H) s.t. g(wp) = g(wy).

U= U(Wo,g(Wo)) n U(Wl,g(Wl)) €U vg,vi € Ust vgvy € E(G)
<V0,W0> <V1,W1> S E(G X H)

V') <w}.
= 0.

Wi \ (VI W1) |
V(H) | — |
( ]
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If x(G) >wand x(H) >n+1then x(G xH)>n+ 1.

f:V(G)xV(H) = n. Z={V' Cc V(G) : x(G[V']) < w}.

There is an ultrafilter ¢/ onV(G)s.t. U NZ = 0.

(*) YU el (E|V0,V1 € U) VoV € E(G)

Forw e V(H)andi <nletU(w,i)={v eV(G):f(v,w)=i}
V(G)=U(w,0)U---uU(w,n—1).

Yw e V(H) 3g(w) <nU(w,g(w)) e 4

g:V(H) = n 3wew; € E(H) s.t. g(wp) = g(wy).

U= U(Wo,g(Wo)) n U(Wl,g(Wl)) €U vg,vi € Ust vgvy € E(G)
{Vo,Wo) (v1,w1) € E(G x H). f((Vo,Wo)) = g(Wo) = g(w1) = f({vi,wy1)).

W1

\ Vi, W1) ‘
V(H) | o |
[ et )
C (V. Wq) J
Wo
{ g Vo % Vi ] } V(G)
U(W07g(W0) U(Wlag(wl)
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If x(G) >wand x(H) >n+1then x(G xH)>n+ 1.

f:V(G)xV(H) = n. ZI={V' CcV(G) : x(G
There is an ultrafilter ¢/ onV(G)s.t. UNT
(*) YU el (E|V0,V1 € U) VoV € E(G)
Forw e V(H)andi <nletU(w,i)={v eV(G):f(v,w)=i}
V(G)=U(w,0)U---uU(w,n—1).

Yw e V(H) 3g(w) <nU(w,g(w)) e 4

g:V(H) = n 3wew; € E(H) s.t. g(wp) = g(wy).

U= U(Wo,g(Wo)) n U(Wl,g(Wl)) €U vg,vi € Ust vgvy € E(G)

V') <w}.
= 0.

(Vo,Wo) (v1,w1) € E(G x H). f({vo,Wo)) = g(Wo) = g(w1) = f({v1, w1)).
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Chromatic number of product of graphs

Theorem (Hajnal)

There are two w;-chromatic graphs G and H on w; such that
X(G xH) =w.
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Chromatic number of product of graphs

Theorem (Hajnal)

There are two w;-chromatic graphs G and H on w; such that
X(G xH) =w.

Theorem (=)

It is consistent with GCH that there are two w,-chromatic graphs G and
Honw;s. t. x(G xH)=uw.
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Chromatic number of product of graphs

Theorem (Hajnal)

There are two w;-chromatic graphs G and H on w; such that
X(G xH) =w.

Theorem (=)

It is consistent with GCH that there are two w,-chromatic graphs G and
Honw;s. t. x(G xH)=uw.

4

Problem

Is it consistent with GCH that there are two ws-chromatic graphs G and
Honwss. t. x(G xH)=w?
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Combinatorial principles

Consistency proofs without tears
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Combinatorial principles

Consistency proofs without tears

Consistency proofs are unavoidable

@ independence proofs are rather sophisticated

@ the results themselves are usually of interest to “ordinary”
mathematicians

Solution:
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independent statements
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@ independence proofs are rather sophisticated
@ the results themselves are usually of interest to “ordinary”
mathematicians
Solution: isolate a relatively small number of principles , i.e.
independent statements
@ that are simple to formulate

@ that are useful in the sense that they have many interesting
consequences.
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Combinatorial principles

Consistency proofs without tears

Consistency proofs are unavoidable

@ independence proofs are rather sophisticated
@ the results themselves are usually of interest to “ordinary”
mathematicians
Solution: isolate a relatively small number of principles , i.e.
independent statements
@ that are simple to formulate

@ that are useful in the sense that they have many interesting
consequences.

combinatorial principles
Continuum Hypothesis,
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Combinatorial principles

Consistency proofs without tears

Consistency proofs are unavoidable

@ independence proofs are rather sophisticated
@ the results themselves are usually of interest to “ordinary”
mathematicians
Solution: isolate a relatively small number of principles , i.e.
independent statements
@ that are simple to formulate

@ that are useful in the sense that they have many interesting
consequences.

combinatorial principles
Continuum Hypothesis, Martin’s Axiom
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Combinatorial principles

Consistency proofs without tears

Consistency proofs are unavoidable

@ independence proofs are rather sophisticated
@ the results themselves are usually of interest to “ordinary”
mathematicians
Solution: isolate a relatively small number of principles , i.e.
independent statements
@ that are simple to formulate

@ that are useful in the sense that they have many interesting
consequences.

combinatorial principles

Continuum Hypothesis, Martin’s Axiom
Other models?
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Combinatorial principles

Consistency proofs without tears

Consistency proofs are unavoidable

@ independence proofs are rather sophisticated

@ the results themselves are usually of interest to “ordinary”
mathematicians

Solution: isolate a relatively small number of principles , i.e.
independent statements

@ that are simple to formulate
@ that are useful in the sense that they have many interesting
consequences.

combinatorial principles

Continuum Hypothesis, Martin’s Axiom
Other models?

principles which describe the Cohen Model
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Covers of R"
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Theorem (Aharoni, R.; Hajnal, A.; Milner, E. C.)

Any x-fold cover of R by intervals can be partitioned into x subcovers.
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Theorem (M. Elekes, T. Matrai, —)

@ any wq-fold cover of R" by polytopes can be partitioned into w,
subcovers.

@ R? has an w-fold cover by rectangles which can not be partitioned
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® CH = any w;-fold cover of R" by closed sets can be partitioned
into w; subcovers.
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Theorem (Aharoni, R.; Hajnal, A.; Milner, E. C.)

Any x-fold cover of R by intervals can be partitioned into x subcovers.

Theorem (M. Elekes, T. Matrai, —)

@ any wq-fold cover of R" by polytopes can be partitioned into w,
subcovers.

@ R? has an w-fold cover by rectangles which can not be partitioned
into two subcovers .

® CH = any w;-fold cover of R" by closed sets can be partitioned
into w; subcovers.

@ If MA,, then there is an wq-fold cover of R" by closed sets which
can not be partitioned into w; subcovers.
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(x): any w;-fold cover of R" by closed sets can be partitioned into w;
subcovers.
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(x): any w;-fold cover of R" by closed sets can be partitioned into w;
subcovers.

(1) CH = (x). (2) If MA,, then —(x). J
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(x): any w;-fold cover of R" by closed sets can be partitioned into w;
subcovers. J

(1) CH = (x). (2) If MA,, then —(x). J

Definition

A poset P has the weak Freese-Nation property
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A poset P has the weak Freese-Nation property iff 3f : P — [P]~
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(x): any w;-fold cover of R" by closed sets can be partitioned into w;
subcovers. J

(1) CH = (x). (2) If MA,, then —(x). J

Definition

A poset P has the weak Freese-Nation property iff 3f : P — [P]
s.t. V{p,q} € [P]z, p<pq,dref(p)nf(q)withp <pr <pq.
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(x): any w;-fold cover of R" by closed sets can be partitioned into w;
subcovers. J

(1) CH = (x). (2) If MA,, then —(x). J

Definition

A poset P has the weak Freese-Nation property iff 3f : P — [P]~
s.t. V{p,q} € [P]z, p<pq,dref(p)nf(q)withp <pr <pq.

Theorem (Fuchino, -)
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(x): any w;-fold cover of R" by closed sets can be partitioned into w; \
subcovers.

(1) CH = (x). (2) If MA,, then —(x). J

Definition

A poset P has the weak Freese-Nation property iff 3f : P — [P]~
s.t. V{p,q} € [P]z, p<pq,3dref(p)nf(q)withp <pr <pq.

Theorem (Fuchino, -)
In the Cohen modell (P(w), C) has the weak Freese-Nation property

Theorem (M. Elekes, T. Matrai, —)

If (P(w), C) has the weak Freese-Nation property then (x) holds .
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(x): any w;-fold cover of R" by closed sets can be partitioned into w; \
subcovers.

(1) CH = (x). (2) If MA,, then —(x). J

Definition

A poset P has the weak Freese-Nation property iff 3f : P — [P]~
s.t. V{p,q} € [P]z, p<pq,3dref(p)nf(q)withp <pr <pq.

Theorem (Fuchino, -)
In the Cohen modell (P(w), C) has the weak Freese-Nation property

Theorem (M. Elekes, T. Matrai, —)

If (P(w), C) has the weak Freese-Nation property then (x) holds .
So (x)+ —CH is consistent.
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When a principle fails

T: statement
Con(T)?
Plan: Pick a principle P and prove that P implies T.
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T: statement
Con(T)?

Plan: Pick a principle P and prove that P implies T.
can’t prove that P implies T
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When a principle fails

T: statement

Con(T)?

Plan: Pick a principle P and prove that P implies T.
can’t prove that P implies T

Problem: Prove that P does notimply T

Soukup, L (Rényi Institute) From Finite to Infinite

Banff 2007 51/74



Smooth graphs

K.A Kierstead and P.J.Nyikos: Are there infinite graphs which are very
homogeneous
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Smooth graphs

K.A Kierstead and P.J.Nyikos: Are there infinite graphs which are very
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How to measure homogeneity of a graph  G?
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Smooth graphs
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homogeneous in a non-trivial way?

smooth=homogeneous

G= <w17 E>

How to measure homogeneity of a graph  G?

I(G): isomorphism classes of induced uncountable subgraphs of G.

Q |1(G)| is small,
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Smooth graphs

K.A Kierstead and P.J.Nyikos: Are there infinite graphs which are very
homogeneous in a non-trivial way?

smooth=homogeneous

G= <w17 E>

How to measure homogeneity of a graph  G?

I(G): isomorphism classes of induced uncountable subgraphs of G.

Q |1(G)| is small,
Q G = GJ[A] formany A C ws.
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Smooth graphs

G is smooth iff |[I(G)| =1
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Smooth graphs

G is smooth iff |[I(G)| =1

A smooth graph is either complete or empty.
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Smooth graphs

G is smooth iff |[I(G)| =1

A smooth graph is either complete or empty.

D)
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Smooth graphs

G is smooth iff |[I(G)| =1

A smooth graph is either complete or empty.

® X € wy, w.l.o.g [E(X)| = ws.
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Smooth graphs

G is smooth iff |[I(G)| =1

A smooth graph is either complete or empty.

® X € wy, w.l.o.g [E(X)| = ws.
® G=G[{x} UE(X)]
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Smooth graphs

G is smooth iff |[I(G)| =1

A smooth graph is either complete or empty.

® X € wy, w.l.o.g [E(X)| = ws.
® G=G[{x} UE(X)]
® IV ewiw ={VIUE(V)
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Smooth graphs

G is smooth iff |[I(G)| =1

A smooth graph is either complete or empty.

Proof.
® X € wy, w.l.o.g [E(X)| = ws.
® G=G[{x} UE(X)]
® IV ewiw ={VIUE(V)
@YW e [V]*tIw e W W C {w}UE(w)
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Smooth graphs

G is smooth iff |[I(G)| =1

A smooth graph is either complete or empty.

Proof.
® X € wy, w.l.o.g [E(X)| = ws.
® G=G[{x} UE(X)]
® IV ewiw ={VIUE(V)
@YW e [V]*tIw e W W C {w}UE(w)
@ G is complete
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Smooth graphs

G is non-trivial iff there are no uncountable cliques or independent
subsets in G.
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Smooth graphs

G is non-trivial iff there are no uncountable cliques or independent
subsets in G.

Theorem (K.A.Kierstead and P.J.Nyikos)
If G is a non-trivial graph on w; then [1(G)| > w.
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Smooth graphs

G is non-trivial iff there are no uncountable cliques or independent
subsets in G.

Theorem (K.A.Kierstead and P.J.Nyikos)
If G is a non-trivial graph on w; then [1(G)| > w.

Theorem (Hajnal, Nagy, —)
(1) [(G)| = 2 for each non-trivial graph G on wj.
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Smooth graphs

G is non-trivial iff there are no uncountable cliques or independent
subsets in G.

Theorem (K.A.Kierstead and P.J.Nyikos)
If G is a non-trivial graph on w; then [1(G)| > w.

Theorem (Hajnal, Nagy, —)

(1) [(G)| = 2 for each non-trivial graph G on wj.
(2) Under & there exists a non-trivial graph G on w; with | I(G)] = wy.
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Smooth graphs

G is non-trivial iff there are no uncountable cliques or independent
subsets in G.

Theorem (K.A.Kierstead and P.J.Nyikos)
If G is a non-trivial graph on w; then [1(G)| > w.

Theorem (Hajnal, Nagy, -)

(1) | I(G)| > 2+ for each non-trivial graph G on w;.
(2) Under & there exists a non-trivial graph G on w; with | I(G)] = wy.

Theorem (Shelah, -)

Assume that GCH holds and every Aronszajn-tree is special. Then
| I(G)| = 2“1 for each non-trivial graph G = (w;, E).

A
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Smooth graphs

G is almost smooth  iff G 2 Gw; \ A] for each A € [wq]”.
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Smooth graphs

G is almost smooth  iff G 2 Gw; \ A] for each A € [wq]”.

Theorem (Hajnal, Nagy, -)
If CH holds then there is a non-trivial, almost smooth graph on ws.
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Smooth graphs

G is almost smooth  iff G 2 Gw; \ A] for each A € [wq]”.

Theorem (Hajnal, Nagy, -)

If CH holds then there is a non-trivial, almost smooth graph on ws.

Problem
Is there a non-trivial, almost smooth graph on w;?
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Smooth graphs

G is almost smooth  iff G 2 Gw; \ A] for each A € [wq]”.

Theorem (Hajnal, Nagy, -)

If CH holds then there is a non-trivial, almost smooth graph on ws.

Problem
Is there a non-trivial, almost smooth graph on w;?

Does Martin’s Axiom imply that there is no non-trivial, almost smooth
graph on w,?
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Smooth graphs

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on wy.
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A blackbox theorem
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A blackbox theorem

Fim(wi,K)= {s : s is a function, dom(s) € [w;]",ran(s) c K}
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A blackbox theorem

Fim(wi,K)= {s : s is a function, dom(s) € [w;]",ran(s) c K}

(Sq : @ < wq) C FNm(wy, K) is dom-disjoint  iff dom(s,) Ndom(sz) = 0
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A blackbox theorem

Definition
Let G be agraphonw; x K, m € w.

) —

w1
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A blackbox theorem

Let G be a graph on w; x K, m € w. We say that G is m-solid if given
any dom-disjoint sequence (S, : a < w;) C Fnp(wy,K)

G
K Sa Sg
\/\
w1
dom(s,) dom(sg) dom(s,)
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A blackbox theorem

Definition

Let G be a graph on w; x K, m € w. We say that G is m-solid if given
any dom-disjoint sequence (s, : @ < wi1) C Fnp(w1,K) there are

a < 8 < wq such that

[Sa,S8] C G.
G
K 5@55
Sy
\/\
w1
dom(s,) dom(sg) dom(s,)
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A blackbox theorem

Definition

Let G be a graph on w; x K, m € w. We say that G is m-solid if given
any dom-disjoint sequence (s, : @ < wi1) C Fnp(w1,K) there are

a < 8 < wq such that

[Sa,S8] C G.

G is called strongly solid iff it is m-solid for each m € w.

G
K 5@55
Sy
\/\
w1
dom(s,) dom(sg) dom(s,)

Banff 2007
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A blackbox theorem

Let G be a graph on w; x K, m € w. We say that G is m-solid if given any
dom-disjoint sequence (S, : @ < w1) C Fnp(wy, K) there are o < 8 < w; such

that
[Sa,Sp] C G.

G is called strongly solid iff it is m-solid for each m € w.
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A blackbox theorem

Let G be a graph on w; x K, m € w. We say that G is m-solid if given any
dom-disjoint sequence (S, : @ < w1) C Fnp(wy, K) there are o < 8 < w; such

that
[Sa,Sp] C G.

G is called strongly solid iff it is m-solid for each m € w.

| \

Theorem (=)

Assume 2“1 = ws. If G is a strongly solid graph on w; x K, then for
each m € w in some (c.c.c. generic) extension W of V we have

W = “G is m-solid + MA,, holds”
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Smooth graphs

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on w;.
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Smooth graphs

Theorem (=)

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on w;.

@ Coding: Given a graph C on w; define a suitable K and a graph
G(C)onw; xK s. t.
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Smooth graphs

Theorem (=)

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on w;.

Proof

@ Coding: Given a graph C on w; define a suitable K and a graph
G(C)onw; xK s. t.

(@) If G(C) is 1-solid then C is non-trivial
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Smooth graphs

Theorem (=)

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on w;.

Proof
@ Coding: Given a graph C on w; define a suitable K and a graph
G(C)onw; xK s. t.
(@) If G(C) is 1-solid then C is non-trivial
(b) 1f G(C) is 1-solid and MAy, holds then C is almost smooth.
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Smooth graphs

Theorem (=)

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on w;.

Proof
@ Coding: Given a graph C on w; define a suitable K and a graph
G(C)onw; xK s. t.
(@) If G(C) is 1-solid then C is non-trivial
(b) 1f G(C) is 1-solid and MAy, holds then C is almost smooth.
(c) G(C) is strongly solid provided C has some property (P)
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Smooth graphs

Theorem (=)

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on w;.

Proof
@ Coding: Given a graph C on w; define a suitable K and a graph
G(C)onw; xK s. t.
(@) If G(C) is 1-solid then C is non-trivial
(b) 1f G(C) is 1-solid and MAy, holds then C is almost smooth.
(c) G(C) is strongly solid provided C has some property (P)

@ Using GCH construct a graph on w; with property (P)
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Smooth graphs

Theorem (=)

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on w;.

Proof
@ Coding: Given a graph C on w; define a suitable K and a graph
G(C)onw; xK s. t.
(@) If G(C) is 1-solid then C is non-trivial
(b) 1f G(C) is 1-solid and MAy, holds then C is almost smooth.
(c) G(C) is strongly solid provided C has some property (P)
@ Using GCH construct a graph on w; with property (P)
@ Black Box Theorem:
W = “G(C) is 1-solid and MA,,, holds.”
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Smooth graphs

Theorem (=)

It is consistent that MAy, holds and there is a non-trivial, almost
smooth graph on w;.

Proof
@ Coding: Given a graph C on w; define a suitable K and a graph
G(C)onw; xK s. t.
(@) If G(C) is 1-solid then C is non-trivial
(b) 1f G(C) is 1-solid and MAy, holds then C is almost smooth.
(c) G(C) is strongly solid provided C has some property (P)
@ Using GCH construct a graph on w; with property (P)
@ Black Box Theorem:
W = “G(C) is 1-solid and MA,,, holds.”
@ Theorem:
W = “C is non-trivial, almost smooth and MA,,, holds.”
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Selected problems

Homomorhpism poset

Let G and H be graphs or di-graphs.
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Selected problems

Homomorhpism poset

Let G and H be graphs or di-graphs.

Definition
G < H iff that there is a homomorphism from G to H
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Selected problems

Homomorhpism poset

Let G and H be graphs or di-graphs.

Definition
G < H iff that there is a homomorphism from G to H

<is a quasi-order and so it induces an equivalence relation:
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Homomorhpism poset

Let G and H be graphs or di-graphs.

Definition
G < H iff that there is a homomorphism from G to H

<is a quasi-order and so it induces an equivalence relation:
G~Hifandonlyif G <HandH <G.
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Selected problems

Homomorhpism poset

Let G and H be graphs or di-graphs.

Definition
G < H iff that there is a homomorphism from G to H

—

<is a quasi-order and so it induces an equivalence relation:
G~Hifandonlyif G <HandH <G.

Definition

The homomorphism posets G and ID are the partially ordered sets
of all equivalence classes of finite undirected and directed graphs |,
respectively, ordered by the <.
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Selected problems

Homomorhpism poset

Definition

A maximal antichain A of a poset P splits if A can be partitioned
into two subsets B and C such that P =BT UC!.
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Selected problems

Homomorhpism poset

Definition

A maximal antichain A of a poset P splits if A can be partitioned
into two subsets B and C such that P =BT UC!.

In a homomorphism poset
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Definition

A maximal antichain A of a poset P splits if A can be partitioned
into two subsets B and C such that P =BT UC!.

In a homomorphism poset
a maximal antichain A splits :
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Selected problems

Homomorhpism poset

Definition

A maximal antichain A of a poset P splits if A can be partitioned
into two subsets B and C such that P =BT UC!.

In a homomorphism poset
a maximal antichain A splits : structure theorem on (di)graphs

Soukup, L (Rényi Institute) From Finite to Infinite
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Selected problems

Homomorhpism poset G

ACP splitsif A=Bu*Cs.t.P=BTuC! J
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Selected problems

Homomorhpism poset G

ACP splitsif A=Bu*Cs.t.P=BTuC! J

G is the homomorphism posets of all finite undirected graphs. J
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Selected problems

Homomorhpism poset G

ACP splitsif A=Bu*Cs.t.P=BTuC! J

G is the homomorphism posets of all finite undirected graphs. J

G has only two finite maximal antichains: {K1} and {K}.
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Selected problems

Homomorhpism poset G

ACP splitsif A=Bu*Cs.t.P=BTuC! J

G is the homomorphism posets of all finite undirected graphs. J

G has only two finite maximal antichains: {K1} and {K}.

Let G'= G\ {Kq, Ky}
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Selected problems

Homomorhpism poset G

ACP splitsif A=Bu*Cs.t.P=BTuC! J

G is the homomorphism posets of all finite undirected graphs. J

G has only two finite maximal antichains: {K1} and {K}.

Let G'= G\ {Kq,K5}.
Theorem (Duffus D., Erdos P.L., Nesetril J., Soukup, L.)

For each finite antichain A C G’
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Selected problems

Homomorhpism poset G

ACP splitsif A=Bu*Cs.t.P=BTuC! J

G is the homomorphism posets of all finite undirected graphs. J

G has only two finite maximal antichains: {K1} and {K}.

Let G'= G\ {Kq,K5}.
Theorem (Duffus D., Erdos P.L., Nesetril J., Soukup, L.)

For each finite antichain A C G’ there are maximal antichains
Ag, A1 DA
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Selected problems

Homomorhpism poset G

ACP splitsif A=Bu*Cs.t.P=BTuC! J

G is the homomorphism posets of all finite undirected graphs. J

G has only two finite maximal antichains: {K1} and {K}.

Let G'= G\ {Kq,K5}.
Theorem (Duffus D., Erdos P.L., Nesetril J., Soukup, L.)

For each finite antichain A C G’ there are maximal antichains
Ag, A1 D A such that Ag splits and A; does not split .
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Selected problems

Homomorhpism poset D

D is the homomorphism posets of all finite directed graphs. J
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Selected problems

Homomorhpism poset D

D is the homomorphism posets of all finite directed graphs. J

Theorem (Foniok-NeSetfil-Tardif)
a full description of the finite maximal antichains in D .
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Selected problems

Homomorhpism poset D

D is the homomorphism posets of all finite directed graphs. J

Theorem (Foniok-NeSetfil-Tardif)
a full description of the finite maximal antichains in D .

Corollary (Foniok-NeSetfil-Tardif)
Every finite maximal antichain splits in .
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Selected problems

Homomorhpism poset D

D is the homomorphism posets of all finite directed graphs. J

Theorem (Foniok-NeSetfil-Tardif)
a full description of the finite maximal antichains in D .

Corollary (Foniok-NeSetfil-Tardif)

Every finite maximal antichain splits in .

What about infinite antichains in D? )
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Selected problems

Homomorhpism poset D

D is the homomorphism posets of all finite directed graphs. J

Theorem (Foniok-NeSetfil-Tardif)
a full description of the finite maximal antichains in D .

Corollary (Foniok-NeSetfil-Tardif)

Every finite maximal antichain splits in .

What about infinite antichains in D? )

Theorem (Duffus, D., Erdos P.L., Nesetril J, Soukup, L)

There are both splitting and non-splitting maximal infinite antichains in
D.
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Selected problems

Homomorhpism poset D

There are both splitting and non-splitting maximal infinite antichains in D. )
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Selected problems

Homomorhpism poset D

There are both splitting and non-splitting maximal infinite antichains in D. J

Assume that A ¢ D is a maximal antichain, A=B U*C,A=B! UCH.
Is it true that |B| = |C| = w?
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Selected problems

Homomorhpism poset D

There are both splitting and non-splitting maximal infinite antichains in D. J

Assume that A ¢ D is a maximal antichain, A=B U*C,A=B! UCH.
Is it true that |B| = |C| = w?

Theorem (Bodirsky M., Erdos L. P., Schahcht M., Soukup L.)

Assume that A C D is an infinite maximal antichain, A = B U* C,
A=BlTuUC! Then |B| = w.
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Selected problems

Homomorhpism poset

the girth of a graph is the length of a shortest cycle contained in the
graph.
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Selected problems

Homomorhpism poset

the girth of a graph is the length of a shortest cycle contained in the
graph.

Theorem (Paul Erdés, 1959)
Vk,2 € N3G s. t. x(G) > k and girth(G) > 7.
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Selected problems

Homomorhpism poset

the girth of a graph is the length of a shortest cycle contained in the
graph.

Theorem (Paul Erdds, 1959)
Vk,2 € N3G s. t. x(G) > k and girth(G) > 7.

Definition

The homomorphism poset G, is the partially ordered set of all

equivalence classes of countable undirected graphs ordered by the
<.
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Selected problems

Homomorhpism poset

Theorem (Nesetril, Shelah)

If Ais a 1-element maximal antichain in G,, then A = {K;}, {K,} or
{Ko}-
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Selected problems

Homomorhpism poset

Theorem (Nesetril, Shelah)

If Ais a 1-element maximal antichain in G,, then A = {K;}, {K,} or
{Ko}-
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Selected problems

Homomorhpism poset

Theorem (Nesetril, Shelah)

If Ais a 1-element maximal antichain in G,, then A = {K;}, {K,} or
{Ko}-

Conjecture: If A is a finite maximal antichain in G, then AN G # (.
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Selected problems

Homomorhpism poset

Theorem (Nesetril, Shelah)

If Ais a 1-element maximal antichain in G,, then A = {K;}, {K,} or
{Ko}-

Conjecture: If A is a finite maximal antichain in G, then AN G # (.

Need: infinite version of Erdés theorem.
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Selected problems

Homomorhpism poset

Theorem (Nesetril, Shelah)

If Ais a 1-element maximal antichain in G,, then A = {K;}, {K,} or
{Ko}-

Conjecture: If A is a finite maximal antichain in G, then AN G # (.

Need: infinite version of Erdés theorem.

vk,¢ € N3G s. t. x(G) > k and girth(G) > /.
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Selected problems

Homomorhpism poset

Theorem (Nesetril, Shelah)
If Ais a 1-element maximal antichain in G,, then A = {K;}, {K,} or

{Ko}-

Conjecture: If A is a finite maximal antichain in G, then AN G # (.

Need: infinite version of Erd6s theorem. )

vk,¢ € N3G s. t. x(G) > k and girth(G) > /. J
x(G) > Kk iff G £ K.
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Selected problems

Homomorhpism poset

Theorem (Nesetril, Shelah)
If Ais a 1-element maximal antichain in G,, then A = {K;}, {K,} or

{Ko}-

Conjecture: If A is a finite maximal antichain in G, then AN G # (.

Need: infinite version of Erd6s theorem. )
vk,¢ € N3G s. t. x(G) > k and girth(G) > /. J
X(G) >k iff G £ K.

Conjecture

IfH € G, K, £ H and ¢ € N then 3G € G, s.t. G £ H and
girth(G) > ¢
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Selected problems

Permutation group

Perm(\): the group of all permutations of a cardinal A.
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Selected problems

Permutation group

Perm(\): the group of all permutations of a cardinal A.
G < Perm()\) is k-homogeneous iff for all X,Y € [A]” there is a
g eGwithg’X =Y.
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Selected problems

Permutation group

Perm(\): the group of all permutations of a cardinal A.

G < Perm()\) is k-homogeneous iff for all X,Y € [A]” there is a

g eGwithg’X =Y.

G < Perm(]) is k-transitive iff for all 1-1 functions x,y : k — A, there
isageGst g(x(a) =y(a)forala <k
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Selected problems

Permutation group

Perm(\): the group of all permutations of a cardinal A.

G < Perm()\) is k-homogeneous iff for all X,Y € [A]” there is a

g eGwithg’X =Y.

G < Perm(]) is k-transitive iff for all 1-1 functions x,y : k — A, there
isageGst g(x(a) =y(a)forala <k

A finite n-homogeneous permutation group is n — 1-homogeneous .
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Selected problems

Permutation group

Perm(\): the group of all permutations of a cardinal A.

G < Perm()\) is k-homogeneous iff for all X,Y € [A]” there is a

g eGwithg’X =Y.

G < Perm(]) is k-transitive iff for all 1-1 functions x,y : k — A, there
isageGst g(x(a) =y(a)forala <k

A finite n-homogeneous permutation group is n — 1-homogeneous .
An n-homogeneous group is not necesserily n-transitive.
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Selected problems

Permutation group

Perm(\): the group of all permutations of a cardinal A.

G < Perm()\) is k-homogeneous iff for all X,Y € [A]” there is a

g eGwithg’X =Y.

G < Perm(]) is k-transitive iff for all 1-1 functions x,y : k — A, there
isageGst g(x(a) =y(a)forala <k

A finite n-homogeneous permutation group is n — 1-homogeneous .
An n-homogeneous group is not necesserily n-transitive.
Continuous automorphisms of the circle. O
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Selected problems

Permutation group

Theorem (Hajnal)

If o, holds then 3G < Perm(w;) w;-homog, but not w-homog.
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Selected problems

Permutation group

Theorem (Hajnal)
If o, holds then 3G < Perm(w;) w;-homog, but not w-homog.

Theorem (Shelah, -)

Con( VA > w; 3G < Perm(\) w;-homog, but not w-homog. )
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Selected problems

Permutation group

Theorem (Hajnal)
If o, holds then 3G < Perm(w;) w;-homog, but not w-homog.

Theorem (Shelah, -)
Con( VA > w; 3G < Perm(\) w;-homog, but not w-homog. )

3G < Perm(w;) w-homogeneous , but not w-transitive .
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Selected problems

Permutation group

Theorem (Hajnal)
Iwa1 holds then 3G < Perm(w;) w;-homog, but not w-homog.

Theorem (Shelah, -)
Con( VA > w; 3G < Perm(\) w;-homog, but not w-homog. )

3G < Perm(w;) w-homogeneous , but not w-transitive . )
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Selected problems

Permutation group

Theorem (Hajnal)
Iwa1 holds then 3G < Perm(w;) w;-homog, but not w-homog.

Theorem (Shelah, -)
Con( VA > w; 3G < Perm(\) w;-homog, but not w-homog. )

3G < Perm(w;) w-homogeneous , but not w-transitive . )

Con( VA > wq )
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Selected problems

Permutation group

Theorem (Hajnal)
Iwa1 holds then 3G < Perm(w;) w;-homog, but not w-homog.

Theorem (Shelah, -)
Con( VA > w; 3G < Perm(\) w;-homog, but not w-homog. )

3G < Perm(w;) w-homogeneous , but not w-transitive .

Con(VA > w; 3G < Perm(\) )
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Selected problems

Permutation group

Theorem (Hajnal)
Iwa1 holds then 3G < Perm(w;) w;-homog, but not w-homog.

Theorem (Shelah, -)
Con( VA > w; 3G < Perm(\) w;-homog, but not w-homog. )

3G < Perm(w;) w-homogeneous , but not w-transitive . )

Con( VA > w; 3G < Perm(\) w-homog, but not w-transitive. )
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Euler Theorem

(1) A finite connected graph has an Euler-circle iff the graph is
Eulerian , i.e. each vertex has even degree.

(2) A finite connected graph has an Euler-trail with end-vertices
v £ w iff v and w are the only vertices of odd degree.
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Euler Theorem

(1) A finite connected graph has an Euler-circle iff the graph is
Eulerian , i.e. each vertex has even degree.

(2) A finite connected graph has an Euler-trail with end-vertices
v £ w iff v and w are the only vertices of odd degree.

A one-way infinite Euler trail  T: a one-way infinite sequence
T = (Xo,X1 ...,) of vertices such that {x;xj;1 : 1 € N} isal-1
enumeration of the edges of G. xg is the end-vertex of the trail.
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Euler Theorem

(1) A finite connected graph has an Euler-circle iff the graph is
Eulerian , i.e. each vertex has even degree.

(2) A finite connected graph has an Euler-trail with end-vertices
v £ w iff v and w are the only vertices of odd degree.

A one-way infinite Euler trail  T: a one-way infinite sequence

T = (Xo,X1 ...,) of vertices such that {x;xj;1 : 1 € N} isal-1
enumeration of the edges of G. xg is the end-vertex of the trail.

A two-way infinite Euler trail  T: a two-way infinite sequence
T=(..,X_2,X_1,X0,X1 ...,) Of vertices such that {xjxj 1 :i € Z}isa
1-1 enumeration of the edges of G.
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Euler Theorem

(1) A finite connected graph has an Euler-circle iff the graph is
Eulerian , i.e. each vertex has even degree.

(2) A finite connected graph has an Euler-trail with end-vertices
v £ w iff v and w are the only vertices of odd degree.

A one-way infinite Euler trail  T: a one-way infinite sequence

T = (Xo,X1 ...,) of vertices such that {x;xj;1 : 1 € N} isal-1
enumeration of the edges of G. xg is the end-vertex of the trail.

A two-way infinite Euler trail  T: a two-way infinite sequence
T=(..,X_2,X_1,X0,X1 ...,) Of vertices such that {xjxj 1 :i € Z}isa
1-1 enumeration of the edges of G.

Problem (Konig)

When does an infinite graph G contain a one/two-way infinite Euler
trail?
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Euler Theorem

Observation

The plain generalization fails for infinite graphs:
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Euler Theorem

Observation

The plain generalization fails for infinite graphs:

in G each vertex has even degree, but there is no two-way infinite
Euler trail ,
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Euler Theorem

Observation

The plain generalization fails for infinite graphs:

in G each vertex has even degree, but there is no two-way infinite
Euler trail ,

in H there is exactly one vertex with odd degree but there is no
one-way infinite Euler trail
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Euler Theorem

Theorem (Erdds, P.; Grinwald, T.; Vazsonyi, E., 1938)

A graph G = (V,E) has a one-way infinite Euler trail with
end-vertex v € V iff (01)-(04) below hold:
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Euler Theorem

Theorem (Erdds, P.; Grinwald, T.; Vazsonyi, E., 1938)

A graph G = (V,E) has a one-way infinite Euler trail with
end-vertex v € V iff (01)-(04) below hold:

@ G is connected, |E(G)| = Ry,
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Euler Theorem

Theorem (Erdds, P.; Grinwald, T.; Vazsonyi, E., 1938)

A graph G = (V,E) has a one-way infinite Euler trail with
end-vertex v € V iff (01)-(04) below hold:

@ G is connected, |E(G)| = Ry,
@ dg(v) is odd or infinite,
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Euler Theorem

Theorem (Erdds, P.; Grinwald, T.; Vazsonyi, E., 1938)

A graph G = (V,E) has a one-way infinite Euler trail with
end-vertex v € V iff (01)-(04) below hold:

@ G is connected, |E(G)| = Ry,
@ dg(v) is odd or infinite,
© dg(v') is even or infinite for each v/ € V(G) \ {v},
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Euler Theorem

Theorem (Erdds, P.; Grinwald, T.; Vazsonyi, E., 1938)

A graph G = (V,E) has a one-way infinite Euler trail with
end-vertex v € V iff (01)-(04) below hold:

© G is connected, |[E(G)| = N,

@ dg(v) is odd or infinite,

© dg(v') is even or infinite for each v/ € V(G) \ {v},

@ G\ E’ has one infinite component for each finite E’ C E.
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Euler Theorem

Theorem (Erdds, P.; Grinwald, T.; Vazsonyi, E., 1938)

A graph G = (V,E) has a one-way infinite Euler trail with
end-vertex v € V iff (01)-(04) below hold:

© G is connected, |[E(G)| = N,

@ dg(v) is odd or infinite,

© dg(v') is even or infinite for each v/ € V(G) \ {v},

@ G\ E’ has one infinite component for each finite E’ C E.

write owit(G, v) iff (1)-(4) above hold for G and v.
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Euler Theorem

Theorem (Erdds, P.; Grinwald, T.; Vazsonyi, E., 1938)

A graph G = (V,E) has a one-way infinite Euler trail with
end-vertex v € V iff (01)-(04) below hold:

© G is connected, |[E(G)| = N,

@ dg(v) is odd or infinite,

© dg(v') is even or infinite for each v/ € V(G) \ {v},

@ G\ E’ has one infinite component for each finite E’ C E.

write owit(G, v) iff (1)-(4) above hold for G and v.

Assume that G is a graph, v € V(G), e € E(G) and owit(G, v) holds.
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Euler Theorem

Theorem (Erdds, P.; Grinwald, T.; Vazsonyi, E., 1938)

A graph G = (V,E) has a one-way infinite Euler trail with
end-vertex v € V iff (01)-(04) below hold:

© G is connected, |[E(G)| = N,

@ dg(v) is odd or infinite,

© dg(v') is even or infinite for each v/ € V(G) \ {v},

@ G\ E’ has one infinite component for each finite E’ C E.

write owit(G, v) iff (1)-(4) above hold for G and v.

Assume that G is a graph, v € V(G), e € E(G) and owit(G, v) holds.
Then there is there is a trail T with endpoints v and v’
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Euler Theorem

Theorem (Erdds, P.; Grinwald, T.; Vazsonyi, E., 1938)

A graph G = (V,E) has a one-way infinite Euler trail with
end-vertex v € V iff (01)-(04) below hold:

© G is connected, |[E(G)| = N,

@ dg(v) is odd or infinite,

© dg(v') is even or infinite for each v/ € V(G) \ {v},

@ G\ E’ has one infinite component for each finite E’ C E.

write owit(G, v) iff (1)-(4) above hold for G and v.

Assume that G is a graph, v € V(G), e € E(G) and owit(G, v) holds.
Then there is there is a trail T with endpoints v and v’ such that
e € E(T) and owit(G \ T,Vv’) holds.
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Euler Theorem

Theorem (Erdds, P; Grinwald, T.; Vazsonyi, E., 1938)

A graph G has a two-way infinite Euler trail iff (t1)—(t4) below hold:
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Euler Theorem

Theorem (Erdds, P; Grinwald, T.; Vazsonyi, E., 1938)

A graph G has a two-way infinite Euler trail iff (t1)—(t4) below hold:
@ G is connected, |[E(G)| = Ny,
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Euler Theorem

Theorem (Erdds, P; Grinwald, T.; Vazsonyi, E., 1938)

A graph G has a two-way infinite Euler trail iff (t1)—(t4) below hold:
@ G is connected, |[E(G)| = Ny,
@ dg(v) is even or infinite for each v/ € V(G)
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Euler Theorem

Theorem (Erdds, P; Grinwald, T.; Vazsonyi, E., 1938)

A graph G has a two-way infinite Euler trail iff (t1)—(t4) below hold:
@ G is connected, |[E(G)| = Ny,
@ dg(v) is even or infinite for each v/ € V(G)
© G\ E’ has at most two infinite component for each finite E’ C E.
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Euler Theorem

Theorem (Erdds, P; Grinwald, T.; Vazsonyi, E., 1938)

A graph G has a two-way infinite Euler trail iff (t1)—(t4) below hold:
@ G is connected, |[E(G)| = Ny,
@ dg(v) is even or infinite for each v/ € V(G)
© G\ E’ has at most two infinite component for each finite E’ C E.

© G\ E’ has one infinite component for a finite E’  E provided that
every degree is even in (V, E’).
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Euler Theorem

Theorem (Erdds, P; Grinwald, T.; Vazsonyi, E., 1938)

A graph G has a two-way infinite Euler trail iff (t1)—(t4) below hold:
@ G is connected, |[E(G)| = Ny,
@ dg(v) is even or infinite for each v/ € V(G)
© G\ E’ has at most two infinite component for each finite E’ C E.

© G\ E’ has one infinite component for a finite E’  E provided that
every degree is even in (V, E’).

v

Ky, K, G, satisfies (1)-(3) but it does not

/ have a two-way infinite Euler trail.

o
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Euler Theorem

write twit(G) iff (1)-(4) above hold for G.
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Euler Theorem

write twit(G) iff (1)-(4) above hold for G.

() For each finite trail T the graph G \ T has one infinite
component .
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Euler Theorem

write twit(G) iff (1)-(4) above hold for G.

() For each finite trail T the graph G \ T has one infinite
component .

Let G be agraph,v € V(G) and e € E(G). If twit(G) and (x) hold then
there is a circuit T in G such thatv € V(T ), e € E(T) and twit(G \ T).
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Euler Theorem

write twit(G) iff (1)-(4) above hold for G.

() For each finite trail T the graph G \ T has one infinite
component .

Lemma

Let G be agraph,v € V(G) and e € E(G). If twit(G) and (x) hold then
there is a circuit T in G such thatv € V(T ), e € E(T) and twit(G \ T)

v

If T witnesses that (x) fails then there is a trail T’ in G such that
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Euler Theorem

write twit(G) iff (1)-(4) above hold for G.

() For each finite trail T the graph G \ T has one infinite
component .

Lemma

Let G be agraph,v € V(G) and e € E(G). If twit(G) and (x) hold then
there is a circuit T in G such thatv € V(T ), e € E(T) and twit(G \ T)

v

If T witnesses that (x) fails then there is a trail T’ in G such that
© the endpoints of T and T’ are the same, v, and v,,
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Euler Theorem

write twit(G) iff (1)-(4) above hold for G.

() For each finite trail T the graph G \ T has one infinite
component .

Lemma

Let G be agraph,v € V(G) and e € E(G). If twit(G) and (x) hold then
there is a circuit T in G such thatv € V(T ), e € E(T) and twit(G \ T)

V.

If T witnesses that (x) fails then there is a trail T’ in G such that
© the endpoints of T and T’ are the same, v, and v,,
@ G\ T’/ has exactly two componets, G; and G,
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Euler Theorem

write twit(G) iff (1)-(4) above hold for G.

() For each finite trail T the graph G \ T has one infinite
component .

Lemma

Let G be agraph,v € V(G) and e € E(G). If twit(G) and (x) hold then
there is a circuit T in G such thatv € V(T ), e € E(T) and twit(G \ T)

V.

If T witnesses that (x) fails then there is a trail T’ in G such that
© the endpoints of T and T’ are the same, v, and v,,

@ G\ T’/ has exactly two componets, G; and G,

© owit(Gy,vy) and owit(Gy, vy).
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