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The problem

Consider a Fourier multiplier on (Tn, µ)

Tm

(∑
k∈Zn

f̂ (k) e2πi 〈k,·〉
)

=
∑
k∈Zn

mk f̂ (k) e2πi 〈k,·〉.

A lifting multiplier for m is an smooth funcion

m̃ : Rn → C satisfying m̃|Zn = m.

It is well-known that Lp-boundedness is preserved, so that we have∣∣∂βξ m̃(ξ)
∣∣ ≤ cn |ξ|−|β| for all |β| ≤

[n
2

]
+ 1 ⇒ Tm : Lp(Tn, µ)→ Lp(Tn, µ).

In the case of arbitrary discrete groups

• There is no canonical differential structure to work with.

• No sufficient differentiability conditions are known for Lp-boundedness.

Our main goals in this talk is to present

• A Hörmander multiplier theorem for arbitrary discrete groups.

• A noncommutative Calderón-Zygmund theory for von Neumann algebras.



Compact duals

Let G be a discrete group and

f ∼
∑
g∈G

f̂ (g)λ(g) ∈ Lp(Ĝ, τ ) such that f̂ (g) = τ (fλ(g−1))

a Fourier series on its compact dual, where:

• λ : G→ B(`2(G)) is the left regular representation

λ(g)δh = δgh for δg(h) = δg=h,

and Ĝ = L(G) is the weak operator closure of spanλ(G) in B(`2(G)).

•We equip the group von Neumann algebra L(G) with its natural trace

τ (f ) =
〈
fδe, δe

〉
`2(G)

= f̂ (e) where e = Identity of G.

Lp(Ĝ, τ ) is the noncommutative Lp space associated to (L(G), τ ), with norm

‖f‖p =
(
τ |f |p

)1
p and ‖f‖∞ = ‖f‖B(`2(G)).

Example. If G = Z, we have an isometry

`2(G) 3 δm 7→ exp(2πim ·) ∈ L2(T, µ) ⇒ λ(m) ∼ exp(2πim ·).
We have τ =

∫
T · dµ for the normalized Haar measure µ and Lp(Ĝ, τ ) = Lp(T, µ).



Sketch of the talk

Given a discrete group G, the key points are:

• Cocycles. If ψ : G→ R+ is such that

e−tψ is positive definite for all t > 0,

we may find an inclusion bψ : G→ Hψ into a Hilbert space Hψ, which is isometric in
the sense that

dist(g, h) ≡
√
ψ(g−1h) =

∥∥bψ(g)− bψ(h)
∥∥
Hψ

defines a pseudo-metric on G, and Hψ plays the role of an ‘ambient space’ for G.

• Hörmander-Mihlin condition. Given a Fourier multiplier

Tm :
∑

g
f̂ (g)λ(g) 7→

∑
g
mg f̂ (g)λ(g),

a lifting multiplier is given by m̃ : Hψ → C with m = m̃ ◦ bψ. If dimHψ = n∣∣∂βξ m̃(ξ)
∣∣ ≤ cn |ξ|−β for all |β| ≤

[n
2

]
+ 1

?⇒ Tm : Lp(Ĝ, τ )→ Lp(Ĝ, τ )

• Calderón-Zygmund theory. This naturally leads to a form of

ess sup
x∈Rn

∫
|s|>2|x|

∣∣km̃(s− x)− km̃(s)
∣∣ ds < ∞ ⇒ Tm̃ : L∞ → BMO

the Hörmander condition for the kernel, valid for arbitrary von Neumann algebras.



Length functions

We will be working with functions ψ : G→ R+ such that:

i) ψ(e) = 0,

ii) ψ(g) = ψ(g−1) for all g ∈ G,

iii) ψ is a conditionally negative function∑
g∈Λ⊂G

γg = 0 and |Λ| <∞ ⇒
∑
g,h∈Λ

γgγhψ(g−1h) ≤ 0.

We will call such a ψ a length function. By Schoenberg theorem

ψ length function ⇔ e−tψ positive definite for all t > 0.

Examples. Two standard cases:

• If G = Zn, we may take

ψ1 = | |2 and ψ2 = | |.
The heat and Poisson kernels are positive with Fourier transforms e−tψj , j = 1, 2.

• If G = Fn is the free group with n generators, we may use

ψ(g) = |g| = standard length function,

because the associated Poisson semigroup is formed of completely positive maps.



Construction of the cocycle

Given a length function ψ

Kψ(g, h) =
ψ(g) + ψ(h)− ψ(g−1h)

2
;

〈∑
g∈G

γgδg ,
∑
h∈G

γ′hδh

〉
ψ

=
∑
g,h∈G

γgKψ(g, h)γ′h.

This is an R-product on the group algebra R[G] of finitely supported real functions on G.
If we set Nψ to be the null space of 〈 ·, ·〉ψ, we may define the Hilbert space Hψ as the
completion of (R[G]/Nψ, 〈 ·, ·〉ψ) and define the natural inclusion

bψ : g ∈ G 7→ δg + Nψ ∈ Hψ

which satisfies the isometric identity
∥∥bψ(g)− bψ(h)

∥∥
Hψ

=
√
ψ(g−1h) = dist(g, h).

There exists a natural action αψ : G→ Aut(Hψ)

αψ,g(bψ(h)) = bψ(gh)− bψ(g)

which is isometric in the sense that we have 〈αψ,g(ξ1), αψ,g(ξ2)〉ψ = 〈ξ1, ξ2〉ψ. This allows
us to construct a semidirect product embedding g 7→ bψ(g) o g which extends to the
group von Neumann algebras as follows

πψ : λ(g) ∈ L(G) 7→ exp bψ(g) o λ(g) ∈ L(Hψ) oαψ G.

The key is to show Tm̃ : L∞(Hψ)→ BMO ⇒ Tm̃ o idG is still bounded (NCCZ theory).



Hörmander-Mihlin multipliers for discrete groups

Theorem [JMP]. Let G be a discrete group and

Tm :
∑

g
f̂ (g)λ(g) 7→

∑
g
mg f̂ (g)λ(g)

a Fourier multiplier on its compact dual. Assume that G is equipped with a length function
ψ, with associated cocycle bψ : G → Hψ such that dimHψ = n. Let m̃ : Rn → C be a
lifting multiplier for m, so that m = m̃ ◦ bψ. Then

Tm : Lp(Ĝ, τ )→ Lp(Ĝ, τ ) is cb-bounded for 1 < p <∞

provided the condition below holds for some ε > 0∣∣∂βξ m̃(ξ)
∣∣ ≤ cn |ξ|−|β|−ε for all multi-indices β s.t. |β| ≤ n + 2.

The classical hypotheses with

|β| ≤
[n

2

]
+ 1 and ε = 0

suffice in the following particular cases:

• If bψ(G) is a lattice in Hψ.
• Radial Fourier multipliers mg = h(ψ(g)).

We may also prove L∞ → BMO type inequalities and some free-dimensional estimates.



Some comments

• If G = Zn and ψ1(k) = |k|2, we easily get

Hψ1 ' Rn and bψ1(k) = k ⇒ Classical Hörmander multiplier theorem.

However, ψ2(k) = |k| gives dimHψ2 =∞! Highly non canonical choice of cocycle.

• The are two problems to solve

◦ Interpolation problem. Given ψ : G→ R+, estimate

inf
{

sup
ξ∈Rn

sup
|β|≤dn

|ξ|−|β|
∣∣∂βm̃(ξ)

∣∣ s.t. m̃ ◦ bψ(g) = mg

}
.

Related to Fefferman’s recent work on ‘smooth interpolation of data’.

◦ Dimensional problem. Given G, find infψ dimHψ for bψ : G→ Hψ injective.

Remark. We have H-dim(Zn) = 1!! Both problems are ‘incompatible’.

• The negative generator of the semigroup

λ(g) 7→ exp(−tψ(g))λ(g)

is the map A(λ(g)) = ψ(g)λ(g). In particular, we find

Radial Fourier multipliers ⊂ McIntosh’s H∞-calculus.

However, our Hörmander-Mihlin type condition above is considerably weaker.

• If dimHψ = n → Hψ ' Rn
disc and L(Hψ) ' L∞(R̂n

disc, µ) → de Leeuw.



Riesz transforms

Given a discrete group G, we have seen

ψ : G→ R+

length function
⇒ (Hψ, 〈·, ·〉ψ)

Hilbert space
⇒ bψ : G→ Hψ

cocyle map.

Thus, we consider the η-th Riesz ψ-transform for η ∈ Hψ as

Rη

(∑
g∈G

f̂ (g)λ(g)
)

= −i
∑
g∈G

〈bψ(g), η〉ψ√
ψ(g)

f̂ (g)λ(g).

The lifting multiplier m̃η(ξ) = −i 〈ξ,η〉ψ√
〈ξ,ξ〉ψ

only satisfies the classical condition∣∣∂βξ m̃η(ξ)
∣∣ ≤ cn |ξ|−|β| for any multi-index β ⇒ ε = 0.

Theorem [JMP]. If dimHψ <∞, any operator in

R = span
{∏
η∈Γ

Rη

∣∣ Γ finite set in Hψ

}
defines a cb-map L(G)→ BMOSψ and Lp(Ĝ, τ )→ Lp(Ĝ, τ ) for all 1 < p <∞.



Noncommutative tori

Given n ≥ 1 and Θ =
(
θjk
)
n×n antisymmetric

AΘ =
〈
u1, u2, . . . , un

∣∣ unitaries with ujuk = e2πiθjkukuj

〉
=
{
f ∼

∑
k∈Zn

f̂ (k)wk
∣∣ wk = uk1

1 u
k2
2 · · ·uknn with k = (k1, k2, . . . , kn)

}
.

We also need the trace τ (f ) = f̂ (0) and the heat semigroup SΘ,t(f ) =
∑

k f̂ (k)e−t|k|
2
wk.

Theorem [JMP]. Let

Tm :
∑

k
f̂ (k)wk 7→

∑
k
mkf̂ (k)wk.

If a lifting multiplier m̃ : Rn → C with m̃|Zn = m satisfies∣∣∂βξ m̃(ξ)
∣∣ ≤ cn|ξ|−β for all |β| ≤

[n
2

]
+ 1,

then we find that Tm : L∞(AΘ, τ )→ BMOSΘ
and Lp(AΘ)→ Lp(AΘ) for all 1 < p <∞.

Proof 1. Noncommutative form of Calderón’s transference from Tn.
Proof 2. We have L(HΘ) =

∫ ⊕
R AxΘ dx and apply our multiplier theorem to HΘ.



Noncommutative Calderón-Zygmund theory

We are interested in a noncommutative form of

ess sup
x∈Rn

∫
|s|>2|x|

∣∣k(s− x)− k(s)
∣∣ ds < ∞

m
sup
s>0

∥∥∥(χBs(0) ⊗ χBs(0)

)
δRn T (fχRn\B5s(0))

∥∥∥
L∞(Rn×Rn)

≤ ch ‖f‖∞

for any Calderón-Zygmund T with kernel k and with δRn(f ) = f ⊗ 1Rn − 1Rn ⊗ f .

Major difficulty: Construct projections playing the role of the Euclidean balls Bs(0).

The key ingredients are

• Noncommutative BMO’s over semigroups.

• An associated ‘metric’ on the von Neumann algebra.



Semigroup type BMO’s

Duong and Yan recently extended BMO theory to certain semigroups on homogeneous
spaces assuming certain regularity. This theory, however, still imposes the existence of a
metric in the underlying space. We may not assume the existence of a metric.

Given a noncommutative measure space (M, τ ) and

S = (St)t≥0 with St : f ∈ Lp(M, τ )→ dt ∗ f ∈ Lp(M, τ ),

a noncommutative diffusion semigroup of convolution type, we define

‖f‖BMOc
S

= sup
t≥0

∥∥∥(St|f |2 − |Stf |2)1
2
∥∥∥
∞

for the column semigroup type BMO. The row analog and the general form are

‖f‖BMOr
S

= ‖f ∗‖BMOc
S

and ‖f‖BMOS = max
{
‖f‖BMOr

S
, ‖f‖BMOc

S

}
.

Theorem [Junge/Mei]. If S admits a ‘nice enough’ Markov dilation

[BMOS, Lp(M, τ )]p/q ' Lq(M, τ ).

Remark. The regularity assumed in the result above holds in our main examples.



Noncommutative ‘metrics’

A weighted spectral decomposition for

S = (St)t≥0 with Stf = dt ∗ f
is a family of projections (qk,t) inM—indexed by (k, t) ∈ N×R+— which are increasing
in k for t fixed, together with a family of positive numbers βk,t ∈ R+ such that the following
conditions hold for absolute constants cw, cs, cd

i)
∑
k≥1

βk,tτ (qk,t) ≤ cs,

ii) dt ≤ cd
∑
k≥1

βk,t(qk,t − qk−1,t),

iii)
∑
k≥1

βk,twk,tτ (qk,t − qk−1,t) ≤ cw for wk,t =
(∑

j≤k

√
τ(qj+1,t)

τ(qj ,t)

)2
.

This notion is somehow related to

• Tolsa’s notion of RBMO space for nondoubling measures.
• Blunck/Kunstmann’s analysis of non-integral Calderón-Zygmund operators.

We will however require a doubling property of the trace τ

τ (qα(k),t) ≤ cατ (qk,t) for some strictly increasing function α : N→ N.



Boundedness of noncommutative CZO’s

Taking Qk,t(f ) = 1
τ(qk,t)

qk,t ∗ f yields a metric type BMO, called BMOQ.

Theorem [JMP]. Let (M, τ ) be a noncommutative measure space and S a semigroup
acting on it equipped with an α-doubling weighted decomposition with associated metric
Q = (Qk,t). Let T : A →M defined on a weakly dense ∗-subalgebra ofM. If we consider
the derivation δM(f ) = f ⊗ 1M − 1M ⊗ f , the conditions

a) T : L2(M, τ )→ L2(M, τ ) is bounded by c22,

b1)
∥∥Rqk,t⊗qk,tδM(T ⊗ idM)Rq⊥

α(k),t
:M⊗̄M→M⊗̄M⊗̄M

∥∥ ≤ ch for all k, t,

b2)
∥∥Lqk,t⊗qk,tδM(T ⊗ idM)Lq⊥

α(k),t
:M⊗̄M→M⊗̄M⊗̄M

∥∥ ≤ ch for all k, t,

imply that T : A → BMOQ. More concretely, we obtain

‖Tf‖BMOQ ≤ (2 c22
√
cα + ch) ‖f‖∞.

‖Tf‖BMOS ≤ 2
√

2
√
cd (cs + cw) (2 c22

√
cα + ch) ‖f‖∞.

Corollary [JMP]. Additionally, if S has a nice Markov dilation, we obtain Lp-boundedness.

Remark. The heat semigroup reconstructs the classical Rn-theory from Theorem above.



Applications and examples

• New L∞ → BMO Schur multipliers.

• Analysis of some concrete groups: Zn,Sn,Fn...

• Burnside groups: H-dim(B(n,m)) =∞ for n ≥ 2 and m ≥ 665 odd.

• Calderón’s transference method for quantum groups.

• An adapted Littlewood-Paley theory.

Thanks for listening!!


