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Abstract

e We determine new sufficient conditions in terms of the coeflicients for a polynomial
f e RX]| :=R[Xy,...,X,] of degree 2d (d > 1) to be a sum of squares of polynomials,
thereby strengthening results of Lasserre [6] and of Fidalgo and Kovacec [2].

e Exploiting these results, we determine, for any polynomial f € R[X] of degree 2d whose
highest degree term is an interior point in the cone of sos forms of degree 2d, a real number
r such that f — r is a sum of squares of polynomials.

e Actually, we determine three different real numbers r having this property.

e The existence of such a number r was proved earlier by Marshall [8], but no estimates
for r were given.

e We also determine lower bounds (more precisely, three lower bounds) for any polynomial
f whose highest degree term is positive definite.
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1 Introduction

e Fix a non-constant polynomial f € R[X] := R[X4, --,X,], where n > 1 is an integer
number, and define

fo :=inf{f(a) | a € R"}.
e Denote the cone of all sos polynomials by > R[X]* and define
fsos =sup{reR| f—re ZR[XP}. (1)

e One can prove that f,,, < f.. Computing f, is difficult in general, and one of the
successful approaches is to compute f,,s instead. This is accomplished by using semidefinite
programming (SDP) which is a polynomial time algorithm [5] [9].
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e When is a given polynomial f € R|X] a sum of squares? One obvious necessary condition
is that f > 0 on R"™, but there is a well known result due to Hilbert [3] that this necessary
condition is not sufficient in general.

e In this paper we are interested in some recent results, due to Lasserre [6] and to Fidalgo
and Kovacec 2|, which give sufficient conditions on the coefficients for a polynomial to be
a sum of squares. We establish new and improved versions of these results; see Ths. 2.3

and 2.5 and Cors. 2.4 and 2.6.

o Let deg(f) = 2d, d > 1, and decompose f as f = fo+ -+ + foq (the homogeneous
decomposition of f), where f; is a form of degree i, i = 0,.. ., 2d.

e We denote the cone of all positive semidefinite forms and sos forms of degree 2d by P4,
and 2o, respectively. We denote by FPyyn and ng,n the interior of Psy, and Xy, ,, more
precisely, the interior in the subspace of R|X]| consisting of forms of degree 2d.

e A necessary condition for f, # —oo is that foq € Pag,. A sufficient condition for f, # —oo
is that fog € Ps;,,. A necessary condition for f,s # —oo is that fog € Xaqn. A sufficient
condition for fy,s # —00 is that foq € 35, [8, Prop. 5.1].

e We apply Cors. 2.4 and 2.6 to determine, assuming that foy € 235, ,,, two lower bounds
for f.,s, which we denote by r; and rpx respectively; see Ths. 3.1 and 3.2. Yet another
lower bound for f,,s, which we denote by 74, is obtained by applying |2, Th. 2.3] directly;
see Th. 3.3. The bounds 7y, rrr and rg,; are not comparable; see Ex. 4.2. If we assume
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only that foq € Py, then it is still possible to determine lower bounds for f,, in a similar
way, but these may not be lower bounds for f,,s; see Th. 4.3.

e We introduce notation that we will need. Let N = {0,1,2,...} be the set of natural
numbers. For X = (Xq,...,X,,) and a = (ay,...,qa,) € N? define X := X" .- X% and
la| :==ay; 4+ - -+ + «,. Every polynomial f € R|X] of degree 2d can be written in the form

f=1r+ Z faXaJerQd,iXEd, (2)

aeQ(f) i=1

where fo, foq; € R and, for each a € Q(f), 0 # fo € R, 0 < |a] < 2d, and a ¢
{2d€1, Ceey 2den}, where €;, — (52'1, ce ,dm), and

(1 i=
Let A(f) = {a € Q(f) | foX” is not a square in R X|} = {a € Q(f) | either f, <
0 or «y is odd for some ¢ € {1,...,n}}. Since our polynomial f is usually fixed, we will

often denote Q(f) and A(f) just by (2 and A for short.

o Let f(X,Y) = Y222, ..., 28). From (2), it is clear that

—~

FIXY) = foY? 4+ ) faXy2lel 4 Z faa,i X2

ac)
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is a form of degree 2d, called the homogenization of f. We have the following well-known
result:

Proposition 1.1. f s sos if and only sz 1S SOS.
Proof. See |7, Prop. 1.2.4]. ]

e For a (univariate) polynomial of the form p(t) = t* — .7 a;t’, where each a; is non-

negative and at least one a; is nonzero, we denote by C(p) the unique positive root of p
10, Th. 1.1.3]. For any polynomial ¢(t) = >, bit", b, # 0, the roots of ¢ are bounded in

absolute value by C(t" — S0} il i By convention, C'(t") := 0.
1=0 |bp,|

e There are various upper bounds for C'(p) which are expressible in an elementary way in
terms of the coefficients of p, for example,

n—1

Proposition 1.2. Suppose p(t) =t"—> " a;t", where each a; is nonnegative and at least
one a; 1S nonzero. Then

(1) C(p) <max{l,ag+a;+ - -+ an_1},
(2) C(p) S max{ao, 1+ aq, 1+ as, ..., 1+ CLn_l},
(3) C(p) < 2max{an—1, (an—2)"?, (an-3)'?, ..., (a0)"/"}.

Proof. Bounds (1) and (2) are due basically to Cauchy. See [1] for these bounds and for
other bounds of this sort. See [4, Ex. 4.6.2: 20| for bound (3). ]
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2 Suflicient conditions for a polynomial to be sos

e We make use of the following result:

a;x?® — 2dzt - 2%, a = (aq,...,a,) € N,
1

Theorem 2.1 (Reznick). Suppose p(x) =

n

7

la| = 2d. Then p is sobs.

e Notes:
— sobs := sum of binomial squares, i.e., a sum of squares of the form (8z° — vz¢)? with

G,v € R and ¢, d € N”.
— Th. 2.1 can be deduced from results of Reznick in [11] and [12], specifically, from

112, Th. 2.2 and Th. 4.4]. A direct elementary proof of Th. 2.1 is given below. If one only
wants to prove that p is sos the proof is even simpler.

Proof. By induction on n. If n = 1 then p = 0 and the result is clear. Assume now that
n > 2. By induction on n we can assume each a; is strictly positive.

N

Case 1: Suppose 3 i1 # 15 with a;; < d and a;, < d. Decompose a = (ay,...,a,) a
a="b+cwithbc e N* b, =0, ¢, =0and > b =>" ¢ =d. Then (2" — 2°)?* =
be . 2£b£c + £2c _ ZC% . 2£a T £207 30
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n

D :Zaixgd — 2z = Zaﬂfd o d[£2b _|_£2c o (@b o £c)2]
1=1

1=1

1 < 1 <
25[2 20, 22% — 2dx*"] + 5[2 2c;22% — 2dx*] + d(x’ — )%
i=1 i=1
Fach term is sobs, by induction on n.

Case 2: Suppose we are not in Case 1. Since there is at most one 7 satistying a; > d it
follows that n = 2, so p = a123% + asx3¢ — 2dz{ 25?. We know that p > 0 on R?, by the
arithmetic-geometric inequality. Since n = 2 and p is homogeneous, it follows that p is sos
(dehomogenize p and apply |8], Prop. 1.2.1 and Prop. 1.2.4).

But we want to show p is sobs, which requires more work. Denote by AGI(2,d) the
set of all homogeneous polynomials of the form p = a12%? + a3 — 2dx{' v5%, a1, as € N,
a1 + ao = 2d. This set is finite. If a; = 0 or a; = 2d then p = 0 which is trivially sobs.
If a; = ay = d then p = d(z¢ — 2$)?, which is also sobs. Suppose now that 0 < a; < 2d,
a; # d. Suppose a; > ay (The argument for a; < as is similar.) Decompose a = (a1, as) as

a=b+c, b=(d,0), c=(a; —d,as). Expand p as in the proof of Case 1 to obtain

2 2
1 1
D= 5[ E 20;27% — 2dz*"] + 5[ E 2c;27% — 2dz*] + d(z” — x)%.
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Observe that 2?21 20;721—2dx* = 0. Thus p = %pl +d(xb—x°)?, where p; 1= ZZ | 26,7 2d _
dezc. If p; is sobs the p is also sobs. If p; is not sobs then we can repeat to get p; =

5 Tpo +d(x et ) Continuing in this way we get a sequence p = pg, p1, P2, ... with each
p; an element of the finite set AGI(2,d), so p; = p; for some ¢+ < j. Since p; = 2"7p,;+ a
sum of binomial squares, this implies p; is sobs and hence that p is sobs. []

Corollary 2.2 (Fidalgo-Kovacec |2, Th. 2.3]). For a form p(X) = Z B; X2 — uX* such

that a; > 0 and B; > 0 for every it =1,...,n and u > 0 if all o a/re even, the following
are equivalent:

1. p 1S positive semidefinite.

[e"N

i, || < 2d T] (%)ﬁ
i=1
111. P 1S Sobs.
1. P 18 SOS.
e Cor. 2.2 is an easy consequence on Th. 2.1. See [2]| for the proof.

e In what follows we use Cor. 2.2 to improve on the sufficient conditions given in |6, Th.
3] and |2, Th. 4.3].
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Theorem 2.3. Suppose f € R|X] is a form of degree 2d and

f2dzZZ‘fa§_;a Z:L y TV
aEA
Then f is a sum of (binomial) squares.
Proof. We claim that
o = X2 X
D Mol 5 X2+ f

is sobs, for each a € A. Tt suffices to show that Y |fs|5:X7 + f, X is sobs, for each

a; 70

a € A. Since

y_ﬁm fal = 1/al,

] (L

a; 70

and since f, < 0 if all the «o; are even, by definition of A, this follows, as a consequence of
Cor. 2.2. This proves the claim. Adding, as a runs through A, this implies

Y Do lalg) X2+ 3 fax®

=1 a€A acA
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is sobs. Since foq; > D .o | fal5y, for each i,

ZdezXQd Y‘fa XQd Z f2dz Z‘foz XQd

1= 1 aEA acA

is sobs. Adding again, this implies that

Zf?deQd—l_ ZfozXa

aEA

is sobs. Finally, since the remaining terms [, X a € Q\A, are squares of monomials, by
definition of A, this implies that f is sobs. []

Corollary 2.4. For any polynomial f € R|X]| of degree 2d, if
L) fo> X fal™ and (L2)  fai > X |fal$)

aEA acA

1=1,...,n,

then f is a sum of squares.

Proof. Apply Th. 2.3 to the homogenization f of f to conclude that f is sos. Consequently,
by Prop. 1.1, f is also sos. []
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e In [6, Th. 3|, it is proved that if

fOZZ|fO¢| and f2d,iZZ’fa %7 i:17'°'7n7

acA acA

then f is a sum of squares. Since 1 > 2d2_ —— and ; > 5%, it is clear that Cor. 2.4 improves

on (6, Th. 3.
Theorem 2.5. Suppose f € R|X]| is a form of degree 2d and

Then f is a sum of (binomial) squares.

Here, a® := a{* - - - a® (the convention being that 0° := 1).

1

Proof. Let e, 1= 55| fal(@®*)2d. We claim that

€a En: X7+ faX®

1=1
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is sobs, for each @ € A. Since e, > 0, e, > X?¢ is sobs, so it suffices to show that

a; =0

ea > X2 — f, X is sobs. Since
ai#o

€\ i Zdea
2a [T (£)% = %o — 1] > |1,

and since f, < 0 if all the «; are even, by definition of A, this follows from Cor. 2.2. This
proves the claim. Adding, this implies

Y ea Y XM faXC

aEA 1=1 aEA

is sobs. Since fog; > ) .o €a, for each ¢,

Zf2de2d ZeaZXQd Z f2d7, Zea)Xizd
1=1

aEA 1=1 acA

is sobs. Adding again, this implies

Zdezde—l_ ZfaXa

aEA
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is sobs. Finally, since the remaining terms f, X, a € Q\A, are squares of monomials, this
implies f is sobs. []

e In [2, Th. 4.3] it is proved that if f € R|X] is any form of degree 2d and

1 n
° ) > _( 2d o
min fog; > —(-) AL

aEA

then f is a sum of squares. Using a® > (

24)2done sees immediately that

1 n 2d 1 1
_( (87 > _ (87 2d_

nlag) @ 2 5@

Consequently, Th. 2.5 improves on [2, Th. 4.3]. The fact that o > (2¢)2% is an immediate
consequence of the fact that the minimum value of the function

G(tly SR 7tn) — til .o tfln
on the compact subset of R" defined by t; > 0,i=1,...,n, > ", t; = 2d is equal to (%d)m,

the minimum occurring at the point ¢ty =---=1¢, = %d.
Corollary 2.6. If f € R|X] is a polynomial of degree 2d and
. a 1 2d— |
(FK)  min {fou; fo} > 55 32 [fal(@®)2d(2d — o) "=

..... n aEA
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then f is a sum of squares.
Proof. Homogenize f and apply Th. 2.5 and Prop. 1.1. []

e Recall that 35, (resp., Py, ) denotes the interior of the cone g, (resp., Pagy) in the
real vector space consisting of forms of degree 2d. The following result is well-known. It is
proved, for example, in [8, Prop. 5.3(2)].

Corollary 2.7. X{“+ ...+ X e X3, .

Proof. Let f(X) = X%+ .-- + X2? + h(X) where h(X) is any form of degree 2d whose
coefficients have absolute value < e where € is some small positive real. Applying Th. 2.3
or Th. 2.5, one sees that f is sos, for € sufficiently small. []

Remark 2.8. Let C' be a cone in a finite dimensional real vector space V. Let C° denote
the interior of C. If f € C° and g € V then g € C° iff ¢ — ef € C for some real ¢ > 0.

Proof. Suppose g —ef € C'. Let h € V. Since f belongs to the interior of C, there exists
some real 0 > 0 such that f + gh € C. Then g+ d0h = (g —€f) + e(f + gh) € C'. This
proves that g belongs to the interior of C'. The other implication is clear. []

e It follows from Cor. 2.7 and Rem. 2.8 that a form f of degree 2d is an interior point of
Yiodgnm UL f — 62?21 X,?d € Yogn for some real € > 0.
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e Ths. 2.3 and 2.5 provide sufficient conditions for f € %5, to hold and have the nice
additional property of allowing computation of e:

Corollary 2.9. If f is a form of degree 2d and € := max{ey, es} > 0 where

then f € X5;, and f —e) ., X2 € Yoy .

Proof. Applying Th. 2.3 or Th. 2.5 (depending on whether € = €; or € = €;) to the form
f—e> " X2 we see that f —ed> " X2 is sos. (]

3 Determining lower bounds

e In this section we assume foq € 25;, and we use Cor. 2.4 and Cor. 2.6 to produce
concrete lower bounds for f,,s, which we denote by r; and rgpg, respectively. We also
apply Cor. 2.2 more or less directly to produce another concrete lower bound for f,,s,
which we denote by 74

e Our lower bounds ry, rpx and 74, depend on the coefficients f,, o € A, |a| < 2d, and
e, where € is such that € > 0 and fog —€> ", X?% € Y94, Existence of € is a consequence
of Cor. 2.7 and Rem. 2.8. I'll say more about € and ry,, rrpx and rg,: in Section 4.
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e We use Cor. 2.4 to produce a concrete lower bound 7, for f,,s as follows:

Theorem 3.1. If fo; € 259, then foos = T, where

(@7
S D DAt S ]

aEA |al<2d

k= max C(t*" = > |fa ;‘_;E—%tlal)

1=1,....n
aEA |al<2d

and € > 0 1s such that foq — 62?21 X,?d € 2odn-

e Notes:
— Th. 3.1 proves in particular that if foy € 35, , then fy s # —o0, i.e., it provides

another proof of |8, Prop. 5.1].

— It £ > k then
D R A st e T D SR Al P
aEA |a|<2d aEA |al<2d

In this way, by taking ¢ to be an upper bound for £ computed using Prop. 1.2, we obtain a
lower bound fo—_ e jaj<ad [fal 55— 24 |O‘| =54 01! for f,,, which is expressible in an elementary
way in terms of € and the coefﬁments fo, a € A || < 2d.
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Proof. Since foq € 215,,,, by Cor. 2.7 and Rem. 2.8, there exists € > 0 such that foq =
e( X2 + .- 4+ X2%) + g for some g € Yoq,. Scaling suitably (X; — gg’ie), we can assume

that e = 1. Let f := f — g. Decomposing f as in equation (2) yields

f=rf+ > faXO‘+ZX2d (3)

aeQ),|a|<2d

If{a € A||a| < 2d} = 0, then f—r = f— f, is sos, using equation (3) and the definition of
A, so f—ry is also sos and the result is clear. Thus we can assume {a € A | |a] < 2d} # 0,
so k > 0. Scaling by X; — kX, and rewriting condition (L2) of Cor. 2.4 for the polynomial

f (kX)) — r, using equation (3), yields
B>y fals k'“' i=1,....n
a€A |al<2d

By definition of k, k** > > A Jal<2d | fal3 il for all 4, so condition (L2) holds for FkX)—

r. Rewriting condition (L1) of Cor. 2.4 for the polynomial f(kX)—r, we see that if r < r
then (L1) holds for f(kX) —r so f — r is sos and hence also f — r is sos. ]

e In a similar way, we use Cor. 2.6 to produce a concrete lower bound rpg for fs:
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Theorem 3.2. If foq € 235, then fsos > rrx, where rrg 1= fo — k2

2d—1

t2d Z b tz

]. 2d—1 7
bz'. 2d(2d—l gd € 2d Az: ‘fa

and € > 0 1s given as in Th. 3.1.
e Note: If / > k then

2d—1 2d—1

=) bl < fo— E:bm
1=1

=1,....2d—1

— k* = rpx

so, using Prop. 1.2 again, we get another lower bound for f,,, expressible in an elementary

way in terms of € and the coefficients f,, a € A, |a] < 2d.

Proof. After scaling we can assume that € = 1 and foq = X294+ - -+ X2%+g, where g € Yoq,.

If {a € Aol <2d} =0, then b; =0 fori =1, ..

.2d — 1, k = 0 (by definition of C'(¢3)),

so rr = fo. In this case the result is clear. So we can assume {a € A | |a| < 2d} # 0,
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so k > 0. Set r = rpx. Rewriting condition (FK) for the polynomial f(kX) — r, where
f = f — g, yields the condition:

2d—1

min{(fy — r), k**} > Z bk, (4)

By definition of k and 7, (4) holds, in fact, fy —r = k*? = Zfi;l b;k*. This proves that
f — ris sos and hence also that f — r is sos. []

e One can also apply Cor. 2.2 directly to obtain a lower bound 74,,; for f,.s.

Theorem 3.3. If foq € 235,,, then

f 2d 4 2d—|a]
fsos Z Fdmt +— fO T Z (2d o ’a‘) (2_2> ((_)|a|&a) )

€
aEA |al<2d _

where t .= [{a € A | |a] < 2d}| and € > 0 is given as in Th. 3.1.

Proof. Let A" = {a € A | |a] < 2d}. After scaling, we can assume that ¢ = 1. Let
f=fo+ D pen faX*+ X7+ - 4+ X2 and let F(X,Y) denote the homogenization of
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J(¥tX) —r, where r := fo — > wenr Ta, €ach 7o > 0. Then

F(K; Y) _ (fO . T)Y2d 4+ Z (X12d 4o X?%d 4+ fat\a|/2diay2d—]a\)

acA’

_ Z (,ray2d + X12d 4. ‘l‘Xid + fat\a\/Qdiayﬂd—bd).

acAN’

By Cor. 2.2, each term appearing in this sum will be sos if

2d—| o oy

| To 2d 1 \ 24
Ltz < 2d —
s <2 (or) G

Ozi#O

or, equivalently, if

£\ 5d—Ta]
re > (2d — |af) (2—2> tlol g .

Hence if » < rg,,; then f — 7 is sos, so also f — r is sos.
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4 Further remarks

(1) The sufficient conditions given in Ths. 2.3 and 2.5 are not comparable. These conditions
are also not necessary.

Example 4.1.
(a) (XY, Z)=X*+Y*+472* +4X 73 is sos, by Th. 2.3, but Th. 2.5 does not apply.
(b) f(X,Y,Z) = X*+Y* + Z* + V/8XY Z? is sos, by Th. 2.5, but Th. 2.3 does not
apply.
(c) f(X,Y,Z) = 16X* + Y* + 4Z* + 8X Z? is sos, but neither Th. 2.3 nor Th. 2.5
applies.
(2) The bounds 7, rpx and 74, described in Ths. 3.1, 3.2 and 3.3 are not comparable.

Example 4.2.

(a) For f(X,Y)=X®+YO+7XY —2X?+7, we have r;, ~ —1.124, rpx ~ —0.99 and
Tdmt =~ —1.67, SO T'r > T, > Tdmt-

(b) For f(X,Y) = X® + Y% +4XY + 10Y + 13, rp, = —0.81, rpx ~ —0.93 and
Tamt ~ —0.69, SO rgme > 1L > TFK.

(c) For f(X,)Y)=X*+Y*+ XY - X?-Y?+1, r, = —0.125, rpg ~ —0.832 and
Tamt ~ —0.879, SO 1, > Tpr > Tdme-
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(3) To be able to compute rr,, rpgx and 74, one needs to know e and the coefficients f,,
la|] < 2d. What can one do if € is not given, i.e., if only the coefficients f,, |a| < 2d
are given? Applying Cor. 2.9 to the form fy; allows us to compute € in certain cases: If
€ := max{€y, €a} > 0 where

@7 1 1
evi= min (fui— D, |falgg) = min fui— oo D [fal(a®),
acA |a|=2d aEA |a|=2d

then foq € 2354 1 and foq — 62?_1 X-2d € 2odn-

(4) So far we have been assuming that fog € 33, and we have used this assumption to
determine lower bounds for f,,;. What can one say if one assumes only that fo; € PQOd’n?

Suppose € > 0 is given such that fog — > " X?* € Pyy,,. One can then define r, exactly
as in Th. 3.1, but using this new ¢, i.e.,

— |

rp = fO_ Z ‘fa‘ 2 € 2dk‘a|
acA |al<2d
k= max C(t* — Z | fo —5— b7 tlody,
et a€A,|al<2d

The r;, defined in this way might not be a lower bound for f,,s (it is even possible that
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fsos = —00), but it will be a lower bound for f,. Similar remarks apply to the other bounds
rer and Tgms.

Theorem 4.3. If foy € P;d,n and € > 0 1s such that foq — 62?21 de c Pogn then vy, rrk
and rgmt, defined as in Ths. 3.1, 3.2 and 3.3, respectively, but using this new choice of €,
are lower bounds for f on R™.

Proof. Argue as in the proof of Ths. 3.1, 3.2 and 3.3. The form ¢ is no longer sos but it is
positive semidefinite, which is all one needs for the conclusion. []

Note: In Th. 4.3, the largest possible choice for € is the minimum value of the rational
function foq/ > ", X?* on the n — 1-sphere

S"ti={aeR"|a]+ - +a> =1}

(5) Denote by R|[X], the vector space of polynomials of degree < k. We know that for any
p € Py, and any g € R[X]|sq 1, (p+9)« # —oo and, for any p € X3, and any g € R[X]2q_1,
(p+9g)sos # —00. Note that if p € Py, is not positive definite then there exists 0 # a € R”
such that p(a) = 0. Let g(X) = >, a;X;. Then (p+ g)(ta) = t||al|* = —c0 as t — —o0,
SO (p+ g)« = —o0. Therefore for any p € 0Py, (0P34, denotes the boundary of Py, i.e.
OPsyn = Pogp \ P;d,n), there exists g € R[X]94_1, such that (p + g). = —oo. The validity
of the corresponding result for boundary points of X4, is unknown to the authors.
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Question 4.4. Is it true that for any p € 0Xa4, there exists g € R|X]o4-1 such that
(p + g)sos = —00"

The answer to this question is ‘yes’ if n <2 ord =1 or (n = 3 and d = 2) by Hilbert’s
result [3]. In fact these are precisely the cases where Py, and ¥4, coincide.
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