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What are orbitopes?

We are interested in the following objects:

Def.: Orbitope

An orbitope O, is the convex hull of an orbit of a compact algebraic group
G acting on a real vector space V/, i.e. fix v € V and consider the set

O, =conv{g-v|geG}.

Permutahedron, orbitope for

Projection of the Grassmann
the symmetric group

Orbitope conv(Grz 4) Orbitope conv(Grz3)
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What are orbitopes?

We are interested in the following objects:
Def.: Orbitope

An orbitope O, is the convex hull of an orbit of a compact algebraic group
G acting on a real vector space V/, i.e. fix v € V and consider the set

O, =conv{g-v|geG}.
@ Orbits are highly symmetric objects

@ Orbits are real algebraic varieties

@ Orbitopes are convex semi-algebraic sets

... for more details see [Sanyal, Sottile, Sturmfels, '09].
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The set O, = conv(Gry ,) is also the convex hull of the orbit of

v=eAeA..Ae € ACR" under the group G = SO(n)

conv(Grg ) =conv(g-er Aex A...Aec|g € SO(n))
Elements g € SO(n) of the special orthogonal group

SO(n) = {X € R™" | X - XT =1d,, det(X) = 1}
acton AR by g- (i A... Au) = (gur ... A gug)



We consider the vector space V = \KR" 2 R() of all skew-symmetric
tensors of order k over R".
«AO> «F)>r «=)r « =) Q>
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We consider the vector space V = \KR" 2 R() of all skew-symmetric
tensors of order k over R".

If the vectors {e,..., ey} form an ordered basis of R"” we can write

1<ip<--<ixk<n

Piy,...ix €ir,...ik

e N Nejy

forall ¢ € \“R".
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A bit of notation

We consider the vector space V = A\KR" = R() of all skew-symmetric
tensors of order k over R".

If the vectors {e1,...,e,} form an ordered basis of R"” we can write

k
n
£ g Pit,.oi €0yt for all £ € /\ R".
1<ih<--<ix<n eil/\"'/\eik

Tensors of the form & = vy A -+ A uy are called decomposable.
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A bit of notation

We consider the vector space V = A\KR" = R() of all skew-symmetric
tensors of order k over R".

If the vectors {e1,...,e,} form an ordered basis of R"” we can write
k n
£ Z Pit,.oi €0yt for all £ € /\ R".
1<ip<--<ix<n e AAei,

Tensors of the form & = u; A -+ A uy are called decomposable.

Decomposable tensor £ = u3 A -+ A ug with ||€]| =1

< (oriented) k-dimensional plane span(uy, ua, ..., ux) C R”
& € € Grgp (i.e. € in the orbit of v € V under SO(n)).
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A bit of notation

We consider the vector space V = A\KR" = R() of all skew-symmetric
tensors of order k over R".

If the vectors {e1,...,e,} form an ordered basis of R"” we can write
k n
£ Z Pit,.oi €0yt for all £ € /\ R".
1<ip<--<ix<n e AAei,

Tensors of the form & = u; A -+ A uy are called decomposable.

Alternatively:

......

s i s the k x k

All vectors p € R(2), llp| = 1 where p;, ;= det[U];
subdeterminant of the matrix U = [ul, ce uk].
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Central object

Def.: Grassmann orbitope

The set O, = conv(Gry ) is also the convex hull of the orbit of
v=eiAeA..NeE /\k R"™ under the group G = SO(n)

conv(Grg ) =conv(g-et Aex A...ANec|g € SO(n))

We have
conv(Gry ) = conv(Vir(lk,n))
for the ideal

lk,n = (quad. Plicker rel's.) + <Z P —1) CR[piier -]
]

£ decomposable

lI€l1?=1
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The set Gry , is the set of all (oriented) k-dimensional subspaces of R". '
important object in several applications...

In its (Pliicker) embedding in the unit sphere of AKR" = R() it yields an

...e.g. for area minimizing surfaces.
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the same boundary.

If all the tangent planes to a manifold M lie in the same face of

conv(Gry n), then M is area-minimizing among all oriented surfaces with
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Excursion: Area minimizing surfaces

Theorem (Harvey and Lawson, '82)

If all the tangent planes to a manifold M lie in the same face of

conv(Gry ), then M is area-minimizing among all oriented surfaces with
the same boundary.

Quiz: Which one is area minimizing?
e
X

xl
P. Rostalski (UC Berkeley)

Xz
X,

Grassmann manifold Gry 5.
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Excursion: Area minimizing surfaces

Theorem (Harvey and Lawson, '82)

If all the tangent planes to a manifold M lie in the same face of

conv(Gry ), then M is area-minimizing among all oriented surfaces with
the same boundary.

Quiz: Which one is area minimizing?

\

Xz

Grassmann manifold Gry 5.

X
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The oriented Grassmann variety Gro 4 is defined by

ba = (p12pss — p13paa + P1aps, Pia + P33 + Pia + Po3 + Paa + P3g — 1)
This is the highest weight orbit of G = SO(4) acting on A% R*.
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Example: Grp4

The oriented Grassmann variety Gro 4 is defined by

b4 = { p1op3a — P13pP2s + Prapaz s Pin + Pig -+ Pia + Pa3 + Paa + P — 1).

This is the highest weight orbit of G = SO(4) acting on A\?R*.
A linear change of coordinates

u= \f(Plz +p3s), v= %(PB — pos), w= %(PM + p23),
X = 7(P12 —p3s), y= %(Pm +pa), z= %(PM — p23).
yields

1 1
I2’4:<U2+V2+W2—§, X2+y2+22—§>.

The orbitope conv(Gry 4) is the direct product of two 3-balls of radius

1/V2.
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Central objects: spectrahedra and projections

@ Which other Grassmann orbitopes are spectrahedra, i.e.:
C={xeR"|A(x) >0}

for some A(x) = Ag + .71 Aix; with symmetric A; € RV*N?

Example: The spectrahedron defined by

1 X1 X2
C:{(Xl,Xz,X3)€R3’ x1 1 x3 EO}.
X2 X3 1

P. Rostalski (UC Berkeley) Grassmann Orbitopes and SDP February 15, 2010 10 / 25



Central objects: spectrahedra and projections
@ Which other Grassmann orbitopes are spectrahedra, i.e.:
C={xeR"|A(x) >0}

for some A(x) = Ag + .71 Aix; with symmetric A; € RV*N?

Only a few cases are known, see [Sanyal, Sottile, Sturmfels, '09]:
e conv(Gry,p) is a spectrahedron.

e conv(Grsg) is not a spectrahedron.
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Central objects: spectrahedra and projections

@ Which Grassmann orbitopes are projections of spectrahedra, i.e.:
C ={x eR"|3y e R"with A(x, y) = 0}

for some A(x,y) = Ao + >_; Aixi + 3_; Bjyj with symmetric
Ai, B; € RN*N?

@ How to construct such a lifted SDP representation for conv(Gry ,)?
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Special case: Convex hull of a real algebraic variety

Given an real radical ideal / with real variety Vi(/), we define the set of all
supporting hyperplanes

Fapp = {f(x) =a"x = b| f(x) > 0Vx € Va (1)}

Real Variety with some supporting hyperplanes.

We obtain: conv(Wg(/)) = {x € R"|f(x) > 0Vf € Fsypp}
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Special case: Convex hull of a real algebraic variety

Sequence of approximations called Moment relaxation (Lasserre/Laurent)
or Theta bodies (Gouveia, Parrilo, Thomas) for an ideal /:

TH1(1) 2 THy(1) D ... D conv(Vr(/))
with
Def.: Theta body
The set of all points

THk(/):{XGRn‘fZOVfGF/,k}

where Fj contains all affine polynomials f = a' x — b such that

f= Za,? mod / with deg(o;) < k.
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Special case: Convex hull of a real algebraic variety

Sequence of approximations called Moment relaxation (Lasserre/Laurent)
or Theta bodies (Gouveia, Parrilo, Thomas) for an ideal /:

TH1(1) 2 THy(1) D ... D conv(Vr(/))
with
Def.: Theta body
The set of all points

THk(/) :{X GRn‘fZ OV fe F/,k}
where Fj contains all affine polynomials f = a' x — b such that

f= Za,? mod / with deg(o;) < k.

We call an ideal THy-exact if THx(/) = conv(V&(/)).
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The set THy(/) is (the closure of) the projection of a spectrahedron

THi(l) = {x € R"|Jy € R™ with A(x,y) = 0}
...obtainable by a SOS/Moment construction!
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The first Theta body THy(/):

TH(/) =

N

qe{convex quadrics in I}
Moderate size SDP representation:

conv Vk(q)

e Semidefinite cone of size (n+ 1) x (n+ 1)
e Number of variables bounded by (

n+2)
2
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Facial structure of conv(Gry ) is well known:
@ Only |n/2]| face orbits

e (Up to symmetry) only one inclusion maximal face

All Grassmann orbitopes conv(Gry,,) are THi-exact.
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Facial structure of conv(Gry ) is well known:
@ Only |n/2]| face orbits

e (Up to symmetry) only one inclusion maximal face

All Grassmann orbitopes conv(Gry,,) are THi-exact. '
We have THi(h,,) D conv(Grp ). To show: Every inclusion maximal face

F ={x € R"|f(x) = 0} of conv(Grp ) is also a face of THi(l,,).
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The case conv(Gry )

Facial structure of conv(Grs, ) is well known:
@ Only |n/2]| face orbits
e (Up to symmetry) only one inclusion maximal face

Theorem

All Grassmann orbitopes conv(Gry ) are THi-exact.

We have THi(h,,) D conv(Grp ). To show: Every inclusion maximal face
F ={x € R"|f(x) = 0} of conv(Grp ) is also a face of THi(l,,).

Well, there is essentially only one... take e.g. f(x) =1—>"; poj_12 and
we can explicitly compute f(x) = Y. 02 mod b , with o; affine (thus F is
also a face of THi(k,n)).
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General Grassmann orbitopes

More general conv(Gry ,): Face lattice is more complicated (and only
understood in certain cases).

E.g. for conv(Grz ) we have, [Morgan, '85]:

@ Four types of faces: vertices, edges, complex faces, special Lagrangian
faces

@ Inclusion maximal faces: Special Lagrangians and edges

o (Up to symmetry) only one special Lagrangian face orbit but infinitely
many edge orbits

Showing THj-exactness requires infinitely many (or a parametrized) SOS
decomposition or new techniques.
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Linear optimization over the Grassmannian

Experimental evidence: Optimizing linear functionals ¢(&) over THy(lk p)
and comparing with optimal value over conv(Gry ) (where it is known).

That is, compare

maxigmize (&)

subject to & € conv(Gry,j).

with

minimize A
T
: — 2

subjectto A —¢ = E o; mod I pn,

i
A € R, g; affine poly’s.
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Linear optimization over the Grassmannian

Experimental evidence: Optimizing linear functionals ¢(&) over THy(lk p)
and comparing with optimal value over conv(Gry ) (where it is known).

Result:
@ All tested cost functions for conv(Grsg), conv(Grs7), ...,
conv(Grs g) lead to correct results.
o Corresponding optimal faces have correct dimension.

@ Reasonable computation time even for relatively large orbitopes.
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conv(Gra 4) 6 1 <05
conv(Grae) 15 15 0.5
conv(Grz g) 28 70 1
conv(Grz 10) 45 210 6
conv(Grz 12) 66 495 60
conv(Gr2,13) 78 715 200
conv(Grz ) 20 35 0.6
conv(Grz 7) 35 140 2
conv(Grzg) 56 420 40
conv(Grz ) 84 1050 570
conv(Gra g) 70 721 180

Table: Average computation time for optimizing a generic cost function.

t@Lenovo T60, 2GHz, 1GB RAM o & = = DA
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Associative
Special Lagrangian 12 12
CP2 8 8
CP1 3 3
Double CP1 3 3
Vertex 0 0
Edge 1 1
S3 13 13
S2 8 8
S1 4 4

Table: All types of faces of conv(Grs 7), [Harvey, Morgan, '86] can be found in TH1(k,7)!



In [Harvey and Lawson, '82] it is conjectured that
maximize
3

is equivalent to

¢(¢)

subject to & € conv(Gry, ).
minimize

3O

A

where Jy

A € R, g; linear poly's.
(quad. Plicker rel's) + —T).

«O>» «(Fr «Zr «E» = Q>
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Conclusion

(Lifted-) Spectrahedral descriptions for orbitopes are desirable
TH-bodies/moment relaxations often generate good approximations

Grassmann orbitopes conv(Grp ) are THi-exact

Strong numerical evidence for higher Grassmannians to be THj-exact

What other Grassmann orbitopes conv(Gry,,) are THi-exact? All?

How about other orbitopes?
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Recall from Frank’s talk: Sections of Orbitopes

Tautological orbitope:
conv(O(n)) = conv{g-1Id,|g € O(n)}

face orbits characterizable by a cube.
Cube for conv(

conv(SO(n)) = conv{g-Id, | g € SO(n)} A

face orbits characterizable by a halfcube.
Halfcube for conv(SO(n

Schur-Horn orbitopes:

(’)M:conv{g‘M‘gT]gESO(n)} @

face orbits characterizable by a permutahedron.
Permutahedron for Oy,.
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Results on other orbitopes

Theorem

Each of the previous orbitopes is THy-exact if the underlying polytope is
THg-exact. (For k =1 also the reverse implication holds.)

More precisely:

@ The O(n)-orbitopes are THj-exact.
@ The SO(n)-orbitopes are THj-exact only for n =1,2,3, 4.

@ The symmetric/skew symmetric Schur-Horn orbitopes are usually not
TH1-exact.

Cube for conv(O(n)). Halfcube for conv(SO(n)). Permutahedron for Oy.
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THi-exact polytopes

Theorem (Gouveia, Parrilo and Thomas, '08)

For a finite set S C R", the vanishing ideal I(S) is THy-exact if

P = conv(S) is a (k + 1)-level? polytope. (For k =1 also the reverse
implication holds.)

‘i.e. P={x € R"|gi(x) > 0} s.t. all g; take at most k + 1 different values on S.

KB WY

Different 2-level polytopes.
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Thank you very much for your attention!
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