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Introduction

The odd trigonometric moment curve

SMak(0) = (cos(8),sin(0), cos(30),sin(30),. .., cos((2k—1)0),sin((2k—1)8)),

Bak = conv(SMak([0, 27])).
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The odd trigonometric moment curve

SMak(0) = (cos(8),sin(0), cos(30),sin(30),. .., cos((2k—1)0),sin((2k—1)8)),

«

Bak = conv(SMak([0, 27])).

Why?
» By centrally symmetric and has many faces
— good for making polytopes with many faces
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Introduction

The odd trigonometric moment curve

SMak(0) = (cos(8),sin(0), cos(30),sin(30),. .., cos((2k—1)0),sin((2k—1)8)),

«

Bak = conv(SMak([0, 27])).

Why?
» By centrally symmetric and has many faces
— good for making polytopes with many faces

» An interesting convex body in its own right
(orbitope, projection of a spectrahedron)
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Motvation: centrally symmetric polytopes with many faces

Idea: If SMy(61),...,SMo(6;) form a face on sz then they form a
face on conv{Sl\/lgk(Gl) ..... , SMoi(6;), SMok(0j11) - - ., SMoy (0

)

0

Cynthia Vinzant Faces of the Barvinok-Novik orbitope



Motvation: centrally symmetric polytopes with many faces

Idea: If SMy(61),...,SMo(6;) form a face on sz then they form a
face on conv{Sl\/lgk(Gl) ..... , SMoi(6;), SMok(0j11) - - ., SMoy (0

]

Theorem (Barvinok, Novik 2008)
For d = 2k fixed, j < k — 1 and n — oo, there is ¢j(d) € R4 with

0

fma)(((rft)n;j) — 21d (1)7
J

i1

¢(d) +o(1) <

where fmax(d, n;j) is the maximum number of j — faces on a
centrally symmetric polytope with dimension d and n vertices.
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Motivation: an interesting convex body

Sanyal, Sottile, & Sturmfels (2009) remark that convex hull of the
full trigonometric moment curve,

(cos(6),sin(6), cos(20),sin(20), ..., cos((2k — 1)8),sin((2k — 1)6)

is a Toeplitz spectrahedron.
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Motivation: an interesting convex body

Sanyal, Sottile, & Sturmfels (2009) remark that convex hull of the
full trigonometric moment curve,

(cos(6),sin(6), cos(20),sin(20), ..., cos((2k — 1)8),sin((2k — 1)6)

is a Toeplitz spectrahedron.

= The orbitope By is a projection of a spectrahedron.

1 znn oo =3

. z1 1l zn =z

B, — X X : dx with [~
4 ( 1,Y1, 37.y3) 2,)2 Zy 71 1 zZ1 -

zz o oz 1

where z; = x; + Iy;.
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Faces of By, « trigonometric polynomials
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Faces of By, « trigonometric polynomials

K
linear function on R c+ E agXod—1 + bgxog
d=1
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Faces of By, « trigonometric polynomials

K
linear function on R c+ E agXod—1 + bgxog
d=1
k

trig poly ofdeg < 2k — 1 c+ Z a4 cos(2d — 1)8 + by sin(2d — 1)6
d=1
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Faces of By, « trigonometric polynomials

K
linear function on R c+ Z agXod—1 + bgxog
d=1
!
k
trig poly ofdeg < 2k — 1 c+ Z a4 cos(2d — 1)8 + by sin(2d — 1)6
d=1
k . .
=c+ Y (ag+ ibg)e'®I 4 (ay — ibg)e~ 41
d=1
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Faces of By, « trigonometric polynomials

K
linear function on R c+ Z agXod—1 + bgxog
d=1
!
k
trig poly ofdeg < 2k — 1 c+ Z a4 cos(2d — 1)8 + by sin(2d — 1)6
d=1
k . .
=c+ Y (ag+ ibg)e'®I 4 (ay — ibg)e~ 41
d=1

SMo(01), ..., SMai(0,) form a face on By

=

<o
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Faces of By, « trigonometric polynomials

K
linear function on R c+ Z agXod—1 + bgxog
d=1
!
k
trig poly ofdeg < 2k — 1 c+ Z a4 cos(2d — 1)8 + by sin(2d — 1)6
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k . .
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SMo(01), ..., SMai(0,) form a face on By

< 3 p(z)=c + ZZ:I cgz?@7 + gz (29=1) with
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Faces of By, « trigonometric polynomials

K
linear function on R c+ Z agXod—1 + bgxog
d=1
!
k
trig poly ofdeg < 2k — 1 c+ Z a4 cos(2d — 1)8 + by sin(2d — 1)6
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k . .
=c+ Y (ag+ ibg)e'®I 4 (ay — ibg)e~ 41
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SMo(01), ..., SMai(0,) form a face on By

< 3 p(z)=c + ZZ:I cgz?@7 + gz (29=1) with

» p>0onS! and
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Faces of By, « trigonometric polynomials

K
linear function on R c+ Z agXod—1 + bgxog
d=1
!
k
trig poly ofdeg < 2k — 1 c+ Z a4 cos(2d — 1)8 + by sin(2d — 1)6
d=1
k . .
=c+ Y (ag+ ibg)e'®I 4 (ay — ibg)e~ 41
d=1

SMo(01), ..., SMai(0,) form a face on By

& 3 p(z) =+ 25:1 cgz2d=1 4 &5z=(24=1) with
» p>0onS! and
> {zeS': p(z) =0} ={e, ... e}
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The plan: understand the faces of By,

» Introduce a useful projection/section of Byy
» Warm up: B,

» Main theorem: Edges of By

» Finale: Bg
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The plan: understand the faces of B,

» Introduce a useful projection/section of Byy
» Warm up: B,

» Main theorem: Edges of By

» Finale: Bg

Main Theorem
For a, 5 € [0, 27], the line segment [SMak (), SMak(3)] is

an exposed edge if | — B <2m(k—1)/(2k — 1)
a non-exposed edge if o —pB|=2n(k—1)/(2k — 1)
not an edge if | — B >2n(k —1)/(2k — 1).
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The odd cosine moment curve

Let Cy(0) := (cos(8), cos(30), ..., cos((2k — 1)0)).
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The odd cosine moment curve

Let Cy(0) := (cos(8), cos(30), ..., cos((2k — 1)0)).

Let H:={x€R? : xp=x4=...= x4 =0}
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The odd cosine moment curve

Let Cy(0) := (cos(8), cos(30), ..., cos((2k — 1)0)).
Let H:={x €R?>* : xp =x4 = ... = xox = 0}.

Claim: Then conv(Cy) is both my(Bak) and H N Byg.
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The odd cosine moment curve

Let Cy(0) := (cos(8), cos(30), ..., cos((2k — 1)0)).
Let H:={x €R?>* : xp =x4 = ... = xox = 0}.

Claim: Then conv(Cy) is both my(Bak) and H N Byg.

%SMgk(—H) + %SMgk(O) — (cos(6), 0, cos(30),0,. .., cos((2k — 1)9), 0).
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The odd cosine moment curve

Let Cy(0) := (cos(8), cos(30), ..., cos((2k — 1)0)).
Let H:={x €R?>* : xp =x4 = ... = xox = 0}.

Claim: Then conv(Cy) is both my(Bak) and H N Byg.

%SMgk(—H) + %SMgk(H) — (cos(6), 0, cos(30),0,. .., cos((2k — 1)9), 0).

R2k TH Rk
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Warm up : G and B,

The faces of conv((,) tell us the
balanced faces of Bj.

RECRY
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Warm up : G and B,

The faces of conv((,) tell us the
balanced faces of Bj.

RER%

As shown by Barvinok & Novik (2008), the exposed faces of B, are

dim | conv( - )
0 SMy () : a € [0,2n]
1 SMa(cr), SMa(B) ¢ |la—=pl<2n/3
2 | SMy(), SMy( +27/3), SMy(ac + 4m/3) a € [0,27]
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Edges of B,

Theorem (Barvinok, Novik, 2008) There exists ¢) > %,’i—jw so
that for «, 5 € [0, 27], the line segment [SMay (), SMak ()] is

an exposed edge if |a — ] < dx
not an edge if |o — B| > k.
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Edges of B,

Theorem (Barvinok, Novik, 2008) There exists ¢) > %,’i—jw o)
that for «, 8 € [0, 27], the line segment [SMax (), SMak(B)] is
an exposed edge if |a — ] < dx
not an edge if |o — B| > k.

Conjecture (" ") ¢y = 2=27.

Cynthia Vinzant Faces of the Barvinok-Novik orbitope



Edges of B,

Theorem (Barvinok, Novik, 2008) There exists ¢) > i %w so
that for «, 5 € [0, 27], the line segment [SMay (), SMak ()] is

an exposed edge if |a — ] < dx
not an edge if |o — B| > k.

Conjecture (" ") ¢y = 2=27.

Theorem (V.) For 6 € (54, 2
the point C(0) lies in the interior of conv(Cy).

Ca(/3)
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Edges of B,

Theorem (Barvinok, Novik, 2008) There exists ¢) > i %w o)
that for «, 8 € [0, 27], the line segment [SMax (), SMak(B)] is
an exposed edge if |a — ] < dx
not an edge if | — 3] > o

Conjecture (" ") ¢y = 2=27.

Theorem (V.) For 6 € (54, 2
the point C(0) lies in the interior of conv(Cy).

Corollary ¢y = %i—jw.
Ca(n/3)
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Curves dipping behind facets

C(t) = (f(t),..., f4(t)), a polynomial curve
F = conv{C(ty),..., C(t)}, a facet of conv(C)

Claim: If C is smooth at ty and C(ty) + ¢C’(tp) is in the relative
interior of F then C(tp + ¢) is in the interior of conv(C).
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Curves dipping behind facets

C(t) = (f(t),..., f4(t)), a polynomial curve
F = conv{C(ty),..., C(t)}, a facet of conv(C)

Claim: If C is smooth at ty and C(ty) + ¢C’(tp) is in the relative
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Curves dipping behind facets

C(t) = (f(t),..., f4(t)), a polynomial curve
F = conv{C(ty),..., C(t)}, a facet of conv(C)

Claim: If C is smooth at ty and C(ty) + ¢C’(tp) is in the relative
interior of F then C(tp + ¢) is in the interior of conv(C).

TF

7r(C(to + €)) € interior(mgF)
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Curves dipping behind facets

C(t) = (f(t),..., f4(t)), a polynomial curve
F = conv{C(ty),..., C(t)}, a facet of conv(C)

Claim: If C is smooth at ty and C(ty) + ¢C’(tp) is in the relative
interior of F then C(tp + ¢) is in the interior of conv(C).

TF

7e(C(to + €)) € interior(mgF) = C(ty) + ¢C'(ty) € rel.interior(F)
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Curves dipping behind facets

C(t) = (f(t),..., f4(t)), a polynomial curve
F = conv{C(ty),..., C(t)}, a facet of conv(C)

Claim: If C is smooth at ty and C(ty) + ¢C’(tp) is in the relative
interior of F then C(tp + ¢) is in the interior of conv(C).

TF

7e(C(to + €)) € interior(mgF) = C(ty) + ¢C'(ty) € rel.interior(F)
= C(to +€) € interior(conv(C))
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Trigonometry is useful.

Now use C = Cs, and
F= conv{G3(0m), C3(2?7r)7 C3(4?)}'
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Trigonometry is useful.

Now use C = Cs, and
F= conv{G3(0m), C3(2?7r)7 C3(4?)}'

O Need to show G(3E +€) € me(F).

C>(4n/5)

C,(2n/5)
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Trigonometry is useful.

Now use C = Cs, and
F= conv{G3(0m), C3(2?7r)7 C3(4?)}'

‘ O Need to show G(3E +€) € me(F).

Use trigonometry to explicitly find
functions giving facets of wg(F)

C>(4n/5)

C,(2n/5)
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Trigonometry is useful.

Now use C = Cs, and
F= conv{G3(0m), C3(2?7r)7 C3(4?)}'

Need to show Go(3E + €) € mg(F).

C2@n/5) Use trigonometry to explicitly find

functions giving facets of wg(F)

Cy(n/3)
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Trigonometry is useful.

Now use C = Cs, and
F= conv{G3(0m), C3(2?7r)7 C3(4?)}'

Need to show Go(3E + €) € mg(F).

C2@n/5) Use trigonometry to explicitly find

functions giving facets of wg(F)

and their roots and signs.
Cx(n/3)
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Trigonometry is useful.

Now use C = G5, and
F= conv{G3(0m), C3(%“), G(45)}.
Need to show Go(3E + €) € mg(F).

Use trigonometry to explicitly find
functions giving facets of wg(F)

and their roots and signs.

cos(4m/5)xy + cos(2m/5)x2 = x1 + x2
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Trigonometry is useful.

Now use C = G5, and
F= conv{G3(0m), C3(%“), G(45)}.
Need to show Go(3E + €) € mg(F).

Use trigonometry to explicitly find
functions giving facets of wg(F)

and their roots and signs.

— all positive on Go(3E + €).

cos(4m/5)xy + cos(2m/5)x2 = x1 + x2
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Trigonometry is useful.

Now use C = G5, and
F= conv{G3(0m), C3(%“), G(45)}.
Need to show Go(3E + €) € mg(F).

Use trigonometry to explicitly find
functions giving facets of wg(F)

and their roots and signs.

— all positive on Go(3E + €).

cos(4m/5)xy + cos(2m/5)x2 = x1 + x2 O
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Finale: (5 and Bg

The Zariski-closure of 0 conv((C3) has
5 components: 2 tritangent planes
and 3 edge surface components of
degrees 4,4, and 7.

Cynthia Vinzant Faces of the Barvinok-Novik orbitope



Finale: (5 and Bg

The Zariski-closure of 0 conv((C3) has
5 components: 2 tritangent planes
and 3 edge surface components of
degrees 4,4, and 7.

The balanced faces of Bg:
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Finale: (5 and Bg

The Zariski-closure of 0 conv((C3) has
5 components: 2 tritangent planes
and 3 edge surface components of
degrees 4,4, and 7.

The balanced faces of Bg:

exposed points of (3 «+ edges of Bg
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Finale: (5 and Bg

The Zariski-closure of 0 conv((C3) has
5 components: 2 tritangent planes
and 3 edge surface components of
degrees 4,4, and 7.

The balanced faces of Bg:

exposed points of (3 «+ edges of Bg
some edges <«  2-dim. faces on Bg

Q0
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Finale: (5 and Bg

The Zariski-closure of 0 conv((C3) has
5 components: 2 tritangent planes
and 3 edge surface components of
degrees 4,4, and 7.

The balanced faces of Bg:
exposed points of (3 «+ edges of Bg

some edges <«  2-dim. faces on Bg
some edges <«  3-dim. faces on Bg

QOO0
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Finale: (5 and Bg

The Zariski-closure of 0 conv((C3) has
5 components: 2 tritangent planes
and 3 edge surface components of
degrees 4,4, and 7.

The balanced faces of Bg:

exposed points of (3 «+ edges of Bg
some edges <«  2-dim. faces on Bg
some edges <«  3-dim. faces on Bg
triangent planes < 4-dim. faces on Bg

OO0 0

Cynthia Vinzant Faces of the Barvinok-Novik orbitope



Finale: (5 and Bg

The Zariski-closure of 0 conv((C3) has
5 components: 2 tritangent planes
and 3 edge surface components of
degrees 4,4, and 7.

The balanced faces of Bg:

exposed points of (3 «+ edges of Bg
some edges <«  2-dim. faces on Bg
some edges <«  3-dim. faces on Bg
triangent planes < 4-dim. faces on Bg

QQOOL O
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