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Loewner Equation

 Hydrodynamic b.c.: gt(z) = z + O(
1

|z| ), z →∞

 Initial condition: g0(z) = z

 Loewner function: gt : H\Γt → H

 Chordal Loewner equation: ġt(z) =
d(t)

gt(z)− a(t)

gt(z) = z + O(
1

|z| ), z →∞

 d(t) :  growth factor (related to the hull capacity; d(t) = 2, w.l.g.)

“physical plane” “mathematical plane”
g
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: driving function

 Simple curve: γ : (0,∞)→ H, Γt = γ(0, t]

a(t) = g(γ(t))



Stochastic Loewner Evolution

 Scaling limit of 2D statistical mechanics models

 Random driving function:

 Connections with conformal field theory

a(t) =
√

κW (t)

Schram (2000) and many others



Laplacian Growth as a Loewner Evolution

 Complex potential:

 Uniform ‘flow’ at infinity:

w = ψ + iφ

 Loewner function is the complex potential: w = gt(z)

w=g (z)t

w = 

a ( )t0

 = 0

+i

w(z) ≈ z, z →∞
 Tip grows along gradient field lines: v ∼ |�∇φ|η

∇2φ = 0



Loewner Equation for a Single Curve
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 Iterated maps: gt = F (gt+τ )

 Slit mapping:

ġt(z) =
d(t)

gt(z)− a(t)
, ȧ(t) = 0

w = F (ζ)

 Growth factor: d(t) = |f ��t (a(t))|−η/2−1, ft(w) = g−1
t (w)

 In the limit             :τ → 0



Fingered Growth

 Dynamics of singularities:

 Loewner equation:

 Exact solutions for 2 and 3 symmetric fingers: 

ġt =
�n

i=1
di(t)

gt−ai(t)

n a (t)11z
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ȧi(t) =
�

j �=i
dj(t)

ai(t)−aj(t)

Carleson & Makarov 2002, Selander 1999

Gubiecc & Szymczak, 2008
Durán & GLV, 2010
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FIG. 2: Three fingers growing in the upper-half plane. In (a) we have a symmetrical configuration

with d1 = d2 = d2 = 1 and initial positions of the fingers at a3(0) = −a1(0) = 1 and a2(0) = 0;

in (b) we have d1 = 1, d2 = 5, d3 = 0.9, while the initial positions are a3(0) = −a1(0) = 1 and

a2(0) = −0.4.

used constant growth factors (although with different values for each finger) rather than

equation (10).

Before leaving this section we wish to recall here that the evolution entailed by the chordal

Loewner equation, as given by (8) or (11), describes a rather general class of “local growth”

processes [5] in which there is one curve or a set of curves growing from the real axis into

the upper-half plane H. Indeed, it is a theorem [5, 6] that if Γ[0,∞] is a simple curve from

the origin to ∞ in the upper-half plane H, then there exists a function a(t) such that the

curve is generated by a Loewner evolution. Conversely, if a(t) is a sufficiently well-behaved

function (more specifically, Hölder continuous with exponent > 1/2), then γt = g−1
t (a(t)) is

a growing curve in H. More general growth processes not restricted to growing curves can

be generated by the so-called “Loewner chains” [5]:

ġt(z) =

∫

R

ρ(x)dx

gt(z) − x
, (15)

where the density of singularities ρ(x) can be viewed as a measure of the growth rate at a

point z at the boundary of the growing set that is the preimage of x under gt(z). Since the

shape of the growing domain is fully encoded in the map gt(z), equation (15) specifies the

growth model once the density ρ(x) is known. Although the formalism of Loewner chains

is rather general, its practical usefulness is somewhat limited by the requirement that the

relevant density ρ(x) must be specified a priori. In this context, it should be noted that the

8
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FIG. 2. Three fingers growing in the upper-half channel. In (a) we have a symmetrical configuration

with d1 = d2 = d2 = 1, with initial positions of the fingers at a3(0) = −a1(0) = 0.4 and a2(0) = 0;

in (b) we have the same initial conditions as in (a) but with d1 = 1, d2 = 1, and d3 = 2. The final

time in both cases is t = 1.

generality we can take di(t) = 1, since this amounts to a mere rescaling of the time variable.

(Note, however, that in the case of competing fingers, we can fix only one of the di’s.)

It is interesting to notice that in terms of the transformed variable g̃t defined by

g̃t = sin
(π

2
gt
)

, (24)

the Loewner equation (22) can be rewritten more conveniently as

˙̃gt =
π2

4
(1− g̃2t )

n
∑

i=1

di(t)

g̃t − ãi(t)
, (25)

where

ãi(t) = sin
[π

2
ai(t)

]

. (26)

Similarly, Eq. (23) becomes

˙̃ai = −
π2

8
di(t)ãi +

π2

4
(1− ã2i )

n
∑

j=1

j !=i

di(t)

ãi − ãj
. (27)

We thus see that the transformed Loewner equation given in (25) is somewhat similar to the

chordal Loewner equation for multiple fingers in the upper half-plane [1, 6]. In particular,

it becomes a simple matter to integrate (25) numerically to find the finger shapes.

An example of a symmetrical configuration with three fingers is shown in Fig. 2(a). Here

we have d1 = d2 = d3 = 1, with symmetrical initial conditions. Note that in this case the

8



Fingered Growth in the Channel Geometry
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 Loewner equation: ˙̃gt =
π2

4
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8
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 Loewner equation: ˙̃gt =
π2

4
(1− g̃2

t )
n�

i=1

di(t)
g̃t − ãi(t)

˙̃ai = −π2

8
di(t)ãi +

π2

4
(1− ã2

i )
n�

j=1
j �=i

di(t)
ãi − ãj

where

g̃t = sin
�π

2
gt

�

gt: P \ !!1"t# ! ¯ ! !n"t#$ → P, "24#

together with its inverse f t. The boundary condition at the
bottom wall is different from that at the sides, thus the points
−1 and 1 must remain fixed under the mapping f t, or, in
terms of gt,

lim
z→−1

gt"z# + 1 = lim
z→1

gt"z# − 1 = 0. "25#

Additionally, we require that gt keeps the point at infinity
fixed, i.e.,

Im„gt"z#… → " for Im"z# → " . "26#

Those conditions define the conformal map gt uniquely.
First let us consider the case of a single finger. The deri-

vation of the Loewner equation in this case will be analogous
to that presented above for the half-plane. However, the slit
mapping is now different. The idea of construction of the
mapping is shown in Fig. 8. As before, we begin with a short
slit of length h=%2#d. The first function “1” transforms P
into the half-plane keeping points A=−1, E=1 fixed and is
given by sin" $

2 z#. When the slit length is small, h%1, its
length after the transformation 1 can be calculated from the
Taylor expansion up to linear terms in #,

sin&$

2
"a + i%2#d#' ( &1 +

$2

4
#d'sin&$

2
a'

+
i$

2
%2#d cos&$

2
a' + ¯ . "27#

Denoting the new length of the slit by %2#d! we get

d! = d
$2

4
cos2&$

2
a' + O"#2# . "28#

Function “2” is the slit mapping in the half-plane given by
Eq. "13#. The composition of 1 and 2 reads then

&"z# =%)sin&$

2
z' − ' sin&$

2
a'*2

+ 2#d!, "29#

where '= "1+ $2

4 #d#. The above slit mapping moves the
points A and E. To shift them back to −1 and 1, we use an
additional map, “3,” which is a linear function with real pa-
rameters. The map “4” is just the inverse of 1, i.e.,
2
$arcsin"z#. The final form of ( is thus given by

("z# =
2
$

arcsin)2&"z# − !&"1# + &"− 1#$
&"1# − &"− 1# * . "30#

Keeping only the terms linear in #,

("z# = z + #d
$

2

cos" $
2 z#

sin" $
2 z# − sin" $

2 a#
+ O"#2# , "31#

we obtain the Loewner equation of the form

ġt = d"t#
$

2

cos" $
2 gt#

sin" $
2 gt# − sin( $

2 a"t#)
. "32#

Note that due to the presence of the sidewalls the slit map-
ping is no longer symmetric, in the sense that the images of
the points B and D at the base of the finger are asymmetric
with respect to the image of C "cf. Fig. 8#. This means that,
in contrast to the half-plane case, the pole a=gt")# will be
shifted by the mapping. This shift may be obtained from the
Loewner equation in the limit gt"z#→a. However, the equa-
tion is singular at that point, thus we take the symmetric limit
from both sides toward a singularity as follows:

ȧ"t# = lim
*→0

W"a − *# + W"a + *#
2

, "33#

where W"g#=d $
2 cos" $

2 g# / !sin" $
2 g#−sin" $

2 a#$. Explicit evalu-
ation of the limit yields

ȧ"t# = −
$

4
d"t#tan&$

2
a"t#' . "34#

The equation for the n-finger case may be obtained, as be-
fore, by the composition of n-slit mappings, one for each
finger, which leads to

ġt =
$

2 +
i=1

n

di
cos" $

2 gt#
sin" $

2 gt# − sin" $
2 ai#

. "35#

Finally, to derive the condition for the motion of the poles in
the n-finger case, we need to add self terms of the form "34#
and the interaction terms, which may be obtained from Eq.
"35# by taking gt=aj with i! j. This leads to

ȧj = −
$

4
dj tan&$

2
aj' +

$

2 +
i=1

i!j

n

di
cos" $

2 aj#
sin" $

2 aj# − sin" $
2 ai#

.

"36#

The presence of the self term, Eq. "34#, attracts the pole to
a=0, which is a stable fixed point of Eq. "34# and causes the
finger to bend in the direction of the centerline of the
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FIG. 8. Schematic picture of the mappings used in construction
of elementary slit mapping ( in the channel geometry.
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cient is taken to be D�0.25 cm2/s. We ignore its tempera-
ture dependence.

The measured quantities are �with the typical systematic
error� as follows.

�i� Front velocity u (�0.05 cm/s).
�ii� Finger width w (�0.05 cm).
�iii� Distance between fingers d (�0.05 cm).
�iv� Density, thickness, and composition of products.
�v� Oxygen content of the gaseous products (�10%).
u , d, and w were measured through CCD images of the

front �we used a Sony XC-75CE camera, peaks in the visible
range, digitization matrix of 736�512, and with geometrical
distortion less than 2%�. The front velocity was measured
with a code that we added to the software NIH Image 1.6

�28�. It automatically identifies the propagating front in pre-
determined steps. The accuracy in resolving the front is

about five pixels. The composition of the solid products

�char� was measured with gas chromatography �29�. The
oxygen content was measured by an electrochemical sensor

�we used ‘‘Emproco’’ 020697 with a typical response time
of 5 s and probe diameter of 0.3 cm�. The sensor is fed by a
slow suction pump �at 0.1 LPM�. The temperature of the
front was measured to be 600�40 °C �using a nitrogen
cooled IR camera�.

III. THEORETICAL AND PHENOMENOLOGICAL

PICTURE

The instability is controlled by the Péclet number, defined

as Pe�VO2
h/D . At Pe greater than some critical value Pec ,

the uniformly fed front is smooth �Fig. 6�a��. As Pe is
slightly decreased, small bumps that exist along the interface

begin to compete over the oxygen, and the front develops a

structure which marks the onset of instability �Fig. 6�b��.

When the oxygen supply is further decreased, lateral diffu-

sion currents become important and the structure becomes

periodic �Fig. 6�c��. As the supply is further decreased, the
peaks of the periodic structure deplete the oxygen in their

vicinity, and separate into fingers �Fig. 6�d��. This transition
occurs at different number Pec1. The narrow band Pec1�Pe
�Pec is the onset regime. It is characterized by a connected
front with a cellular structure. The focus of this paper is on

the developed fingering state Pe�Pec1.
Figure 6�d� shows a typical fingering pattern in the devel-

oped regime. The pattern develops by recurrent tip splitting.

Combustion occurs only in the limited vicinity of the tips �in
all the regimes� and there is no reaction behind the front �or
along the fingers�. Fingers that are closer to the oxygen
source screen neighboring fingers. The screened fingers stop

growing and the tips of the screening fingers split. The local

dynamic mechanism for tip splitting is as yet unknown. We

expect that the widening of the finger prior to the tip splitting

will give some insight into this problem. The splitting main-

tains constant both the average finger width w and the spac-

ing between fingers d.

As Pe is decreased, d grows. At a certain stage, d is suf-

ficiently large to allow fingering without screening and we

FIG. 5. Typical x�t data for measurements of u. VO2

�8.6 cm/s, empty circles �connected front, no fingering�; VO2
�2 cm/s, full circles �fingering and tip splitting�; VO2�0.2 cm/s
�verge of extinction, fingering, without tip splitting�, full squares.
The respective front velocities are u�0.41, 0.21, and 0.045 cm/s.
The lines represent the linear fits from which the velocity is mea-

sured. The small arrow marks the point at which the transient �ini-
tial boost� of the propagation near extinction (VO2�0.2 cm/s) ends
and the measurement begins �see Fig. 4�. The transition from the

ignition stage to the steady state is sharp. x is defined as the position

of the foremost finger. Similar results are obtained when x is de-

fined as the average finger position.

FIG. 6. Steady-state patterns in counterflow combustion of thin

solid fuel as a function of oxygen flow VO2
�decreasing from �a� to

�e��. �a� Stable front, �b� irregular front, �c� periodic pattern, �d�
fingering pattern with tip splitting, �e� fingering without tip split-
ting. In all regimes, a bright spot �like the one at the tip of the
central finger� typically appears just before the tip stops growing.
The charred area �black� propagates from bottom to top. The fin-

gering pattern defines two length scales: the finger width w and the

spacing between fingers d. The scale bars are 1 cm. The gap be-

tween plates is h�0.5 cm. The oxygen flow velocity VO2 is directed

downwards and the front velocity u is directed upwards �arrows in
�d��. The values are �top to bottom� VO2�11.4, 10.2, 9.2, 1.3, 0.1
cm/s and u�0.5, 0.48, 0.41, 0.14, 0.035�0.01 cm/s.

PRE 60 521FINGERING INSTABILITY IN COMBUSTION: AN . . .

Fingering in combustion, 
Zik & Moses, 2008



Loewner Chains

 Loewner function:

 Loewner equation:

Gubiecc & Szymczak, 2008

      : family of growing hulls in Kt

gt : H\Kt → H

H

 Density          : ‘local growth rate’ 

Kt

Kt\H tg

ft

H

 Laplacian growth: ρ(x)t = |f �t(x)|−η−1, ft(w) = g−1
t (w)

ρt(x)

ġt(z) =
� ρt(x)dx

gt(z)−x



Interface Growth Model

 Loewner function:
 Endpoints,               , remain fixed

Durán & GLV, PRE, 2010

Gubiecc & Szymczak, 2008
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Loewner Equation for Interface Growth

 Schwarz-Christoffel formula:

Gubiecc & Szymczak, 2008
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 Iterated maps: gt = F (gt+τ )

 Expand integrand in first order of       :αi

gt =

� gt+τ

ai(t+τ)

N�

i=1

[ζ − ai(t+ τ)]−αi dζ + ai(t) + ihi

gt ≈
� gt+τ

ai(t+τ)

�
1−

N�

i=1

αi ln[ζ − ai(t+ τ)]

�
dζ + ai(t) + ihi



Loewner Equation for Interface Growth

 Dynamics of singularities:

Gubiecc & Szymczak, 2008

 Loewner equation:

 Growth factors:

w
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ġt(z) =
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di(t)[gt − ai(t)] ln[gt − ai(t)]

ȧi =
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dj(t)(ai − aj) ln |ai − aj |
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Examples: Single Tip

Gubiecc & Szymczak, 2008

 Symmetrical interface:
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 Loewner equation:

ġt(z) = d(t) {[gt + a(t)] ln[gt + a(t)] + [gt − a(t)] ln[gt − a(t)]− 2gt ln gt}

a2(t) = 0, a2(t) = −a1(t) = a(t)

 Evolution of a(t): ȧ(t) = (ln 4)d(t)a(t) ⇒ a(t) = a04
R t
0 d(t�)t�



Examples: Single Tip

Gubiecc & Szymczak, 2008

 Asymmetric interface:

 Asymmetry persists: tip approaches inclined straight line

-1 0 1 2
x

0

1

2

3

y

1



Examples: Two Tips

Gubiecc & Szymczak, 2008

 Symmetrical interface:

 Trajectories of tips and trough resemble three-finger case
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Examples: Two Tips

Gubiecc & Szymczak, 2008

 Asymmetric interfaces:
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 “Screening effect”: faster tip ‘screens’ slower tip 

d2 = −1, d3 = 0.8, d4 = −0.5



Multiple Interfaces

Gubiecc & Szymczak, 2008

 Same Loewner equation:

ġt(z) =
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Examples: Two Interfaces

Gubiecc & Szymczak, 2008

asymmetric interfaces
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symmetric interfaces

same ‘growth factors’ for both interfaces in both cases

Broken symmetry         “Screening effect”⇒



Interface Growth in the Channel Geometry
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Loewner Equation in the Channel Geometry

 Loewner equation:

Gubiecc & Szymczak, 2008
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Examples: Single Tip
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symmetrical

asymmetric

6.1 EQUAÇÃO DE LOEWNER PARA UMA INTERFACE NO CANAL 82

-1 -0.5 0 0.5 1
x

0

0.5

1

1.5

2

y

(a)

0 0,5 1 1,5 2
t

0

0.2

0.4

0.6

0.8

1

a t( )

(b)

Figura 6.3 (a) Evolução de Loewner para uma interface simétrica crescendo na geometria do canal. As

linhas mostram a interface para vários instantes de t a partir de t = 0,5 até t = 2,0 com uma separação
temporal !t = 0,3 entre interfaces sucessivas. (b) Evolução temporal da função a(t) correspondendo à
situação mostrada em (a).

tegramos a equação de Loewner (6.41) para trás no tempo a partir da condição g̃t = w̃, para

w̃ ∈ [−a(t),a(t)], a fim de obter os valores iniciais g̃0 dos quais determinamos os pontos z, que
correspondem à interface: z = 2

"
sin−1(g̃0). Da figura, vemos que com o passar do tempo a

interface se expande e tende a ocupar o canal completo. Vale a pena mencionar que a integra-

ção da equação de Loewner para além do último instante de tempo mostrado na Fig. 6.3(a), é

muito dificil porque a função a(t) toma valores muito próximos da unidade como se pode ver

da Fig. 6.3b, creando uma divergência no termo Ai(t) mostrado em (6.42).

6.1.3 Interface assimétrica

Agora estudamos uma situação na qual partimos de uma condição inicial assimétrica. Nesse

caso fixamos a1(0) a3(0) em posições simétricas, mas deslocamos a crista da interface do cen-

tro do canal, ou seja a2(0) #= 0. Na Fig. 6.4a mostramos um exemplo dessa situação com

a3(0) = −a1(0) = 0,2 e a2(0) = −0,1. Como visto na Fig. 6.4a a crista interface dirige-se
inicialmente para a parede esquerda do canal, dando a impressão de que a assimetria inicial

persistirá para qualquer tempo. Entretanto, para tempos muito longos é de se esperar que a

crista tenda para o eixo y, resultando em uma interface assintoticamente simétrica. Contudo, é

muito dificil prosseguir com a integração numérica da equação de Loewner para tempos maio-

res que os mostrados na Fig. 6.4a, uma vez que para os tempos finais mostrados na Fig. 6.4a a

função a1(t) já se torna muito próxima de −1.
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Figura 6.4 (a) Evolução de Loewner para uma interface assimétrica na geometria do canal para vários

valores de t, a partir de t = 0,5 até t = 1,7 com um intervalo de !t = 0,3 entre curvas consecutivas. A

linha tracejada corresponde à trajetória da crista da interface. (b) Evolução temporal das funções a1(t),
a2(t) e a3(t) correspondentes à situação mostrada em (a).

Outra maneira de gerar uma interface assimétrica é mostrada na Fig. 6.5a, onde a posição

inicial da interface foi deslocada para o lado direito do canal, correspondendo a a1(0) = 0,3,

a2(0) = 0,5 e a3(0) = 0,7, de maneira que a crista está em uma posição simétrica com respeito

de a1(0) e a3(0). Observe na Fig. 6.3a a tendência da crista a convergir para o eixo central do

canal, indicando que para tempos longos devemos ter uma interface assintoticamente simétrica

como no caso anterior. Contudo, pela mesma razão discutida acima é dificil integrar a equação

de Loewner para tempos longos; vide Fig. 6.5b.



Examples: Two Tips
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Examples: Multiple Interfaces
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symmetrical asymmetric
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Loewner Domains

Gubiecc & Szymczak, 2008

 Loewner equation: ġt(z) =

� b(t)

a(t)
κt(x)[gt(z)− x] ln[gt(z)− x]dx

 More generally: ġt(z) =

�

R
[gt(z)− x] ln[gt(z)− x]dµt(x)

where κt(x) = h��
t (x)

where µ(x) is a signed measure with
�

R
dµt(x) = 0,

�

R
xdµt(x) = 0
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  Can describe HS-like viscous fingering?

  Extension to radial geometry?

  Can generate random interfaces?

Future Directions

( )zg t

rough surface (KPZ, etc) DLA-like pattern

tinction, as the flux of the oxygen supplied to the system is
being lowered the initial instability of the combustion front
develops into the sparse fingers !cf. Fig. 1", which appear to
evolve in a regular or near-regular way. Similar fingered pat-
terns are also observed in reverse filtration combustion in
porous media #12$. For the “thin” finger model to be appli-
cable, the width of the fingers should be much smaller than
the separation between them. The concrete form of this con-
dition depends on the problem studied—e.g., for the combus-
tion problem this corresponds to the low Péclet number re-
gime #3$ !i.e., dominant diffusion in the transport equation".

Growth of the fingers demonstrates analogous instabilities
as the plane front, since the gradients around the tips of the
longer fingers are larger than those around shorter fingers.
This leads to the so-called “shadowing effect”—the longer
fingers grow faster and suppress the growth of the shorter
ones in their neighborhood, which in some cases gives rise to
a scale-invariant distribution of finger lengths #8,13$. Figures
2 and 3 present examples of such a competitive growth in the
channeling processes in dissolving rock and in the combus-
tion experiments described above.

In the absence of tip splitting, the number of competing
fingers eventually decreases and finally a single finger sur-
vives the competition and persists to advance, in analogy
with viscous fingering in a Hele-Shaw cell #14$. However, in
a number of more complex growth problems !e.g., in direc-
tional solidification", the growth of the fingers ceases to be
Laplacian in late stages of competition process, as the aver-
age distance between the surviving fingers increases. In such
cases, the final steady state of the system may correspond to
the multifinger array #15$.

Most of the experiments on nonequilibrium growth men-
tioned above were performed in a quasi-two-dimensional
!2D" geometry. A convenient way of solving the Laplace
equation in two dimensions is to use a conformal mapping
which transforms a domain under consideration to some sim-
pler region where the solution may easily be found. A re-
markable idea, due to Loewner #16$, is to trace the evolution
of the mapping instead of the evolution of the boundary it-

self. It turns out, namely, that the evolution of the map may
be in many cases described by the first order ordinary differ-
ential equation !Loewner equation", which represents a con-
siderable simplification in comparison to the partial differen-
tial equation describing boundary evolution. Loewner
evolutions are intensely studied in the theory of univalent
functions !for general references, see the monographs #17$
and for a recent physical introduction see #18,19$". The sub-
ject has recently attracted a lot of attention in the statistical
physics community in the context of stochastic Loewner
evolution !SLE", which has proved to be an important tool in
the study of two-dimensional critical systems #20$.

The exact form of the Loewner equation depends on the
shape of the domain in which the growth takes place. Usu-
ally, it is either the complex half-plane !where the initial
phase boundary corresponds to the real axis" or radial geom-
etry !where the initial boundary is the unit circle in the com-
plex plane". However, many experiments on the unstable
growth are conducted in a channel geometry, between two
reflecting walls. In this paper we show how to extend the
Carleson and Makarov model to such a geometry. Using con-
formal mapping formalism we derive a Loewner equation for
that case, which allows us to find the dynamics of the fingers
and analyze the shadowing process. As it turns out the influ-
ence of the walls is often crucial for the dynamics of the
fingers.

The structure of the paper is the following. In Sec. II, we
define the model of fingered growth. In Sec. III, the deriva-
tion of a Loewner equation for the half-plane is given, fol-
lowing Selander #5$. The trajectories of the fingers in the
half-plane are analyzed in Sec. IV. The next three sections
present our results on the fingered growth in the channel and
cylinder geometries, in particular, a Loewner equation for the
reflecting channel is derived in Sec. V and its solutions are
analyzed in Sec. VII, whereas in Sec. VI the connection be-
tween the reflecting channel and cylindrical geometry is ex-
amined. Finally, we conclude in Sec. VIII.

II. MODEL

With this introduction, let us formulate the model of fin-
gered growth to be considered. The growth takes place at the

FIG. 2. Competition in the fingered growth in combustion ex-
periments #3$. Initially equal sized fingers !bottom" evolve toward a
state where every other finger stops growing !top". The scale bar
corresponds to 1 cm.

FIG. 3. Competitive dynamics of the channels in the dissolving
rock fracture. The figures present the dissolution patterns at two
different time points. Similar to Fig. 2, longer channels grow faster
and suppress the growth of the shorter ones #8$.

T. GUBIEC AND P. SZYMCZAK PHYSICAL REVIEW E 77, 041602 !2008"
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Conclusions

  Interface growth model as a Loewner evolution.
  Loewner equation obtained for both upper half-

plane and channel geometry.
  Interesting dynamical features: finger competition, 

screening, etc. 
  Generalized model: Loewner domains 



Thank you.


