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Problem Statement: Index 1

min, ., J(p) = ¢(p.x(t;,p).¥(t;,p) + [ "5, p.x(s.),¥(5.p))ds

s.t. G(p) = ¥(p,x(¢;,p),¥(¢;,p)) + f fo(s,p,X(S,p),Y(S,p))ds <0

\_ 0 Y,

X(t,p) = £(t,p,x(t,p),¥(t,D)),  x(4y,P) = X,(P),
0 = g(t,p,x(t,p),¥(t,p)), ¥(ty;D) = ¥,(P).

x(t,p) |
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Solution Strategy

-

min, ., J(9) = 0(px(t,p).¥(E,p)) + [ Cspox(sp).¥(sp)ds

s.t. G(p) = ¥(p,x(¢;,p),¥(¢;,p)) + f Zfﬁ(s,p,X(S,p),Y(S,p))dS <0

X(t,p) = £(t,p,x(t,p),¥(t,D));,  xX(4y,P) = %,(P),
0 = g(t,p,x(t,p),¥(t,p)), ¥(ty;D) = ¥,(P).

¢ Sequential approach b min__p J(P)
> Regard J and G as unknown st. G(p) <0

(but computable) functions of p




Uiy pGEL

Solution Strategy

-

min, ., J(9) = 0(px(t,p).¥(E,p)) + [ Cspox(sp).¥(sp)ds

s.t. G(p) = ¥(p,x(¢;,p),¥(¢;,p)) + f Zfﬁ(s,p,X(S,p),Y(S,p))dS <0

. 0 J

4 )

x(t,p) = f(t,p,x(t,p),¥(t,p)), x(¢,,pP) = x,(P),
0 = g(t,p,x(t,p),¥(t,p)), ¥(ty;D) = ¥,(P).

\

¢ Convex underestimating b Milpep J(P)
program requires: st. G(p) <0

\.

1. J¢ a convex relaxation of J on P

( . )

C
2. G° a convex relaxation of G on P U, e p J (p)

¢ P a convex set s.t. G°(p) <0

\. J




Solution Strategy

I'h

-

\

s.t. G(p) = ¥(p,x(¢;,p),¥(t;,p)) + f Zfﬁ(s,p,X(S,p),Y(S,p))dS

min,_p J(p) = G(px(1,,p),¥(t;0)) + [ 050 x(5,0), ¥(5,p))ds

<0

N

J

x(t,p) = £(t,p,x(t,p), ¥(t, D)),
0 = g(t,p,x(t,p),¥(t,P)),

x(t,,p) = X, (p),
y(ty,p) = ¥,(P)

¢ How can J¢ and G¢ be
computed when J and G
are not known in closed
form?

| N

-

\.

min__, J(p)
st. G(p) <0

-

\.

min__, J°(p)

s.t. G°(p) <0

\

J




McCormick’s Relaxations

¢ Uses known relaxations for

» Binary addition
» Binary multiplication

» Composition with univariate functions:

7

\_

—,l,zx/_ " exp(2),

Z

log(z), sin(z), cos(z), etc.

N

J
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McCormick’s Relaxations

¢ Uses known relaxations for
» Binary addition
» Binary multiplication
» Composition with univariate functions:

—,l,zx/_ " exp(2),

2
log(z), sin(z), cos(z), etc.

\_

¢ Composes known relaxations to relax
more complicated expressions

J

[ J(py:p,) = (exp(p,) + 2})pyp, |
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McCormick’s Relaxations

5 J(pysy)
[J(pl7p2) — (eXp(pl) + pg )p1p2 ]
Yy
X =
Factorable representation of J: /
Ys
[’U — p )
1 1 =/x>
by = exp(v, ) Us
2
v, =0 +
4 2 v, .,
Vs = Uq + v,
Y6 — U4 exp A2
V7 = Ugls
\J — % J bl b VU,




McCormick’s Relaxations

[J (p,,p,) = (exp(p,) + p3)p,D, ]

Factorable representation of J:

Ug = Ugly
U, = Ugl,
\J = v,

f,Ul — pl )
Uy = Py
vy = exp(v,)
Vg = U%

L U ¢ .C
vy, v,

exp

=
J(p,,p,)
Uy
x-/<
A
Ys
O
A
Us
+
Uy
A2
2[/7?)12]7/057/020 p2

10



McCormick’s Relaxations

> J(pysy)
[J (py;py) = (exp(p,) + p3)P, P, ]
v
7
X-/<
Factorable representation of J: .
e ~ Y6
v, = P
1 1
/>
27 P N
v, = exp(v,) Us
2
v, = U +
4 : vg,vg,vg,vg v
Vg = Uy + U,
?J6 = 115’01 exp
Ur = Vgl
\J = v, vl U e 0l |, U2L7U

J 172717271771
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McCormick’s Relaxations

> J(p,py)
[J (py,p,) = (exp(py) + ;)0 D, ]
Y7
X-/<
Factorable representation of J: .
e “ Y6
v, = P
1 1
/>
27 P N
v, = exp(v,) Us
2
Vg = Y L U C * L U C
vy, V3 , V5, Vg v,V 5,0,
Vg = Uy + U,
?J6 — 115’01 exp A2
Uz = Ug¥s
— c . C c ,.C
\J = U7 § vlL,le,vl,vl Py U2L,UQU,UZ,U2




McCormick’s Relaxations

[J (p,,p,) = (exp(p,) + p3)p,D, ]

J(p,,p,)

Factorable representation of J:

r

:pl

~\

(V)

L U

12

(V)

C
10150

C
1

I'h

JL7JU’JC,JC

-

L

116,

v

U ¢ C
6 Ugr ¥

Ug » Vg Vg

L U ¢ .C

A2

S
N
N

y Uy Uy, U

N O

13
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Generalized MC Relaxations

J(p17p2) JL’JU’JC,JC'

[J (p,,p,) = (exp(p,) + p3)p,D, ]

L U ¢ .C
Uz, U7 5 U7, Uy
X-/<
INPUT: vé,fug,vg,vg T
‘,

P - X \

, \ \

/ \
/ 4 \
1 \
{ \
\
\
+ \
1
1
1
1
|
exp A2 i
]
]

1

L U ¢ C

Py Uy s Uy, Uy, Uy | Pa

-~
o
~— -
— — -
— e . ——— -
— o o o=

14



Generalized MC Relaxations
(J(p) = ¢(p,x(t;,p)) A

J(p,py) | JE, TV, 00, T¢

exp

A2

-~
——
—
—_—
=
—_— e —
e e o e e o ==

-
-
-

15
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Generalized MC Relaxations
(J(p) = ¢(p,x(t;,p)) A

J(p,py) | JE, TV, 00, T¢

TYET T

¢(p7 Z) — Zp2 vE ol 0l

(

-~
i
- -
-~ — - —_—
—— o ———
e e o e = ==

16



Solution Strategy

L5
1l

-

.

min,_p J(p) = G(px(1,,p),¥(t;0)) + [ 050 x(5,0), ¥(5,p))ds

s.t. G(p) = ¥(p,x(¢;,p),¥(¢;,p)) + f Zf€(37p7X(37P)7Y(37p))d8 <

N

x(t,p) = £(t,p,x(t,p), ¥(t, D)),
0 = g(t,p,x(t,p),¥(t,P)),

x(t,,p) = X, (p),

y(ty,p) = ¥,(P)

Ko Computing J¢ and G¢
reduces to computing:

» Interval bounds for x(¢,) and
y(¢,) on P
> Convex/concave relaxations

K of x(¢,) and y(¢,) on P

~

J

| N

%

\.

min__, J(p)
st. G(p) <0

f

\.

min__, J°(p)

s.t. G°(p) <0

\

J

17
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18



Relaxations for DAEs

(t,p) = £(t,p,X(t,D), ¥(1,D)),
0 = g(t,p,x(t,p),¥(t,p)),

X(to,p) — Xo(p);
Y(t()af)) — yO(f))

.
J/

¢ State Relaxations:

VANYA
IA A

,D) ’ i
) (£,D) € [tyt,] %

19



Relaxations for DAEs

(t,p) = £(t,p,X(t,D), ¥(1,D)),
0 = g(t,p,x(¢,p),¥(tp)),

x(1y:P) = %,(p),
Y( oap) — YO(P)

¢ State Relaxations:

“(t,p

~———

Concave on P
for each t

<[x"(t,p)
<lyC(t.p) } V(¢,p) € [ty: ¢, x P

20



Relaxations for DAEs

Vs

x(t,p) = £(¢,p,x(t,p),¥(t,p)),
0 = g(ta P, X(t7 p) ) Y(t7 P)) )

~

X(t() ; P) = X (P) ;

Y(t() ; f)) =Y (f))

5

.
J/

\
lec (tfyp) A ot

21



Relaxations for DAEs

x(t,

p) = f(¢,p,x(t,p),¥(t,p)),
0 = g(ta b, X(t7 P) ) Y(t7 P)) 9

x(1y:P) = %,(p),
Y( oap) — yO( ) )

¢ Deriving relaxations requires interval bounds
» Suppose for now:
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Relaxations for DAEs

L5
1l

¢ Use generalized McCormick technique to

derive:
u;,0, ¢ [t,t ] x PxR"™ xR"™ xR" xR — R™

Concave
o°(t,p) < x(t,p) <|¢“(t,p)
< y(t,p) <|¥°(t,p)

u, (4, p, ¢ (4,p), " (1,p), ¥° (£, p), ¢ (1, p))

< f(t,p,x(t,p),y(t,p)) <

o, (t,p,¢°(t,p), % (t,p),¥*(t,p), ¥ (t,p))
23
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Relaxations for DAEs

¢ Suppose that g has the form

[ y(t,p) = h(t,p,x(¢,p),y(t,p))

5

24
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Relaxations for DAEs

L5
1l

¢ Suppose that g has the form

[ y(t,p) = h(t,p,x(¢,p),y(t,p)) ]

Concave
0°(t,p) < x(t,p) <|¢(t,p)
< y(t,p) <[¥°(t,p)

0, (t,p,¢(t,p), " (,p), ¥ (t,p), v (. D))

25
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Relaxations for DAEs

¢ Suppose that g has the form

[ y(t,p) = h(t,p,x(¢,p),y(t,p))

¢ Interval bounds are trivially relaxations
> Define:

¥ (£ (£,1),¢° (,p)) = u, (t,p,°(t,p), 0" (t,p), ¥y (£),¥" (1))

YO (&, . ¢°(t,p), ¢ (t,p)) = 0, (£, P, ¢ (t,p),¢° (t,p),¥" (1), ¥y" (¢))

¢ Can be refined iteratively for tighter

relaxations
26
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Relaxations for DAEs

5

¢ Suppose that g has the form

[ y(t,p) = h(t,p,x(¢,p),y(t,p)) ]

Concave

(t.p) <[’ (t,p)
<|y°(t,p)

Y (P, (D), (t,p) < y(tp) < |¥@Ep,¢ (D) ¢ (tp))




Uy PG=L
Relaxations for DAEs

¢ Suppose that g has the form

[ y(t,p) = h(t,p,x(¢,p),y(t,p)) ]

Concave
o°(t,p) < x(t,p) <|¢“(t,p)
< y(t,p) <|¥°(t,p)

¥ (t,p, ¢ (t,p), 0 (t,p) | < ¥(tp)) ¥ (£ 2. ¢° (£, D), " (t,p))

IA

¢ Analogous functions can be derived in the
general case

» McCormick extensions of interval Newton-type methods
28
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Mir [
Relaxations for DAEs

¢ Use u; and o, to inductively define a sequence

of relaxations
Concave

r x“*(t,p) < x(t,p) <[x%F(t,p)

[ 3650 = (s ) 9) ]

yor(t,p) =

yOr(t,p) = ]

29
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Mir [
Relaxations for DAEs

¢ Use u; and o, to inductively define a sequence

of relaxations
Concave

r x“*(t,p) < x(t,p) <|x%*(t,p)

[ 3650 = (s ) 9) ]

yor(t,p) = ¥ (¢, p,x"*(t,p),x*(¢,p))

yOF (t,p) = ¥° (¢, p,x"(t,p),x" (1, p)) ]

30
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Relaxations for DAEs

L5
1l

¢ Use u; and o, to inductively define a sequence
of relaxations

Concave
xF(t,p) < x(t,p) <|x%*(t,p)
‘ y*(t,p) < y(t,p) <|y“*(t,p)

31
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Relaxations for DAEs
¢ Use u; and o, to inductively define a sequence
of relaxations c
oncave
x“*(t,p) < x(t,p) <|x“*(t,p)
‘ y“*(t,p) < y(t,p) <|y“*(t,p)
t
xR = %)+ [ Fp ) (e s |

Xc’kﬂ(t? P) —

K4 (1p) = |

32
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Relaxations for DAEs

¢ Use u; and o, to inductively define a sequence
of relaxations

Concave
xF(t,p) < x(t,p) <|x%*(t,p)
‘ y*(t,p) < y(t,p) <|y“*(t,p)

xR = %)+ [ Fp ) (e s |

x“F (¢, p) = x%(p)

XCFH(2 ) = %€ (p) ]

— McCormick relaxations of x, on P 13
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Relaxations for DAEs

¢ Use u; and o, to inductively define a sequence
of relaxations

Concave
x“F(t,p) < x(t,p) <|x“*(¢,p)
vk (t,p) < y(t,p) <|y“*(tDp)
t
[ x(t,p) = x,(p) + f f(s,p,x(s,p),y(s,p))ds ]
xOF (¢ ) + f u,(s,p,x Ck(s,p),y°" (5,p),y " (s,p))ds

xR, ) + f (s,p, x ),x“"(s,p),y ’k(s,p),yc’k(s,p))dS]

34
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Relaxations for DAEs

/" Theorem : If {(t,p) is convex w.r.t. p for each "\

fixed t € [¢,t;], then
= f;ﬁ(s,p)ds
KiS convex w.r.t. p for each fixed ¢ € [¢,t,]. Y,
xR = %) [ TR ) (e s |
x“k+1(¢, p) ) + f u,(s,p,x“"(5,p),x*(5,p), ¥ (5,p), y"(5,p) ds

xC+t(t,p) ) + f (5,0, x"(5,p),x"(5,p), 5" (5,0), 5" (5,p))ds ]

35



Relaxations for DAEs

+ Initialize sequence with interval bounds

x“*(t,p) = x"(t)
x“0(t,p) = x"(t)

¢ Induction shows:

x“*(t,p) < x(t,p)

<

Concave

x“*(t,p)

VE € N

36
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Relaxations for DAEs

¢ Sequences converge to solutions of

t
x“(t,p) = x3(p) + | u(s,p,x"(s p).x“(s,p),y(s,p),¥" (5,p))ds

y(t,p) = ¥°(t,p,x(t,p),x“ (¢, p))

4 t )
x(t,p) = x (@) + [, 0,(5,p.x"(5,0),x"(5,0),¥(5,P). ¥ (5.))ds
0

y°(tp) = 79 (t,p.x°(t,p),x° (t,p))

37
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Relaxations for DAEs

¢ Sequences converge to solutions of

t
x“(t,p) = x3(p) + | u(s,p,x"(s p).x“(s,p),y(s,p),¥" (5,p))ds

y(t,p) = ¥°(t,p,x(t,p),x“ (¢, p))

4 t )\
x“(t,p) = x{ (p) + f t 0,(5,p,x°(5,p),x(5,p),¥°(5,p), ¥ (5,p))ds
0

y°(tp) = 79 (t,p.x°(t,p),x° (t,p))

- N
x°(t,p) = u,(t,p,x*(t,p),x" (t,p).¥(£,p).¥" (£,p)), x(t,,P) = x;(P)

x“(t,p) = 0, (t,p,x°(t,p),x" (£,p), ¥ (£,p),¥° (t,p)), x“(t,,P) = %7 (P)
y°(t,p) = ¥°(t,p,x°(t,p),x“ (¢, p))

\yC(t, p) = ¥ (¢,p,x°(t,p),x“ (¢, p)) )

38



DAE Example

/

\_

i(t,p) = —px(t,p) + 0.01y(t, p),

z, = 1,

0 = y(t,p) — (y(t,p)) 2(p — p* / 6 + p° / 120) — 25(%, p)

P =[0.5,5.0],

I =1[0,0.1].

¢ Compute u,, o, u, and o, automatically
» Chachuat, B. libMC, 2007. http://yoric.mit.edu/libMC/

39
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DAE Example

5

40



£l

DAE Example

006 004 0.02
time

0.08

41



'iT Convex Enclosures of ISi=L
Reachable Sets

A= Jx(t,p),x°(t;,p)]

pepP

25

P2



" Convex Enclosures of Ih=L
Reachable Sets

A= (t0) 50t 0)] G A= () HY()

pEP MGB(Oal)

25

P2



lir Convex Enclosures of IS
Reachable Sets

A= (t0) 50t 0)] G A= () HY()

pEP

-

H* () ={z: "2 > d"(u) ]

d"(1) = min,_, > min( 3¢ (t,p), 1l 27 (¢,P))
1=1

J
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DAE Relaxations: Conclusions

¢ Can construct tight, non-affine

relaxations for the parametric solutions
of DAEs

» Enables convex relaxations for general dynamic
optimization problems

¢ No discretization is required
» No additional optimization variables

¢ Computational cost is comparable to
numerical integration of original model

45
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Outline
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Interval bounds for DAEs

(X(tap) — f(t7p7x(t7p)7Y(t7p))7 X(t()7p) — XO(p)’\
0 — g(ta P, X(t7 p)?Y(t7 P)); Y(tmf)) — yO(f))

.
J/

¢ State Bounds:

(- )
x"(t) < x(t,p) < x"(¢)
y" (t) < y(t,p) <y (t)
Vp e P, Vte [to,tf]

5



Interval bounds for DAEs

5

x(t,

p) = f(¢,p,x(t,p),¥(t,p)),
0 = g(ta b, X(t7 p) ) Y(t7 P)) 9

x(1y:P) = %,(p),
Y( oap) — yO( ) )

¢ State Bounds:

48



L5
1l

i [
Interval bounds for DAEs

%(t,p) = £(t,p,x(1,p),y(1D)),  X(y,p) = X,(P),
0 = g(t,p,x(t,p),y(t,p)), Y( 07p) — y0( ) )

¢ State Bounds:

49
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Interval bounds for DAEs

( )

x(t,p) = £(¢,p,x(¢,p),¥(t,p)), x({;,p) = x((P),
0 = g( 7P7X(t7p)7Y(t7p))7 Y( 07p) — yO( ) )

¢ State Bounds:

50
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Interval bounds for DAEs

X(t,p) = £(t,p,x(t,p),¥(1,D),  x(t,,) = X,(P),
0 = g( Py X (t7p)7Y(t7p))7 Y( 07p) — yO( ) )

¢ State Bounds:

51
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Deriving State Bounds

+ Differential Inequalities

~
Il

-
-~
~
~
~
~
~<
~

~o
~o
~

x(t,p) = f(t,p,x(t,p))
X(t() ) P) = X (p)

52
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Deriving State Bounds

+ Differential Inequalities

€T.

X,

(ty) < minz,(p)
peP

(t,) > maxx,,(p)
peP ’

~
Il

-
-~
~
~
~
~
~<
~

~o
~o
~

x(t,p) = f(t,p,x(t,p))
X(t() ) P) = X (p)

53
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Deriving State Bounds

+ Differential Inequalities

x(t,p) = f(t,p,x(t,p))
X(t() ) P) = X (p)

T
i

U

(t) > max f.(¢,p,z)
st. pe€ P,

z € [x"(1),x" (1)),

€T.

X,

(ty) < minz,(p)
peP

(t,) > maxx,,(p)
peP ’

-
-~
~
~
~
~
~<
~

~o
~o
~

54
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Deriving State Bounds

+ Differential Inequalities

x(t,p) = f(t,p,x(t,p))
X(t() ) P) = X (p)

T
i

U

(t) > max f.(¢,p,z)
st. pe€ P,

€T.

X,

(t,) < minz, (p)
peP 7

(t,) > maxx,,(p)
peP ’

55
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Deriving State Bounds

+ Differential Inequalities

x(t,p) = f(t,p,x(t,p))
X(t() ) P) = X (p)

T
i

U

(t) > max f.(¢,p,z)
st. pe€ P,

> f(t,p,%(¢,D))

€T.

X,

(t,) < minz, (p)
peP 7

(t,) > maxx,,(p)
peP ’

56
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Deriving State Bounds

x(t,p) = f(t,p,x(t,p))

+ Differential Inequalities x(t,,p) = x,(p)

x@U(t) > maXfZ'(ta P, Z) > fl(l/f\, f)a X(£, f))) — ZIIZ(I/{, IA))
st. peP, zel[x"(t),x'®)], z =2'(@)
U
...... z; (t)
z(t,) < minz, .(p)
peP 7
z! (t,) > maxz, (p)
peP ’
~~~~~~~~ L
oLt

57
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Deriving State Bounds

x(t,p) = f(t,p,x(t,p))

+ Differential Inequalities x(t,,p) = x,(p)

x@U(t) > maXfZ'(ta P, Z) > fl(l/f\, f)a X(£, f))) — ZIIZ(I/{, IA))
st. peP, zel[x"(t),x'®)], z =2'(@)
U
2
xf(to) < minz, . (p)
peP 7
x,f](to) > max 7, ,(p)
peP ’
L
z,; ()

58
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Deriving State Bounds

x(t,p) = £(t,p,x(t,p))
X(to . P) — X() (P)

+ Differential Inequalities

ZUZU(t) > max f.(t,p,z)
st. peP, zeclxl),xV'@®)], =z =2V
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Deriving State Bounds

+ Differential Inequalities

x(t,p) = £(t,p,x(t,p))
X(to . P) — X() (P)

sz(t) > max f.(t,p,z)
st. pep,
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Mir
Deriving State Bounds

x(t,p) = £(p,x(4,p),¥(4p)),  x(ty,p) = x, (D),
0 = g(t,p,X(t,p),Y(t,P)), Y( 07p) — yO( ) )

¢ Bound the underlying ODE:
og og.  0Og

—y+—x+—==0
oy o0x 8t
f =f f =— og| agf g
v Y Oy Ox Ot
x(t,p) = £ (¢t,p,x(t,p),¥y(t,p))
y(t,p) = £ (¢,p,x(¢,p),¥(,p))




Deriving State Bounds

x(t,

p) = £(t,p.x(t,p),¥(tp)), x(t,,p) = x,(p),
0 = g(t,p,X(t,p),Y(t,p)), Y( oap) — yO( ) )

¢ Bound the underlying ODE:

x(t,p) = £ (t,p,x(t,p),y(t,p))
¥(tp) = £, (tp,x(t,p),5(t,P))

¢ Tighten bounds based on:

g(t,p,x(t,p),y(t,p)) = 0
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Differential Inequalities Result

¢ Notation:

Let B",B" : IR" — IR"™ be defined by
B'(z",2" ) = {z:2" <z <", z =z},
BY([z",2")) = {z:2" <z <2’ 2, =2V},

for every [z",z"] € IR".

""""""""""
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I'h

Differential Inequalities Result

Let x",x" :[¢ ,t;] — R"™ and v, yY [t

(IC):

(RHS):

Then x%(t) < x

f] — R"™ be differentiable on (to,t f) and satisfy

1. x"(t,) < x(t,,p) < x" (%)

2. yL(tO) <

y(ty,p) < ¥" ().

For every t € ({,¢,] and each ¢, letting X(¢) = (x”(¢),xY(t)] and

()

2.

3.y7(t) < f (t,p,z,.2,) ifp € Pz, € X(t)ND,, z, € B (Y(t))N D

4.

y"(t),y" (1)) :
T (t) < f A(t,p,z,2 )ifp € P,z c BZ.L(X(t))ﬂDx, z, € Y(t)ﬂDy,

yg.](t) > fy,i(t,p,zx,zy) ifpe Pz, € X(t)ND_, z, € BZ.U(Y(t)) ND.,

and g(t,p,zx,zy) =0

i (t) > f, ,(t,p.2,,2,) ifp € Pz, € B/ (X(t))ND,, z, € Y(t)N D,

and g(t,p,zx,zy) =0

y?
and g(t,p,z_, y) =0

y
and g(t,p,zx,zy) =0

xY(t) and y"(t) < y(t,p) < y' (1), Y(t,p) € [ty,t,] x P. o



I'h

Differential Inequalities Result

Let x' x": [ty tp] — R"™ and y",yY [ty tr] — R™ be differentiable on (¢5,t;) and satisfy

(IC):

(RHS):

Then x*(t) < x(t,p) < x"(t) and y"(t) < y(t,p) < y"(t), ¥(t,p) € [t;,t;] x P.

1. x"(t,) < x(t,,p) < xY(t,)-

2.y"(ty) < y(t,,p) < ¥"(t,).

For every t € ({,¢,] and each ¢, letting X(¢) = (x”(¢),xY(t)] and

V() = [y4(t),5" (8):

1. & (t) < f,,(t,p,z,,2,) ifp e Pz, € BHX(1))ND,, 2z €Y(t)ND,
and g(t,p,zx,zy) =0

2. & (t) > f (,p,z,,2,) ifp € Pz, € BY(X(t)ND,, z, € Y()N D,
and g(t,p,zx,zy) =0

3.yH(t) < f,(tp2,,2)ifp € Pz € X()ND,, z, € B*(Y()N D,
and g(t,p,zx,zy) =0

4, yg.](t) > fy,i(t,p,zx,zy) ifpe Pz, € X(t)ND_, z, € BZ.U(Y(t)) N Dy,

and g(t,p,zx,zy) =0
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Mir I'5
Differential Inequalities Result

Let x",x" :[¢ ,t;] — R"™ and v, yY [t
(IC):  1.x"(t,) < x(t,,p) < xV(%,)-
2. y"(t)) < y(ty;p) < ¥ (t).
(RHS):  For every t € ({;,¢,] and each ¢, letting X(t) = [x"(t),x"(t)] and
Y(t) = [y"(1),y" (1)) :
1. @ (t) < ftpz,,2)ifp € P2, € B'(X(t)N D, z, €Y()ND,
and g(t,p,Zx,Zy) =0 <
2.4 (t) > f,;(t,p2,,2,) ifp € Pz, € BY(X(t)ND,, z, € Y()N D,
and g(t,p,zx,zy) =0
3.y7(t) < f (t,p,z,.2,) ifp € Pz, € X(t)ND,, z, € B (Y(t))N D

y?

f] — R"™ be differentiable on (to,t f) and satisfy

and g(t,p,z_, y) =0
4, ygj(t) > fy,i(t,p,zx,zy) ifpe Pz, € X(t)ND_, z, € BZ.U(Y(t)) N Dy,

and g(t,p,zx,zy) =0
Then x"(t) < x(t,p) < x”(t) and y"(t) < y(t,p) < y' (1), V(%,p) € [t, ] % P. "



IMir I'5

Differential Inequalities Result

Let x",x" :[¢ ,t;] — R"™ and v, yY [t
(IC):  1.x"(t,) < x(t,,p) < xV(%,)-
2. y"(t)) < y(ty;p) < ¥ (t).
(RHS):  For every t € ({;,¢,] and each ¢, letting X(t) = [x"(t),x"(t)] and
()E[ "),y (1) ;
LaF(t) < ftpz,,2)ifp € P2, € BY(X(t)N D, z, €Y()ND,
and g(t,p,zx,zy) =0
2.4 (t) > f,;(t,p2,,2,) ifp € Pz, € BY(X(t)ND,, z, € Y()N D,
and g(t,p,zx,zy) =0

3.y7(t) < f,;(t,pz,,2,) ifp € Pz, € X()N D,, z, € BHY ()N D,

f] — R"™ be differentiable on (to,t f) and satisfy

and g(t,p,zx,zy) =0 <

4, yg.](t) > fy,i(t,p,zx,zy) ifpe Pz, € X(t)ND_, z, € BZ.U(Y(t)) N Dy,

and g(t,p,zx,zy) =0

Then x"(t) < x(t,p) < x”(t) and y"(t) < y(t,p) < y' (1), V(%,p) € [t, ] % P. .



I'h

Differential Inequalities Result

Let x",x" :[¢ ,t;] — R"™ and v, yY [t

(IC):

(RHS):

Then x%(t) < x

f] — R"™ be differentiable on (to,t f) and satisfy

1. x"(t,) < x(t,,p) < x" (%)

2. yL(tO) <

y(ty,p) < ¥" ().

For every t € ({,¢,] and each ¢, letting X(¢) = (x”(¢),xY(t)] and

()

2.

3.y7(t) < f (t,p,z,.2,) ifp € Pz, € X(t)ND,, z, € B (Y(t))N D

4.

y"(t),y" (1)) :
T (t) < f A(t,p,z,2 )ifp € P,z c BZ.L(X(t))ﬂDx, z, € Y(t)ﬂDy,

yg.](t) > fy,i(t,p,zx,zy) ifpe Pz, € X(t)ND_, z, € BZ.U(Y(t)) ND.,

and g(t,p,zx,zy) =0

i (t) > f, ,(t,p.2,,2,) ifp € Pz, € B/ (X(t))ND,, z, € Y(t)N D,

and g(t,p,zx,zy) =0

y?
and g(t,p,z_, y) =0

y
and g(t,p,zx,zy) =0

x"(t) and y"(t) < y(t,p) < y' (1), Y(t,p) € [ty,t,] x P. 5



Uiy pGEL

Differential Inequalities Result

Let xU,xY : [, /.] — R™ and y*,yY : [ty /.] — R be differentiable on (2,1 /.) and satisfy
(IC): 1. XL(tU) < x(t,,p) < X[’r(t()).

2.5"(t,) < y(ty,p) < y" (%)

(RHS): For every t € ({;,¢,] and each ¢, letting X(t) = (x”(¢),xY(t)] and

Y(t) = [y"(6),y" (¢)] :

1. &80 < f (tpz .o ND .z eY)ND .
D) < foi (b, Cannot Compute 2y KD,

these bounds
U
2. fL’]: <t> > fz,’,,i(t?pvzng Cheaply L D-T’ Z’,Z/ < Y(t) M Dy’

O g oy

3.y/(t) < [,;(t,pz,,2) ifp € Pz, € X()ND,, 2, € BHY ()N D

y?

and g(t,p,zx,zy) =0
4.37@t) > f (t,p,z,,2)ifp € P,z € X(t)ND,, z, € B/ (Y()N D,

Y, y)

and g(t,p, Z;ﬂ;,) =0

Then x”(t) < x(t,p) < x"(¢) and y"(t) < y(t,p) < y'(t), V(t,p) € [ty 2] x P. o



Uiy pGEL

Computing State Bounds

0 = g(t,p,x(t,p),y(t,p))

¢ Interval Newton-type methods
> Can derive an interval map

N [ty t, ] x IR™ x IR™ x IR™ — IR™

» with the properties:
1. N(,P,Z,,2) C Z,
2.1f (2,,2,) € Z,xZ andz, & N(,P,Z 7 ),
then g(t,p,zx,zy) =0, Vpe P

3. N is locally Lipschitz
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Uiy pGEL

Computing State Bounds

Let x%,xY :[to,tf] — R™ and y',y¥ [t

f] — R"™ be differentiable on (to,tf)

and satisfy
(IC):  1.xM(t,) < x(t,,p) < xV(¢t,).

2.5"(ty) < ¥(ty,p) < ¥" (t).
(RHS): For every ¢ € (¢,t;] and each ¢, letting X(?) = (xX(t),x"(t)] and
= N(t[x"(),x" (1)), [y"(8), 5" (1)]) -
(t)gfm(,p,z z,)ifp € Pz, e BM(X(t) N z, €Y({)ND,
)= [,,(tp,2,,2,)ifp € P,z e BY(X(t )) z, €Y()ND
)gfyz(t,p, z,)ifpe Pz, € X()ND,, z, EBL(Y(t))mD
() = 1 tpz,,2)ifp e Pz, € X()DD z, € BY(Y(t))N D
Then x"(t ) (t,p) < x"(t) and y*(t) < y(t,p) <y (1), V(t,p) € [t,,1,] x P.
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Uiy pGEL

Computing State Bounds

Let x%,xY :[to,tf] — R™ and y',y¥ [t

f] — R"™ be differentiable on (to,tf)

and satisfy
(IC):  1.xM(t,) < x(t,,p) < xV(¢t,).

2.5"(ty) < ¥(ty,p) < ¥" (t).
(RHS): For every ¢ € (¢,t;] and each ¢, letting X(?) = (xX(t),x"(t)] and
= N@[x"@),x" @OLy ),y @) :
(t)gfm(,p,z z,)ifp € Pz, e BM(X(t) N z, €Y({)ND,
)= [ (tpz,,2)ifp € Pz, e BY(X(t )) z, €Y()ND
) < [ (tpz,2)ifpe Pz, € XH)ND,, 2, BL(Y(t))ﬂD
() = 1 tpz,,2)ifp e Pz, € X(t)ﬂD z, € BY(Y(t))N D
Then x"(t ) (t,p) < x"(t) and y*(t) < y(t,p) <y (1), V(t,p) € [t,,1,] x P.
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Mir
Computing State Bounds

¢ Integrate UODEs using interval arithmetic

it(t) = [£,.] 4 P.BHX®),Y (@), 2h(t) = [s,,] (P),
() =[1.] &P.BYX©), YD), () =][z,.] (P).
b =[] P X@.BEY @), yh) = [u,.] (P).
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DAE Example

-

i(t,p) = —px(t,p) + 0.01y(t, p),

z, = 1,

0 =y(t,p) — (y(t,p)) *(p — p* / 6 + p° / 120) — 25x(t, p)

P = [0.5,5.0],

I =1[0,0.1].
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Uiy pGEL

DAE Example: Bounds on x

1.4
—— Sample Trajectories
1.3} | —— Bounds ]
- - -
- - -

1.2} -

- -~ /’—

- —
'I.’I B _ - - ”’/
- /’;’/
'I
0.9} TS
0.8} e -
0.7 L L L L L L L L L =
0O 0.01 0.02 0.03 004 005 006 0.07 008 0.09 0.1
t
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DAE Example: Bounds ony

45
—— Sample Trajectories
40F | —— Bounds P
] e
30F -
25
|
20F "~-—___ -
(11 S N -
10 TSl
'S
"N
5 L L L L
0 0.02 0.04 0.06 0.08 0.1
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State Bounds: Conclusions

¢ Can extend classical differential inequalities
results to DAEs

¢ Computationally tractable procedure using
interval Newton-type methods

¢ Computational cost is comparable to
integration of the original dynamic model
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Conclusions

¢

Sequential approach to dynamic optimization

» Extended to global optimization through novel techniques
for bounding & relaxing dynamics

Extended theory for computing bounds and
relaxations for ODE solutions to DAEs

Relaxations can be propagated through
arbitrary functions of the state variables

Results in a rigorous global optimization
algorithm for a wide range of problems with
DAEs embedded
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Future Work

¢ Extension to fully implicit DAEs
+ High-index problems
¢ DAE reachability analysis
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Uiy pGEL

Alternative Approaches

-

min, ., J(B) = 0(px(t,.p).3(t,0) + [ s x(5.0).3(5P)ds

s.t. G(p) = ¥(p,x(¢;,p),¥(t;,p)) + f zfﬁ(s,p,X(S,p),Y(S,p))dS <0
X(t,p) = £(t,p,x(t,p),¥(t,D));,  xX(4y,P) = %,(P),
0 = g(t,p,x(t,p),¥(t,p)), ¥(ty;D) = ¥,(P).

¢ Simultaneous/ full discretization approach
» Introduces too many variables for global algorithms

¢ No other relaxation methods have been proposed
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Uiy pGEL

Computing State Bounds

¢ Interval Arithmetic

» Compute cheap bounds on the range of functions over
intervals

[a*,a"1+[b",b"]=[a" +b",a" +b"]
[a*,a’1x[b",b"] = [min(a*b",a"b ,a"b*,a"b),
max(a'b",a"b" ,a"b",a"b")]
» As long as the feasible set is an interval . ..
£(0=[/] <minf(.p.2,.2,)
st. z_e B [x"(1),x" (1)),
z, €[y (0)y ()]
pepP
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Uiy pGEL

Computing State Bounds

¢ Implement algebraic constraints in differential
inequalities. . .

X (1) =/m_/< min f/(¢,p,Z,,Z,)

st. z_eB'[x"(0),x" ()],
z, €[y (0)y" (1)]

g(,p.z.,2,)=0 <
peP

Feasible set is no longer an interval
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Interval Newton Methods

0 = g(t,p,x(t,p),y(tp))

Fix (t,p) €

[to,tf] x P and i € {1,...,n_} and suppose

x(t,p) € [x",x"] and y(t,p) € [y",y"]. For any
yely".y'], I ely"y']:

4,60, X(2),5) = 2 (t,p,x(6,0),€) (¥(6:0) — 7 )

oy
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Interval Newton Methods

0 = g(t,p,x(t,p),y(tp))

5
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Interval Newton Methods

0 = g(t,p,x(t,p),y(tp))

dy.

= —g.(t,p,x(1,p),¥) — Z

9% 4, %00, ) (6 0) — )

g%unX@p%Q@/@p) %)

& Suppogng

( Py X (tap>7€> = 07
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Mir nG=
Interval Newton Methods
0 = g(t p,x(t,p),¥(t,p))
y,(t,p) = §; —
[gj (t,p,x(1,p), &) : 9,(6,p.X(t,p), ) + Z?j (t,p,x(t,0),)(y,(t,p) — 7, )
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Interval Newton Methods

0 = g(t,p,x(t,p),y(tp))

yz(t7p) — gz o
dg. - 0g.
[a L(t,p,x(t,p), &) | |g,(tpx(tD),F)+ Y —(t,p,x(t p),f)(y](t P)— ¥
Y, i ayj

¢ Compute refined bounds for y.(t,p)

y,(t,p) € J, —
[Z‘Zf (¢, P, X(t),Y(t)| |9,(t,P,X(1),y)+ Z 3?’ (t, P, X(t),Y(1)(Y,(t) -
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Uiy pGEL

Interval Newton Methods

0 = g(t,p,x(t,p),y(tp))

¢ Interval Gauss-Seidel:

)71(15) — ?71 -
0, P, X(0),9) + X2 ¢, P, X (), V@) (Y,(0)— 7,

j=i 9

[%u, P, X(1),Y (1)
dy,

Yit) =9, -
[2? (P, X(1),Y(1) | (g,(t.P.X().5) + Zaj (4P, X(0).YO) 7)) 5. ) +
+30 25{ (6P, X(), Y)Y, () - 7, ))




