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Introduction

Optimal control-based stabilization for Navier-Stokes equations

@ Stabilization to steady-state solution w of flows (with velocity field v and
pressure ), described by incompressible Navier-Stokes equations

1
Btv—l—v-Vv—%Av—i—Vx:f (1a)
divv =20 (1b)

on Qe 1= 2 x (0,00), Q CRY, d = 2,3, with smooth boundary I := 99,
and boundary and initial conditions
v = g onXy:=Tx(0,00),
v(0)

w+ z(0) (w given velocity field).
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Introduction

Optimal control-based stabilization for Navier-Stokes equations

@ Stabilization to steady-state solution w of flows (with velocity field v and
pressure ), described by incompressible Navier-Stokes equations

1
Btv—l—v-Vv—%Av—i—Vx:f (1a)
divv =20 (1b)

on Qe 1= 2 x (0,00), Q CRY, d = 2,3, with smooth boundary I := 99,
and boundary and initial conditions

v = g onXy:=Tx(0,00),
v(0)

w+ z(0) (w given velocity field).

o Existence of stabilizing linear state feedback control proved in 2D
[FERNANDEZ-CARA ET AL 2004] and 3D [FURSIKOV 2004].
@ Construction of stabilizing feedback control based on associated
linear-quadratic optimal control problem:
o for distributed control, see [BARBU 2003, BARBU/SRITHARAN 1998,
BARBU/TRIGGIANI 2004];
o for boundary control, see [BARBU/LASIECKA / TRIGGIANT 2006,/07]

(tangential) and [RaymonD 2005-07, BAHDRA 2009] (normal).
Eberhard Binsch, Peter Benner, Jens Saak, 3/42



Optimal control-based stabilization for NSEs ‘
Analytical solution [RAYMOND‘’05-"07]

Assume w solves the stationary Navier-Stokes equations
w~Vw—%Aw+sz:f, divw =0, (2)

with Dirichlet boundary condition w = g on I, w possibly unstable.

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 4/42
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Optimal control-based stabilization for NSEs

Analytical solution [RAYMOND‘’05-"07]

Assume w solves the stationary Navier-Stokes equations

W'VW—iAW-i-VXs:f, divw =0,
Re

(2)

with Dirichlet boundary condition w = g on I, w possibly unstable.
If we can determine a Dirichlet boundary control u so that the corresponding

controlled system for z := v — w,
1
Oz+(z-VIw+(w-V)z+(z-V)z— ﬁAz—i—Vp
div z
z

z(0)

is stable for “small” initial values z0 € X(Q) C V2(Q), where
V) = L(Q)N{divz=0}N{z-n=0o0n T},

wt

then 3 constants ¢,w > 0 so that [|z(t)||x@q) < ce™

0 in Qu,
0 in Qu,
bu in Lo,
zo in €,
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Optimal control-based stabilization for NSEs

Analytical solution [RAYMOND‘’05-"07]

Assume w solves the stationary Navier-Stokes equations
W~Vw—%Aw+sz:f, divw =0, 2

with Dirichlet boundary condition w = g on I, w possibly unstable.
If we can determine a Dirichlet boundary control u so that the corresponding
controlled system for z := v — w,

8tz+(z-V)W+(W-V)z+(Z-V)z—%Az—i—Vp = 0 in Qo,
divz = 0 in Qu,
z = buin X,

z(0) = 2z inQ,

is stable for “small” initial values z0 € X(Q) C V2(Q), where
V) = L(Q)N{divz=0}N{z-n=0o0n T},

then 3 constants ¢,w > 0 so that ||z(t)||x@) < ce™*".

{ Solution to instationary Navier-Stokes equations with v = w + z,
X = Xs + p, and v(0) = w + z in Q is controlled to w.

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 4/42




Optimal control-based stabilization for NSEs
Analytical solution [RAYMOND‘’05-"07]

Linearized Navier-Stokes control system:

8tz—|—(z-V)W+(W-V)z—iAz—wz—FVp:Oin Qoo (3a)

Re
divz =0 in Qx (3b)
z=buin X (3¢)
z(0) =z in Q, (3d)

wz with w > 0 de-stabilizes the system further, needed to guarantee exponential
stabilization, w controls decay rate!
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Optimal control-based stabilization for NSEs ¢
Analytical solution [RAYMOND‘’05-"07]

Linearized Navier-Stokes control system:

8tz—|—(z-V)W+(W-V)z—RieAz—wz—FVp:Oin Qoo (3a)

divz =0 in Qx (3b)
z=buin X (3¢)
z(0) =z in Q, (3d)

wz with w > 0 de-stabilizes the system further, needed to guarantee exponential
stabilization, w controls decay rate!

Cost functional (with P = Helmholtz projector)

1 oo
Jeu) = / (P2, Pz) 1,00 + pu(t)? dt, (@)
0
the linear-quadratic optimal control problem associated to (3) becomes

inf {J(z, u) | (z, u) satisfies (3), u € L2(0,00)}. (5)
Eberhard Binsch, Peter Benner, Jens Saak, 5/42




Optimal control-based stabilization for NSEs
Analytical solution [RAYMOND‘’05-"07]

Proposition [Raymonp 05, BaHDRA "09]

The solution to the instationary Navier-Stokes equations with perturbed
initial data is exponentially controlled to the steady-state solution w by
the feedback law

u=—p B*MNzy,

where

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 6/42




Optimal control-based stabilization for NSEs )
Analytical solution [RAYMOND‘’05-"07]

Proposition [Raymonp 05, BAHDRA 09]

The solution to the instationary Navier-Stokes equations with perturbed
initial data is exponentially controlled to the steady-state solution w by

the feedback law
u=—p B Mzy,

where
— zy := Pz, with P : L,(Q) — V?2(Q) being the Helmholtz projector
(~ div zy = 0);
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Optimal control-based stabilization for NSEs

Analytical solution [RAYMOND‘’05-"07]

Proposition [Raymonp 05, BAHDRA 09]

The solution to the instationary Navier-Stokes equations with perturbed
initial data is exponentially controlled to the steady-state solution w by
the feedback law

u=—p B Mzy,

where
— zy := Pz, with P : L,(Q) — V?2(Q) being the Helmholtz projector
(~ div zy = 0);

- M=n* € L£(VY(Q)) is the unique nonnegative semidefinite weak
solution of the operator Riccati equation

0=/+(A+w)* N+NA+wl)—-N(B.B: +p~'B,B:)N,

A is the linearized Navier-Stokes operator restricted to V,?;
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Optimal control-based stabilization for NSEs
Analytical solution [RAYMOND‘’05-"07]

Proposition [Raymonp 05, BAHDRA 09]

The solution to the instationary Navier-Stokes equations with perturbed
initial data is exponentially controlled to the steady-state solution w by
the feedback law

u=—p B Mzy,

where
— zy := Pz, with P : L,(Q) — V?(Q) being the Helmholtz projector
(~ div zy = 0);

- M=n* € L£(VY(Q)) is the unique nonnegative semidefinite weak
solution of the operator Riccati equation
0=/+(A+w)* N+NA+wl)—N(B.B; +p'B,B:)N,
A is the linearized Navier-Stokes operator restricted to V,?;

B; and B, correspond to the projection of the control action in the
tangential and normal directions.

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak,

6/42
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Long-Term Plan

Apply optimal control-based feedback stabilization to (multi-)field problems
with increasing complexity:

@ Proof of concept: Navier-Stokes with normal boundary control for model
problem (von Karmén vortex shedding).

Navier-Stokes coupled with (passive) transport of (reactive) species.
Phase transition liquid/solid with convection.

Stabilization of a flow with a free capillary surface.

Control for electrically conducting fluids in presence of outer magnetic
fields (MHD).

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 7/42
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Long-Term Plan

Apply optimal control-based feedback stabilization to (multi-)field problems
with increasing complexity:

@ Proof of concept: Navier-Stokes with normal boundary control for model
problem (von Karmdn vortex shedding).

Navier-Stokes coupled with (passive) transport of (reactive) species.
Phase transition liquid/solid with convection.

Stabilization of a flow with a free capillary surface.

Control for electrically conducting fluids in presence of outer magnetic
fields (MHD).

All scenarios require
formulation as abstract parabolic Cauchy problem,

definition of quadratic cost functional,

°
°
@ formulation of corresponding ARE,
@ spatial discretization (FEM),

°

numerical solution of large-scale ARE.

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 7/42



Introduction

Proof of concept: von Karman vortex street

von Karman vortex street (Re = 300)

Vortex suppression by blowing in at upper end of cylinder,
without . . .

Velocity Magnitude
04,08 1.2 1.6

i
1.73

Velocity Magnitude
AR08
082

Computations by Heiko Weichelt
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Solving Large-Scale AREs

[ 1o}

Solving Large-Scale AREs @)

Low-Rank Newton-ADI for AREs

Consider
0=R(X):=CTC+ATX + XA - XBBTX

Re-write Newton’'s method for AREs

DR(X)) (N;) = =R(X))

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 9/42
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[ 1o}

Solving Large-Scale AREs

Low-Rank Newton-ADI for AREs

Consider
0=R(X):=CTC+ATX + XA - XBBTX

Re-write Newton's method for AREs (A; := A — BB' X))
AT N; + N;A; = —R(X;)

—
AT (X + N) + (X + ) A = —CTC — X;BBTX,
—_—
=+l =AXj+1 :;7\/1/1-\/{/]

Set X; = Z;Z] for rank (Z)) < n =

A' (ZJ+IZJ+1) (Zj+1ZJ+l)A _WjoT

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 9/42
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Solving Large-Scale AREs @)

Low-Rank Newton-ADI for AREs

Consider
0=R(X):=CTC+ATX + XA - XBBTX

Re-write Newton's method for AREs (A; := A — BB' X))
AN + N;A; = =R(X;)

—
AT (X + N) + (X + ) A = —CTC — X;BBTX,
—_—
=+l =AXj+1 :;7\/1/1-\/{/]

Set X; = Z;Z] for rank (Z)) < n =

A' (ZJ+IZJT&-1) (Zj+1ZJ+1)A = WjoT

Factored Newton lteration [B./Li/PenzL '99/°08]

Solve Lyapunov equations for Zj,; directly by factored ADI iteration and
exploit ‘sparse + low-rank’ structure of A;.

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 9/42




Low-Rank Newton-ADI for AREs '
Low-Rank Approximation

Consider spectrum of ARE solution (analogous for Lyapunov equations).
Example:

eigenvalues of X for h=0.01
10°

@ Linear 1D heat equation with w0l 8
point control, ?z)%
o Q= [0, 1], S0 (%%0
@ FEM discretization using linear . 9
B-splines, ° eps
@ h=1/100 = n = 101. 107
0 20 40 60 80 100
Index k

Max Planck Institute Magdeburg

Eberhard Bansch, Peter Benner, Jens Saak, 10/42



Low-Rank Newton-ADI for AREs
Low-Rank Approximation
Example:

Consider spectrum of ARE solution (analogous for Lyapunov equations).

point control,

@ Linear 1D heat equation with

10°

o Q=1]0,1],

100
k=1

eigenvalues of X for h=0.01
10° %Z)
%‘%
0™
10 %
@ FEM discretization using linear . B
B-splines, v eps
® h=1/100 = n = 101. 107

1} 20 40 60 80
Index k

n

X=22"=% Nazz ~ 27V

r
rn\T E T
)(Z( )) = /\kaZk .
k=1

— Goal: compute Z(") € R"*" directly w/o ever forming X!

Eberhard Bansch, Peter Benner, Jens Saak

10/42



Solving Large-Scale AREs

[ Je]

Review: LRCF-ADI for Lyapunov Equations

Consider FX+ XFT = —-GGT

ADI iteration for the Lyapunov equation (LE) [WacsPRESS '95]

X
|

= 0
(F+pj/)X-_1 = —GGT — j_l(FT—pj/)
GG~ XT,(FT ~ pj)

’j\.l
+
3
>
|

Max Planck Institute Magdeburg Eberhard Bénsch, Peter Benner, Jens Saak, 11/42




Solving Large-Scale AREs

[ Je]

Review: LRCF-ADI for Lyapunov Equations

Consider FX+ XFT = —-GGT

ADI iteration for the Lyapunov equation (LE) [WacsPRESS '95]

Forj=1,...

or j ooy d X _ 0
(F+pj/)X_1 = —GGT — j_1(FT—pj/)
(F+pXT = —GGT = XT,(FT —pil)

Rewrite as one step iteration and factorize X; = Z,-Z,-T, i=0,...,J

0
—2pj(F + pj/)*lGGT(F + pjl)_T
H(F+pl) HF = p)Zia ZEy (F = pi )T (F +pil) =T

Z0Zy
7z

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 11/42




Solving Large-Scale AREs

[ Je]

Review: LRCF-ADI for Lyapunov Equations

Consider FX + XFT = —GGT
ADI iteration for the Lyapunov equation (LE) [WacHsPRESS *95]
Forj=1,...,J
or.l b b XO — 0
(F + pj/)X_l = —GGT — j_1(FT — pj/)
(F+pXT = —GGT = XT,(FT —pil)
Rewrite as one step iteration and factorize X; = Z,-Z,-T, i=0,...,J
ZZT = 0
ZjZJ-T = —2pi(F+ pj/)fchT(F—F pjl)_T

+(F+pil) M(F = pil)Z 1 Z]((F = pi )T (F+pil)~ T

...~ low-rank Cholesky factor ADI
[PENZL ’97/°00, L1/WHITE '99/°02, B./L1/PENZL ‘99/°08, GUGERCIN/SORENSEN/ANTOULAS '03]

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 11/42




Review: LRCF-ADI for Lyapunov Equations (€5

The Work Horse

Algorithm 1 Low-rank Cholesky factor ADI iteration (LRCF-ADI)
[PENZL ’97/°00, L1/WHITE '99/°02, B./L1/PENZL '99/°08]

Input: F,G defining FX + XFT = —GG and shifts {py,...,pi,..}

Output: Z = Z; € C™%max, such that ZZH ~ X
1: Solve (F + p1l) Vi = \/—2Re(p1)G for V4.
2. /1=W1
3: fori=23,... inyx do B
4:  Solve (F + p;jI)V = V;_; for V.
5 Vi=Re(p)/Re(pi1) (Vi1 — (pi+ 1) V)
6: Zi = [Z,'_l V,]
7: end for

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 12/42




Solving Large-Scale AREs
{ Je]

Krylov Subspace Based Solvers for Lyapunov Equations

Consider Schur/singular value decomposition X = UXUT,
UeR™" UTU =1, ¥ =diag(oy,...,0,) and |o1| > |oa| > -+ > |o].
The best rank-m Frobenius-norm approximation to X is thus given by

| Em O] 7 T
x,,,._u{0 O}U — UpEnUT.

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 13/42




Solving Large-Scale AREs
{ Je]

Krylov Subspace Based Solvers for Lyapunov Equations

Consider Schur/singular value decomposition X = UX U,
UeR™" UTU =1, ¥ =diag(oy,...,0,) and |o1| > |oa| > -+ > |o].
The best rank-m Frobenius-norm approximation to X is thus given by

| Em O] 7 T
x,,,._u{0 O}U — UpEnUT.

Krylov projection idea [SAAD 90, JAIMOUKHA /KASENALLY ’94]

Solve
(UTFUR)Ym 4 Ym(UTFTU,) = —UTGGT Upy, (6)
on colspan(Up,) and get X, as

Xm = Un YU

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 13/42




Solving Large-Scale AREs
{ Je]

Krylov Subspace Based Solvers for Lyapunov Equations

Consider Schur/singular value decomposition X = UXUT,
UeR™" UTU =1, ¥ =diag(oy,...,0,) and |o1| > |oa| > -+ > |o].
The best rank-m Frobenius-norm approximation to X is thus given by

| Em O] 7 T
x,,,._u{0 O}U — UpEnUT.

Note that a factorization
Z,Z] = X,

can easily be computed from a Cholesky factorization of
Y= ZnZ)

as

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 13/42




Solving Large-Scale ARE:

eJefefeleY JoTelel:

Krylov Subspace Based Solvers for Lyapunov Equations
Basic Algorithm

Algorithm 2 Basic Krylov Subspace Method for the Lyapunov Equation

Input: F,G defining FX + XFT = —GG', an initial Krylov subspace V,
eg., V=Ky(F,G)orV =K,(F G)UK,F * G)" with orthogonal
basis V € C"*P.

Output: Z € C™ ¢, such that ZZ" ~ X
repeat

if not first step then
increase dimension of V and update V.
end if
Solve the “small” LE for Z with a classical solver:

(VTFV)Z2ZT + ZZT(VTFTV)=-VTGGTV,

Lift Z to the full space: Z = VZ
until res(Z)< TOL

L(K-PIK, [StMoNciINT *07])

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 14/42




LRCF-ADI with Galerkin Projection

ADI and Rational Krylov

[L1 ’00; Theorem 2] interprets the column span of the ADI solution as a
certain rational Krylov subspace

—1
L(F,G,p) = span{ S JTF+eD™6, o (F+pal) H(F +p1l)7'G,
i=—j

(F+p_1l)7'G, G, (F+pI)G,

(F+ p2)(F + p1)G, ..., ﬁ(F+p,-/)G }
i=1

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 15/42




Solving Large-Scale AREs

[ Jelelele}

LRCF-ADI with Galerkin Projection

ADI and Rational Krylov

[L1 ’00; Theorem 2] interprets the column span of the ADI solution as a
certain rational Krylov subspace

-1

L(F,G,p) = span{ S JTF+eD™6, o (F+pal) H(F +p1l)7'G,

i=—j
(F+p-11)7'G, G, (F+pl)G,

(F+ p2)(F + p1)G, ..., ﬁ(F+p,-/)G }
i=1

Solve on current subspace of L(F, G,p) in the ADI step to increase the
quality of the iterate.

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 15/42




LRCF-ADI with Galerkin Projection

Projected ADI Step — LRCF-ADI-GP

[B./L1/TRUHAR 09, SAAK’09, B./SAAK’10]
© Compute the LRCF-ADI iterate Z;
© Compute orthogonal basis via RRQR factorization?: Q;R;l1; = Z;
@ Solve (for Z) the projected Lyapunov equation

(QTFQ)ZZT +ZZT(Q] FT Q) = -Q] 66T @,

@ Update Z; according to Z; := Qi.Z

Zeconomy size QR with column pivoting; crucial to compute correct subspace if
Z; rank deficient.

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 16/42




LRCF-ADI with Galerkin Projection (G

Projected ADI Step — LRCF-ADI-GP

[B./L1/TRUHAR'09, SAAK’09, B./SAAK'10]
© Compute the LRCF-ADI iterate Z;
@ Compute orthogonal basis via RRQR factorization
@ Solve (for Z) the projected Lyapunov equation

(QTFQNZZT +ZZT(Q]FTQ) = —Q] GGT @,
@ Update Z; according to Z; := QZ

o Need to ensure that projected systems remain stable, e.g.,
F+FT <0;

e may perform projected ADI step only every k-th step (e.g. k =5) ~~
restarted ADI with shifts A(Q,” FQ;).

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 16/42




LRCF-ADI with Galerkin Projection

Test Example: Optimal Cooling of Steel Profiles

@ Mathematical model: boundary control for
linearized 2D heat equation.

4
c- gx = AAx e

pat - I

)\gx = k(uk—x), €€l 1<k<T !

6” ) ) —_ —_ )

0

%X = 0, Eero
= q=7,p=06. s

@ FEM Discretization, different models for
initial mesh (n = 371),
1, 2, 3, 4 steps of mesh refinement =
n=1357,5177,20209,79841.

Source: Physical model: courtesy of Mannesmann/Demag.
Math. model: TROLTZSCH/UNGER '99/'01, PENZL '99, S. '03.

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 17/42




LRCF-ADI with Galerkin Projection

Numerical Results

Steel profile n=20209 good shifts

Iteration history for controllability gramian

o Iteration history for observability gramian

10

0 projection 0 projection
10° every step N every step
every 5 steps N every 5 steps|
N\ 107 [
T0f | E \
k=4 ¥ -] =
@ ¢ @ .
8 - W 8 -
3 - g0
N0 v o
T \ ]
E “ E
s i s
2 H 2
6|
10°® 'l 10
' '
'
8 : 8
10° - 107
0 5 10 15 20 25 30 35 40 0 5 10
iteration number

Max Planck Institute Magdeburg

25 30 35
iteration number

Eberhard Bansch, Peter Benner, Jens Saak, 18/42



Solving Large-Scale AR

000e®

LRCF-ADI with Galerkin Projection

Numerical Results

Steel profile n=20209 good shifts

Computation times

.
o

A 0 9 N ® ©
5 & 3 & 3 &

time in seconds

w
S

20

10

1
galerkin projection frequency

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 18/42



arge-Scale AR
0000e

LRCF-ADI with Galerkin Projection

Numerical Results

normalized residual

Steel profile n=20209 bad shifts

Iteration history for controllability gramian

——no projection
- - every step

every 5 steps

50 100 150
iteration number

Max Planck Institute Magdeburg

200 250

Iteration history for observability gramian

10
= -\'\
{
_ 107
< v
2 '
8107
= '
I
F 107 %
E f
e
10°
107° ——no projection
- - every step
107 every 5 steps
[ 50 100 150 200 250

iteration number

Eberhard Bansch, Peter Benner, Jens Saak,
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Introducti Solving Large-Scale AR Es for lin. NSE Further Applications
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LRCF-ADI with Galerkin Projection

Numerical Results

Steel profile n=20209 bad shifts

Computation times

2000

1500

time in seconds

.
1=
S
S

500

1
galerkin projection frequency

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 19/42



Solving Large-Scale AREs

@00

Solving Large-Scale AREs @)

LRCF-NM for the ARE
Consider R(X):=CTC+ATX+XA—-XBB™X =0
R |x(Ng) = —R(Xe), Xop1 = X + Ny, £=0,1,...
where the Frechét derivative of R at X is the Lyapunov operator
Rix: Q— (A-BB™X)"Q+ Q(A—-BB'"X),

i.e., in every Newton step solve a

Lya punov Eq uation [KLEINMAN ’68]

F Xps1 + Xep1Fo = — GG/,
where Fy .= A— BBTX,, G :=[-CT, —X,;B].

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 20/42




Solving Large-Scale AREs

[e] le}

Solving Large-Scale AREs @)

LRCF-NM for the ARE

Factored Newton-Kleinman Iteration [B./L1/PENZL '99/08]
F,=A—BB"X,=: A— BK, is “sparse + low rank”,
G =[CT, K] is low rank factor.

Apply LRCF-ADI in every Newton step;

exploit structure of F; using Sherman-Morrison-Woodbury formula:
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LRCF-NM for the ARE

Factored Newton-Kleinman Iteration [B./L1/PENZL '99/08]
F,=A—BB"X,=: A— BK, is “sparse + low rank”,
G =[CT, K] is low rank factor.

o Apply LRCF-ADI in every Newton step;
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Solving Large-Scale AREs ’

LRCF-NM for the ARE

Factored Newton-Kleinman lteration [B./L1/PENZL '99/08]
F,=A—BB"X,=: A— BK, is “sparse + low rank”,
G =[CT, K] is low rank factor.

o Apply LRCF-ADI in every Newton step;
o exploit structure of F; using Sherman-Morrison-Woodbury formula:

(A— BK¢+pP1,) " =
(I + (A4 pP1n) 7 BIn — Ke(A+ p1n) ' B) ' Ke)(A+ p 1) !

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 21/42




LRCF-NM for the ARE

Algorithms

Algorithm 3 Low-Rank Cholesky Factor Newton Method (LRCF-NM)

Input: A, B, C, KO for which A — BK©® is stable
Output: Z = Z(km>) | such that ZZ" approximates the solution X of

CTC+ATX+XA—-XBBTX =0.

1: for k =1,2, ..., knax do

(k) (k)

2:  Determine (sub)optimal ADI shift parameters p; ’, p5 ’, ...
with respect to the matrix F(K) = AT — K(k=1)BT,

3 GW=[CcT KKk ]

4. Compute Z() using Algorithm 1 (LRCF-ADI) or (LRCF-ADI-GP)
such that  FWZWz(WH 1 700 7T ET ~ _ GG,

5. KK =z (zk"p)

6: end for

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 22/42




LRCF NM for the ARE

Algorithms

Algorithm 4 Simplified Low-Rank Cholesky Factor Newton Method (LRCF-NM-S)

Input: A, B, C, KO for which A — BK©® is stable
Output: Z = Z(km>) | such that ZZ" approximates the solution X of

CTC+ATX+XA—-XBBTX =0.

: Determine (sub)optimal ADI shift parameters py, pa, . ..

with respect to F(O = AT — KOBT or F(°°) = [imy_, o FK).

cfor k=1,2,..., kpnax do

Gk = [ cT Kk-1) ]

Compute Z¥) using Algorithm 1 (LRCF-ADI) or (LRCF-ADI-GP)
such that F(RWz(Kz(WH" L 7 70 H 0T o _ GGt T

. KW =z (z0
6: end for

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 22/42




LRCF-NM for the ARE

Algorithms

Algorithm 5 Low-Rank Cholesky Factor Galerkin-Newton Method (LRCF-NM-GP)

Input: A, B, C, KO for which A— BK©® is stable
Output: Z = Z(k=) such that ZZ" approximates the solution X of

CTC+ATX +XA—-XBBTX =0.

1: for k=1,2,..., kpax do
2:  Determine (sub)optimal ADI shift parameters p§ ),pgk), .
with respect to the matrix F(K) = AT — K(k=1) BT,
G — [ CT K(k=1) ]
Compute Z() using Algorithm 1 (LRCF-ADI) or (LRCF-ADI-GP)
such that  FOZW z"™ oz ZzWFT ~ _ GG,
5:  Project ARE, solve and prolongate solution.
6 KW =zW(zk"p)
7: end for

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 22/42




Solving for the Feedback Operator

Feedback Iteration

Zik = [Zj k-1, Vil

K, = BTX’!< = BTZ*Z*T Jj: Newton index,
k: ADI index.

Optimal feedback

can be computed by direct feedback iteration:

@ jth Newton iteration:

Kimax

j—o0
Ki=B"7z] =) (BTV;)V —— K.=B72Z]
k=1

@ K;j can be updated in ADI iteration, A; = BK;
= no need to form Z;j, need only fixed workspace for K; € R™*"1

Related to earlier work by [Banks/ITo '91].

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 23/42




Solving Large-Scale AREs

O@000000

Feedback lteration

Test Examples

Example 1: 3d Convection-Diffusion Equation

o FDM for 3D convection-diffusion equation on [0, 1]3

@ proposed in [Smonemt 07], g =p =1
@ non-symmetric A € R"™*" | n= 10648

Example 2: 2d Convection-Diffusion Equation

o FDM for 2D convection-diffusion equations on [0, 1]?

LyaPack benchmark, g = p =1, e.g., demo_11
non-symmetric A € R"*", n = 22 500.

16 shift parameters
Penzl’s heuristic from 50/25 Ritz/harmonic Ritz values of A

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 24/42




Solving Large-Scale AREs
[e]e] le]elelele]

Feedback Iteration
Test Results (ADI-loop): Example 1

Newton-ADI Newton—Ga lerkin-ADI LRCF-ADI-GP(5)

NWT| rel. change | rel. residual |AD| NWT| rel. change | rel. residual |AD|

Q)

1] 9.97-107% | 9.27 - 107 | 100 1] 9.97-107% | 9.20 . 107 % 80
2 | 367-107% | 958 - 107 94 2 | 367 -10"% | 960 - 10~ 30
3| 1.36-107% | 1.09 - 107 % 98 3| 136107 | 1.09 - 107% 28
4 | 348 -107% | 1.01 - 107" 97 4| 347 -107% | 1.01-1077 35
5| 6.41-107% | 1.34 . 1071 97 5| 6.41-10"% | 1.03. 1071 25
6 | 7.47 - 1071 | 1.34 .10 97 6 | 1.23-10"" | 1.98 - 101 27
CPU time: 4805.8 sec. CPU time: 1460.1 sec.

test system: Intel® Xeon® 5160 3.00GHz : 16 GB RAM:
64Bit-MATLAB (R) (R2010a) using threaded BLAS (romulus)
stopping criterion tolerances: 10710

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 25/42



Solving Large-Scale AREs
[e]e]e] Jelelele]

Feedback Iteration
Test Results (ADI-loop): Example 2

Newton—ADI Newton—Ga Ierki n-ADI LRCF-ADI-GP(5)

NWT rel. change rel. residual ADI NWT rel. change rel. residual ADI
1 1| 1.70 - 10102 46 1 1| 1.70 - 107% 35
2| 2.88-107% | 4.25.10™™ 39 2 | 288107 | 4.25.10"%" 15
3| 213107 | 1.06 - 10T 43 3| 213.107% 1.06 - 101% 20
4 | 177 -107% | 258 . 10" 46 4| 177 -107% | 2558 . 107 20
5| 247 -107% | 515 . 107" 43 5 | 247 .107% | 515.107% 20
6 | 3.04 107" | 3.26 - 107 52 6 | 3.04 107 | 326 10" 17
7| 1.78-107° | 6.90 - 10°% 50 7| 178107 | 6.90 - 107% 20
8 | 260 -107% | 1.08 - 1071 46 8 | 260 -107% | 1.10 - 1071 20
9 | 2751071 | 1.07 - 107 50 9 [ 275107 | 1.92 . 1012 20

CPU time: 493.81 sec. CPU time: 280.55 sec.

test system: Intel®Core™2 Quad Q9400 2.66 GHz; 4 GB RAM:
64Bit-MATLAB (R2009a) using threaded BLAS (reynolds)
stopping criterion tolerances: 10710

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 26/42



Solving Large-Scale AREs
[e]e]ele] Jelele]

Feedback Iteration ?)
Test Results (both-loops): Example 1

Newton-ADI NG-ADI inner= 5, outer=1
NWT | rel. change | rel. residual | ADI NWT | rel. change | rel. residual | ADI

1]997-107% | 927 - 10=° | 100 1] 998 107" | 50410 | 80
2 | 367 1079 | 9.58 - 107 94 CPU time: 497.6 sec.
3| 136 1079 | 1.09 - 107 98 .
4 3.48 - 10 % 1.01 - 1079 97 NG-ADI Inner= 1, outer= ].
5] 6.41-107% | 1.34.107"° 97 NWT | rel. change | rel. residual | ADI
6 | 7.47 - 107 | 1.34 . 1071 97

1008 1207 [742-107" | 71
CPU time: 856.6 sec.

NG-ADI inner= 0, outer=1

NWT | rel. change | rel. residual | ADI
1] 998 107" | 6.46 - 10" | 100
CPU time: 506.6 sec.

CPU time: 4805.8 sec.

test system: Intel® Xeon® 5160 3.00GHz : 16 GB RAM:
64Bit-MATLAB (R2010a) using threaded BLAS (romulus)
stopping criterion tolerances: 10710

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 27/42



Solving Large-Scale AREs
[e]e]ele]e] lele]

Feedback lteration

Test Results (both-loops): Example 2

Newton-ADI NG-ADI inner= 5, outer=1

NWT rel. change rel. residual ADI NWT | rel. change | rel. residual | ADI
1 1| 170 - 1072 | 46 1| 1 ]33 107" | 35
2 | 2.88-10"" | 4.25.10™" 39 CPU time: 24.1 sec.
3| 213107 | 1.06 - 10M* 43 .
4 1.77 - 10~ 2.58 . 107 46 NG-ADI InNner= 1, outer= ].
—o1 —o1
5 2.47 - 10_01 5.15 - 10_02 43 NWT | rel. change | rel. residual | ADI
6 | 3.04 - 10702 3.26 - 10705 52 1 | 1 | 131 . 10— | 3
7 1.78 - 10 6.90 - 10 50 CPU time: 26.8 sec.
8 | 2.60-10"% | 1.08 - 101 46
9 | 275-107" | 107107 | 50 NG-ADI inner= 0, outer= 1
CPU time: 493.81 sec. NWT | rel. change | rel. residual | ADI
1| 1|327- 107" | 46

CPU time: 24.0 sec.

test system: Intel®Core™2 Quad Q9400 2.66 GHz; 4 GB RAM:
64Bit-MATLAB (R2009a) using threaded BLAS (reynolds)
stopping criterion tolerances: 10710
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Solving Large-Scale AREs
[e]e]ele]elel e]

Feedback lteration

Computation Time Scales Linearly with Problem Size

(0,1) (1,1)
Oex(€,t) = Ax(€, t) in Q
Oux =Db(&)-u(t)—x onTl.
L |'c dux = —x on O\ T
x(§,0) =1
(0,0) (1,0)

Control operator: Here h(&) = 4 (1 — &) & for € € T and 0 otherwise.
Output equation: y = Cx, where

C:L%Q) —R
X(f,t) ’_’Y(t fQ d£7

Cost functional:

éC/—,Zl'Mh.

o
2 2
7w = [+ P
0
Eberhard Bénsch, Peter Benner, Jens Saak, 29/42




Solving Large-Scale AREs
[e]e]ele]elele] ]

Feedback lteration

Scaling results

simplified Low Rank Newton-Galerkin ADI

o generalized state space form implementation
o Penzl shifts (16/50/25) with respect to initial matrices
@ projection acceleration in every outer iteration step

@ projection acceleration in every 5-th inner iteration step

test system: Intel®Xeon® 5160 @ 3.00 GHz; 16 GB RAM;
64Bit-MATLAB (R2010a) using threaded BLAS (romulus)
stopping criterion tolerances: 10710

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 30/42




Solving Large-Scale AREs
[e]e]ele]elele] ]

Feedback lteration

Scaling results

Computation Times

discretization level

problem size

time in seconds

3 81 5.53.102
4 289 1.33-10°1
5 1089 2.84-1071
6 4225 1.51-1010
7 16 641 9.52.101°
8 66 049 5.97 - 1011
9 263169 4721012
10 1050 625 6.89 - 1013
11 4198401 8.08- 10

(Finest level: 8.813.287.577.601 unknowns, taking symmetry into account.)

test system: Intel®Xeon® 5160 @ 3.00 GHz; 16 GB RAM;
64Bit-MATLAB (R2010a) using threaded BLAS (romulus)

stopping criterion tolerances: 10~

Max Planck Institute Magdeburg

10
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Solving Large-Scale AREs
[e]e]ele]elele] ]

Feedback lteration

Scaling results

Scaling of CPU time

time in seconds

3 4 5 6 7 8 9 10 11
refinement level

test system: Intel®Xeon® 5160 @ 3.00 GHz; 16 GB RAM;
64Bit-MATLAB (R2010a) using threaded BLAS (romulus)
stopping criterion tolerances: 10710

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 30/42




Solving AREs for lin. NSE
@

Solving AREs for Linearized Navier-Stokes Eqns.
0=M+(A+wM)TX + X(A+wM) — MXBBT XM

Problems with Newton-Kleinman

@ Discretization of Helmholtz-projected linearized Navier-Stokes equations
would need divergence-free finite elements.

Here, we want to use standard discretization

(Taylor-Hood elements available in flow solver NAvVIER).

Explicit projection of ansatz functions possible using application of
Helmholtz projection, but too expensive in general.
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Solving AREs for lin. NSE Further Applications

Solvmg AREs for Linearized Navier- Stokes Eqns.
0= M+ (A+wM)TX + X(A+wM) — MXBBT XM

0= L+ (A+wl)" X+ X(A +wl) - X(B,B; +,o_1B,,B;‘;)X]

(Taylor-Hod elements available in flow solver NAviER).
Explicit projecty ansatz functions possible using application of

Helmholtz projection, but too expensive in

@ Each step of Newton-Kleinman iteration: solve
AJTZj+IZ+1M A MZJ+1Z+1A = -M- K,T/(j

n, := rank (M) = dim of ansatz space for velocities.

~~ need to solve n, + m linear systems of equations in each step of
Newton-ADI iteration!

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 31/42
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Solving AREs for Linearized Navier-Stokes Eqns.
0=M+(A+wM)TX + X(A+wM) — MXBBT XM

Problems with Newton-Kleinman

@ Discretization of Helmholtz-projected linearized Navier-Stokes equations
would need divergence-free finite elements.

Here, we want to use standard discretization

(Taylor-Hood elements available in flow solver NAvVIER).

Explicit projection of ansatz functions possible using application of
Helmholtz projection, but too expensive in general.

@ Each step of Newton-Kleinman iteration: solve
Al ZjnZIaM + MZia Z0 A = — M — KK

n, := rank (M) = dim of ansatz space for velocities.

~~ need to solve n, + m linear systems of equations in each step of
Newton-ADI iteration!

© Linearized system (i.e., A+ wM) is unstable in general.
But to start Newton iteration, a stabilizing initial guess is needed! o

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 31/42



Solving AREs for lin. NSE

Solving AREs for Linearized Navier-Stokes Eqns.
0=M+(A+wM)TX + X(A+wM) — MXBBT XM

Problems with Newton-Kleinman

@ Discretization of Helmholtz-projected linearized Navier-Stokes equations
would need divergence-free finite elements.

Here, we want to use standard discretization

(Taylor-Hood elements available in flow solver NAvVIER).

Explicit projection of ansatz functions possible using application of
Helmholtz projection, but too expensive in general.

@ Each step of Newton-Kleinman iteration: solve

[I3. 708 ]Partial Stabilization of Descriptor Systems Using Spectral
Projectors; to appear in V. Olshevsky et al (eds.), Numerical Linear Algebra in Signals,

Systems and Control, Lecture Notes in Electrical Engineering, Springer-Verlag.

[N 10 JMPC/LQG-Based Optimal Control of Nonlinear Parabolic PDEs;
PhD thesis Chemnitz UT.

Newton-“._: iteration!

ny

A

© Linearized system (i.e., A+ wM) is unstable in general.
But to start Newton iteration, a stabilizing initial guess is needed! o
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Solving AREs for Linearized Navier-Stokes Eqns. |

Solution to 1. Problem/no need for divergence free FE

@ incompressible Navier-Stokes-Equations

ov 1
E—R—eAv—i—v.Vv—FVp—O + B.C.

(NSE)
Vwv=0

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 32/42




Solving AREs for Linearized Navier-Stokes Eqns. |

Solution to 1. Problem/no need for divergence free FE

@ incompressible Navier-Stokes-Equations

~

ov 1
a—@Av—kv.Vv—FVp—O + B.C. (NSE)
Vwv=0
o Spatial FE discretization
Mv(t) = K t) — Gp(t) + Buu(t
(1) (TV)V( ) = Gp(t) + Buu(t) (dNSE)
0=G"v(t)

Max Planck Institute Magdeburg

Eberhard Bansch, Peter Benner, Jens Saak,




Solving AREs for Linearized Navier-Stokes Eqns. |

Solution to 1. Problem/no need for divergence free FE

@ incompressible Navier-Stokes-Equations

~

ov 1
— - —A .V Vp=0 B.C.
5t Re TVVVTVP=0 4 (NSE)
Vwv=0
o Spatial FE discretization
Mv(t) = K(v)v(t) — Gp(t) + Biu(t
(1) (T)() p(t) + Biu(t) (dNSE)
0=G"v(t)
o Linearization and change of notation
Ejiv(t) = A;v(t) + A t) + Biu(t
11v(t) 1Tl (t) + Awap(t) + Byu(t) (NSDAE)
0= Apv(t)
Eberhard Bénsch, Peter Benner, Jens Saak, 32/42




Solving AREs for Linearized Navier-Stokes Eqns. |

Solution to 1. Problem/no need for divergence free FE

@ incompressible Navier-Stokes-Equations

~

ov 1
— - —A .V Vp=0 B.C.
5t Re TVVVTVP=0 4 (NSE)
Vwv=0
o Spatial FE discretization
Mv(t) = K(v)v(t) — Gp(t) + Biu(t
(1) (T)() p(t) + Biu(t) (dNSE)
0=G"v(t)
o Linearization and change of notation
Ejiv(t) = A;pv(t) + A t) + Byu(t
1v(t) 1T1 (t) + Aw2p(t) + Byu(t) (NSDAE)
0 == A12V(t)
Eberhard Bénsch, Peter Benner, Jens Saak, 32/42




Solving AREs for Linearized Navier-Stokes Eqns.

Solution to 1. Problem/no need for divergence free FE

Eqq V(t) = An V(t) aF A12p(t) T Blu(t)
0=ALv(t)

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 33/42




Solving AREs for Linearized Navier-Stokes Eqns. |

Solution to 1. Problem/no need for divergence free FE

Ei1 V(t) = A1 V(t) aF Algp(t) T Blu(t)
0=ALv(t)

Multiplication of line one from the left by A1T2E1*11 together with

0= ALv(t) = 0= ALv(t) reveals the

hidden manifold
0=ALET Auv(t) + ALE T Aap(t) + AL E Bru(t), ]

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 33/42




Solving AREs for lin. NSE
(o] o}

Solving AREs for Linearized Navier-Stokes Eqns.

Solution to 1. Problem/no need for divergence free FE

Ei1 V(t) = A1 V(t) + Alzp(t) + Blu(t)
0=ALv(t)

Multiplication of line one from the left by A1T2E1*11 together with

0=ALv(t) = 0= AL,v(t) reveals the

hidden manifold
0=ALET Auv(t) + ALE T Aap(t) + AL E Bru(t), ]

which implies

_ -1 _ _ -1 _
[ P(t) == (AZ—2E111A12) AI2E111A11v(t)—(A£E111A12) AI2E11lBlu(t)-]

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 33/42




Solving AREs for Linearized Navier-Stokes Eqns. |

Solution to 1. Problem/no need for divergence free FE

Inserting p we find
. _ -1 _
Eni(t) = (1 — A (ALE;  Ap) AszElll) Apv(t)

+ (1= Az (ALEG A)  ALES) Buu(t)

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 34/42




Solving AREs for Linearized Navier-Stokes Eqns.

Solution to 1. Problem/no need for divergence free FE

Inserting p we find
. _ -1 _
E11V(t) =(/- A12 (A]7_—2E1]_1A12) AZ—2E111) A11v(t)

+ (1= Az (ALEG A)  ALES) Buu(t)

Definition [HEINKENSCHLOSS/SORENSEN /SUN '08]

3 —1 _
M:=1-Ap (A1TzE111A12) ALEL!

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 34/42




Solving AREs for Linearized Navier-Stokes Eqns.

Derivation of the Projected State Space System and Matrix Equations

Definition [HEINKENSCHLOSS/SORENSEN /SUN ’08]

5 =1 _
MN:=1-Ap (AszE111A12) ALER"

o M =1 o null(M) = range(A12)
o NEy = E; 0T o range(lN) = nuII(AszEl_ll)

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 35/42




Solving AREs for Linearized Navier-Stokes Eqns.

Derivation of the Projected State Space System and Matrix Equations

Definition [HEINKENSCHLOSS/SORENSEN /SUN ’08]

5 =1 _
MN:=1-Ap (AszE111A12) ALER"

o M =1 o null(M) = range(A12)
o NEy = E; 0T o range(N) = null(ALEL")
This implies

[HEINKENSCHLOSS/SORENSEN /SUN ’08]

o [1is an oblique projector.
0o ALbz=0&eNTz=2
o = NTv(t) = v(t)

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 35/42




Solving AREs for Linearized Navier-Stokes Eqns. |

Derivation of the Projected State Space System and Matrix Equations

Thus (NSDAE) is equivalent to

Projected state space system

|_|E11|'|T%v(t) = NA; N7 v(t) + NBu(t).

Leads to

projected Riccati equation

nn’ 4+ nNALNTXNELNT + NENTXNA;;NT
—NELNT™XNB, B/ NTXNENT =0
nxn=X.

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 36/42




Solving AREs for Linearized Navier-Stokes Eqns. |

Derivation of the Projected State Space System and Matrix Equations

Thus (NSDAE) is equivalent to
Projected state space system
I'IEllﬂT%v(t) = I'IA11I'ITv(t) aF I'IBlu(t).

Leads to

projected Riccati equation

nn’ 4+ nNALNTXNELNT + NENTXNA;;NT
—NELNT™XNB, B/ NTXNENT =0
nrxmn=Xx.
If necessary p can be determined from

_ -1 _ _ -1 _
P(t) = - (A1T2E111A12) AIzElllAll V(t)_(AZ;EnlAH) AIzEulBl“(t)-

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 36/42




Solving AREs for Linearized Navier-Stokes Eqns.

Solving the Projected Matrix Equations

Apply factored-Newton-ADI

Central question

How do we solve systems of equations (A¢ == A1 — BKY)
zZ=n"z, N(En + peA)NTZ=NG

in the (inner) ADI steps avoiding the computation of 1?7

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 37/42




Solving AREs for Linearized Navier-Stokes Eqns. |

Solving the Projected Matrix Equations

Apply factored-Newton-ADI

Central question

How do we solve systems of equations (A¢ == A1 — BKY)
Z=N"Z, N(Eu+pA)N"Z=NG

in the (inner) ADI steps avoiding the computation of 1?7

For Ay, = A1y, e, K, =0:

[HEINKENSCHLOSS/SORENSEN /SUN ’08]

Z =|—|tz - Eii+peAun A2 [Z] (G
N(En+pAn)N'Z =06 Al 0||A] o
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Solving AREs for lin. NSE
( 1o}

Solving AREs for Linearized Navier-Stokes Eqns.

Solving the Projected Matrix Equations

Apply factored-Newton-ADI

Central question

How do we solve systems of equations
—n’z, N(En + peA)NTZ=NG I

o exploit “sparse + low rank” structure of Ay,

recondition our saddle Eoint problem.
For Ay = A1, joint work with A. Wathen/M. Stoll)

(Ag = A11 — BK[)

in the (inner)

[HEINKENSCHLOSS/SORENSEN /SUN ’08]

zZ =N’z o Bt pAe Al |Z) G
N(Eun+peAn)N'Z =NG Al 0| |Al |0
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Solvin AREsforIm NSE Furth:

Solvmg AREs for Lmearlzed Navner—Stokes Eqns.

Solution to 2. Problem: remove W from r.h.s. of Lyapunov eqns. in Newton-ADI

One step of Newton-Kleinman iteration for ARE:

~——

=Xj11 :KjT =Kj

Al (X + N)) +Xj1Aj = =W — (X;B)BTX;  forj=1,2,...
N—— N——

Subtract two consecutive equations =—>

ATN; + N;A = N7 BBTN;_;  forj=1,2,...

See [BANKS/ITO '91, B./HERNANDEZ/PASTOR ’03, MORRIS/NAvASCA ’05] for details

and applications of this variant.
But: need BT Ny = K; — Ko!

Assuming Ky is known, need to compute Kj.
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Solving AREs for Linearized Navier-Stokes Eqns.

Solution to 2. Problem: remove W from r.h.s. of Lyapunov eqns. in Newton-ADI

Solution idea:
Ki = B'™X
_ Br/w ABROTE (W KT Ko ) el BRO gy
0

/oo g(t)dt~ Y vg(te),
0 £=0

-
where g(t) = ( (e(A*BKo)tB) (W + KJ Ko)) o(A—BKo)t

[BORGGGAARD/STOYANOV "08]:
evaluate g(t;) using ODE solver applied to X = (A — BKo)x + adjoint eqn.
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Solving AREs for lin. NSE
(o] J

Solving AREs for Linearized Navier-Stokes Eqns.

Solution to 2. Problem: remove W from r.h.s. of Lyapunov eqns. in Newton-ADI

Better solution idea:
(related to frequency domain POD [WiLLcOX/PERAIRE '02])

Ki = BTxl (Notation: Ag := A — BKj)

- 2 / (wln — A) (W + KJ Ko)(gwin — Ao) " dw

= /_ w)dWNZWf(wz

where  f(w) = ( — ((wlh + Ao) *B) " (W + KJ Ko)) (qwls — Ao) ™.
Evaluation of f(w¢) requires

@ 1 sparse LU decmposition (complex!),

@ 2m forward/backward solves,

@ m sparse and 2m low-rank matrix-vector products.

Use adaptive quadrature with high accuracy, e.g. GauB-Kronrod (quadgk in
MATLAB).
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Further Applications

Navier-Stokes Coupled with (Passive) Transport of (Reactive) Species

Goal: stabilize concentration at certain level

Model equations:

1
Ov— —Av+v.Vv+Vp=HFf
Re

divv =0
1
0 .Vc— —Ac=0
.c+v.Vc Re. Sc c
with boundary conditions:
vV =V Cc = ¢y = const on [,
v=20 81/(: =0 on rWE”
v=_0 c=0 onl,,

Max Planck Institute Magdeburg Eberhard Bansch, Peter Benner, Jens Saak, 39/42




Further Applications

Navier-Stokes Coupled with (Passive) Transport of (Reactive) Species

Goal: stabilize concentration at certain level

Model equations:

1
8tv—EAv+v.Vv+Vp:f

divv =0
1
. ———Ac=
0:c +v.Ve Re. Sc c=0
Domain:
rWarll

Mo NI M /LN Tow
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Further Applications

Results for Re = 10, Sc = 10

movie
no control piecewise constant feedback

Computations by Heiko Weichelt
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Further Applications
[

Further Applications

Results for Re = 10, Sc = 10

T T T I
feedback: outflow,

h feedback: inflow

feedback: outflow

1+ = = = no feedback: outflow,
= = = no feedback: inflow
= = = no feedback: outflow

05|

amount of reactive substance

0 I I ! ! |

| | |
0 20 40 60 80 100 120 140 160 180
time

Computations by Heiko Weichelt
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REs for lin. NSE Further Applications Conclusions

Conclusions and Future Work

@ Progress in solving AREs in the last decade now allows application
of Riccati feedback to realistic PDE control problems.

o Implementation for Navier-Stokes and multi-field flow problems in
progress, requires many details not encountered for linear
convection-diffusion or beam equations.

@ For 3D problems, need dedicated preconditioned iterative "saddle
point” solver.
"(1,1)"-term is nonsymmetric sparse matrix + low-rank perturbation ~ joint
work with A. Wathen, M. Stoll.

@ Model reduction based on LQG balanced truncation for flow
problems in L3(0, c0; V,,(2)) can be based on derived Riccati solver.
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