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Systems Class

Systems class: (E,A, B, ()

E x(t) = Ax(t)+ B u(t) E,AcR™"
y(t) = Cx(t) B,CT e R™™

Regularity: det(sE — A) € R[s] \ {0}

Solultions: (x,u,y) € C}(R;R") x C*"(R;R™) x C}(R; R™),
v index of sE — A

Transfer function  G(s) = C(sE — A)"1B € R(s)™*™

has proper inverse: lim G(s)™! € R™*™
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Systems Class

System class: (E,A, B, ()

E x(t) = Ax(t)+ B u(t)
y(t) = Cx(t)

Regularity: det(sE — A) € R[s] \ {0}
Solultions: (x, u,y) € CY(R;R") x C""Y(R;R™) x C}(R; R™),
v index of sE — A

Transfer function  G(s) = C(sE — A)"'B € R(s)™*™

has proper inverse:  lim G(s)~! € R™*™
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Def: non-positive strict relative degree

srdeg G(s) = sup{k €Z

lim s G(s) € Glm(R)} <0 exists
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Systems Class
Strict relative degree and proper inverse

Prop
srdeg G(s) <0~ G(s) has ‘proper inverse’
&=
i.a.
Proof
p <0 is largest integer : lims_ o s” G(s) € Gl(R)
.
G(s) = P(s) + Ga(s),  P(s) = LiLo Pis’
_—
srdeg G(s) = —srdeg P(s), Py € Gln(R)
—
3 P71(s)
.
Sherman-Morrison-Woodbury formula:
G7Y(s) = P7H(s) = P7H(s)Gup(s) [ + P(s)Gup(5)] " P3(s)
_—
3G Y(s) and G~(s) proper O
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Timo’s Form

Theorem:  Zero Dynamics Form

E x(t) = Ax(t)+ B u(t)

y(t) = Cx(t)
.
y(t)
3 T €Gly(R) : 2%3 =T x(t)
X4(t)
solves
0 = An y(t) + A X2(t) + U(t)
x(t) = Qx(t)+ A y(t)
xa(t) = SV N Esp y(UHD(t)
x(t) = 0
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& C(sE — A)"!B has proper inverse

unique: dimx;, Aqp

unique mod similarity: Q, Ns3
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Timo’s Form
Negative strict relative degree

0 = Anp y(t) + A1 X2(l') + U(t)
x(t) = Q xo(t) + Az y(1) C(sE - A)_lB =
x5(t) = Yy Nig Ea y(t(1) ~ (Au + An(sl = Q) An)
X4(t) = 0
Prop

has strict relative degree p < —1

y(t) = C x(t)
<
Air=0 A srdeg (Ap(sl — Q) Axn) = —p
E—
xo(t) Q xo(t) + A1 y(t)
U(t) = —A1 X2(1.')
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Zero Dynamics
Zero dynamics

C(sE — A)"'B has proper inverse

Def

ZDE.AB,C) = { (x,u,y)

(x,u,y) solves (E,A,B,C)
and y =0

Prop
(x,u,y) € ZDEaB,c) = x(t)€V(AE BkerC) VteR

where V* denotes the maximal subspace such that

AV*CEV*+imB and V* € ker C
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Zero Dynamics
Stable zero dynamics

Def
(E,A, B, C) has stable zero dynamics <=

(x,u,y) € ZDEaBc) = (x(t),u(t)) —0

Prop

(E,A,B,C) has stable zero dynamics <— o(Q)C C_

Proof

0 = A11 y(t) + A12 Xz(t) + U(t)
x(t) = Q x(t)+ Ax y(t)
x(t) = Yy Nis Ea (1)
xu(t) = 0
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Zero Dynamics

Theorem: Characterization of stable zero dynamics

Theorem

(E,A, B, C) has stable zero dynamics

<~
— sE-—A B
V56C+:det{ c 0];&0
—
(i) (E,A, B,C) is stabilisable
(i) (E,A, B, () is detectable
(i) U(s)" C(sE — A)~1B V(s)~! = diag {%()) w";(())}
Vs € Cy : €(s)#0
—

Jk* >0 VkeRst [k >k* : limeoox(t) =0
where x(-) solves ‘u(t) = ky(t) & (E, A, B, C)’
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Zero Dynamics

High-gain stabilization: sketch of the proof

0 = A11 y(t) -+ A12 Xg(t) + U(t)
(t) = Qx(t)+ Ax y(t)
xa(t) = Yo Mg Bz y (1)
u(t) = ky(t)
—(A11 + klm)y(t) = A12X2(t)
X(t) = Qx(t)+Auy(t)
x(t) = Yy Mg Eayh(1)
| k| >:||>A11||
X(t) = [Q— Ax(Au + kim) " A12] xo(t) lkg>1 Q xx(t)
x(t) = Xy My Eay@h(1) 0
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Funnel Control

1= (t)? [le(t)]?

u(t) ()

L
N
/

v
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Funnel Control
Theorem: Funnel control

Suppose:  (E, A, B, C) has stable zero dynamics

and C(sE — A)"'B has strict negative relative degree.

Then the  funnel controller

u(t) = k(t) e(t)

. () = y(1) — yeur 1)
KO = T e e

applied to (E, A, B, C) yields:

1
x(-) € L, k() e L™ A Je>0Vt>0: |le(t) <

m—é‘.
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