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Wu-Yang Dictionary

Physics Mathematics
A, ∇ Yang-Mills field connection in P
ψ matter field in irrep V section of P ×G V
G gauge group structure group of P
G gauge group vertical automorphisms of P
σ Goldstone bosons sections of P ×G G/H
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Wu-Yang Dictionary

An H structure is a principal H subbundle Q ⊂ P.
If P has an H structure, one can find a bundle atlas with
transition functions in H.
P has an H structure iff there exists a global section
σ0 ∈ C∞(P ×G G/H).
Its local representative is σ0(x) = eH in all charts.

Remark: G acts transitively on C∞(P ×G G/H).
I will call Goldstone boson a field whose configuration space
carries a transitive G action.
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Higgs mechanism I

Certain gauge fields are experimentally seen to be massive.
How to reconcile a mass with gauge invariance?

Higgs field φ = C∞(P ×G V )

W a G-invariant potential with minimum in G/H ⊂ V

P ×G G/H ⊂ P ×G V

choose coordinates in V : φ = (ρ, σ)

dynamics gives 〈φ〉 = (ρ0, σ)

can choose “unitary” gauge φ = (ρ, σ0)
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Higgs mechanism II

L(G) = L(H) ⊕ P

A = A|L(H) + A|P
Dφ = ∂φ+ Aφ = (∂ρ,Dσ)

with Dσ = ∂σ + AiKi(σ)

in particular Dσ0 = Ai |PKi(σ0)

in unitary gauge (Dφ)2 7→ (∂ρ)2 + ρ2
0(A|P)2

Higgs field ρ− ρ0 also has mass ≈ ρ0
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Higgsless Higgs mechanism

only Goldstone bosons are necessary for Higgs
mechanism

Higgs particle only necessary for perturbative
renormalizability
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Strong Coupling limit

W = λ
4 (φ2 − ρ2
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Low Energy EFT

at momenta p ≪ ρ0:

ρ = ρ0

A|P = 0 or Dσ = 0

Let P have an H-structure Q and σ be the corresponding
section of P ×G G/H. A connection A in P is an H connection
iff Dσ = 0.
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Grand Unification

use Higgs phenomenon with G1 × G2 ⊂ G
to do list:

identify GUT group G

fit particles in irreps of G

write G-invariant action

explain symmetry breaking (select order parameter, orbit,
potential)

check that new particles not seen at low energy have high
mass
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Grand unification: SO(10)

(eL , νL ,eR , νR ,ur ,g,b
L ,d r ,g,b

L ,ur ,g,b
R ,d r ,g,b

R )

16 complex 2 component Weyl spinors of Lorentz
4 doublets and 8 singlets of SU(2)L

Repeat three times. (nν = 2.984 ± 0.008 measured at LEP)

Fit exactly in the 16 of SO(10)!
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A symmetry breaking chain

SO(10)
↓

SO(4) × SO(6) ≈ SU(2)R × SU(2)L × SU(4)
↓

SU(2)R×SU(2)L×SU(3)C×U(1)B−L

↓
U(1)EM × SU(2)L × SU(3)C

↓
U(1)EM × SU(3)C

requires at least 45, 16 and 10
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Gravity with more Variables

Spacetime manifold M, dimM = 4
E real vectorbundle with fiber dimension 4
local bases {∂µ} in TM and {ea} in E

pseudo-fiber metric in E , γab signature +,+,+,−

linear connection in E , Aµ
a

b

soldering form θa
µ, detθ 6= 0
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Induced structures in TM

gµν = θa
µ θ

b
ν γab

Γλ
µ

ν = θ−1
a
µAλ

a
bθ

b
ν + θ−1

a
µ∂λθ

a
ν
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Torsion and Nonmetricity

Θµ
a
ν = ∂µθ

a
ν − ∂νθ

a
µ + Aµ

a
b θ

b
ν − Aν

a
b θ

b
µ

∆λab = −∂λγab + Aλ
c

a γcb + Aλ
c

b γac
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Gauge invariance

G = AutGL(4)E

θa
µ(x) 7→ θ′

a
µ(x ′) = Λ−1a

b(x) θb
ν(x)

∂xν

∂x ′µ

γab(x) 7→ γ′ab(x ′) = Λc
a(x) Λd

b(x) γcd(x)

Aµ
a

b(x) 7→ A′
µ

a
b(x ′) =

∂xν

∂x ′µ

(

Λ−1a
c(x)Aν

c
d(x)Λd

b(x)

+Λ−1a
c(x)∂νΛ

c
b(x)

)

0 → AutGL(4)
M E → AutGL(4)E → DiffM → 0

is split: θ∗ : DiffM → AutGL(4)E
θ∗(f ) = θ ◦ Tf ◦ θ−1
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Goldstone Bosons

AutGL(4)E acts transitively on metric and soldering

γ(x) ∈ GL(4)/SO(3,1)

γ ∈ {fibermetrics} ≈ AutGL(4)E/AutSO(3,1)E

θ ∈ {isomorphismsTM → E} ≈ AutGL(4)E/DiffM
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Metric gauge

θa
µ = δa

µ

unbroken group DiffM

gµν = γµν , Γλ
µ

ν = Aλ
µ

ν

Θµ
a
ν = Γµ

a
ν − Γν

a
µ
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Vierbein gauge

γab = ηab

unbroken group AutSO(3,1)M

gµν = θa
µ θ

b
ν ηab

∆λab = Aλab + Aλba

not enough freedom to fix both simultaneously
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First Hint of a Higgs Mechanism

flat background: A = 0, θ = 1, γ = η

Palatini action

SP(A, γ, θ) =
1

16πG

∫

d4x
√

|det g| θ−1
a
µθb

ρ gρνFµν
a

b

contains

1
16πG

∫

d4x δa
µδb

ρ δ
ρν(Aµ

a
cAν

c
b − Aν

a
cAµ

c
b)
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Levi–Civita Connection

given θ, γ, there is a unique Ā s.t. Θ̄ = 0, ∆̄ = 0

Ā =
1
2

(

θ−1
c
λ ∂λκab+θ−1

a
λ ∂λκbc−θ

−1
b
λ ∂λκac

)

+
1
2

(

Cabc+Cbac−Ccab
)

where Cabc = γad θ
d

λ

(

θ−1
b
µ ∂µθ

−1
c
λ − θ−1

c
µ ∂µθ

−1
b
λ
)

Any connection A can be split uniquely in A = Ā + Φ

then S(A, γ, θ) = S(Ā(θ, γ) + Φ, θ, γ) = S′(Φ, θ, γ)
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Example: Einstein Theory

S(A, γ, θ) = SP(A, γ, θ) + Sm(A, γ, θ)

where

Sm =

∫

d4x
√

|det g|
[

Aµ
a
νρ

b
σΘµ

a
νΘρ

b
σ

+Bµabνcd∆µab∆νcd +Cµ
a
νρcdΘµ

a
ν∆ρcd

]
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Rewrite

Θµ
a
ν = Φµ

a
ν − Φν

a
µ

∆µab = Φµab + Φµba

Fµν
a

b = F̄µν
a

b + ∇̄µφν
a

b − ∇̄νφµ
a

b + φµ
a

c φν
c

b − φν
a

c φµ
c

b

therefore

S(A, γ, θ) = S(Ā + Φ, γ, θ) = SH(γ, θ) + SQ(Φ, γ, θ)

where

SQ(φ, γ, θ) =
1
2

∫

d4x
√

|det g| Qµ
a

bν
c

d Φµ
a

b Φν
c

d
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Gravitational Higgs Phenomenon

gravity is a gauge theory of GL(4) with two Goldstone
bosons

there are two unitary gauges

Higgs phenomenon occurs at Planck scale, giving mass to
Φ

at low energy A = Ā(θ, γ)

Θ = 0 and ∆ = 0 are like condition Dσ = 0

in a unitary gauge A is a function of the surviving
Goldstone boson (e.g. in metric gauge Aµ

λ
ν = {µ

λ
ν})

(similar to CPn etc)

if we add F 2 more complicated but still at low energy
torsion and nonmetricity can be neglected
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GraviGUT

use gravitational Higgs phenomenon to construct
unified theory of gravity and all other interactions.
to do list:

identify GraviGUT group G

fit particles in irreps of G

write G-invariant action

explain symmetry breaking (select order parameter, orbit,
potential)

check that new particles not seen at low energy have high
mass
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General Framework for Unification

keep dimM=4, enlarge fibers of E to have dimension N > 4

gauge theory of GL(N)

θ =

[

14

0

]

, γ =

[

g 0
0 1N−4

]

Aλ =

[

A(4)
λ Hλ

Kλ A(N−4)
λ

]

give mass to A(4), H, K , symmetric part of A(N−4)

unbroken O(N − 4)
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Fermions I

F. Nesti, R.P., Phys. Rev. D 81, 025010 (2010) arXiv:0909.4537 [hep-th]

Assume γab = ηab, G = SO(3,11)

In SO(10) GUT one family is
η ∈ 2C × 16C of SO(3,1) × SO(10)
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Fermions II

Let BΣ∗
ij = ΣijB and ψc = Bψ∗. Define ψ± by (ψ±)c = ±ψ±

(Majorana spinors)
Define ψL/R by γ̂ψL/R = ∓ψL/R (Weyl spinors).
In signature (3,11) [γ̂,B] = 0 so we can define Majorana-Weyl
spinors ψL/R±. These have 64 real components.
Decomposing ψL+ under SO(3,1) × SO(10) ⊂ SO(3,11) we
find it is equivalent to η.

Remark: SO(1,13) has Weyl 64C
decomposing as 64C = 2C × 16C + 2C × 16C
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Fermions III

DµψL+ =

(

∂µ +
1
2

Aij
µΣ

(3,11)
L ij

)

ψL+

let Σ†
ijA = −A Σij

then ψ†
L+(Aγ i)LDψL+ is one-form in 14 of SO(3,11)

S =

∫

ψ†
L+(Aγ i)LDψL+ ∧ θj ∧ θk ∧ θℓ φijkℓ .
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Fermions IV

Assuming the following VEVs:
{

φmnrs = ǫmnrs

φijkℓ = 0 otherwise

{

θm
µ = Mem

µ

θa
µ = 0 otherwise

we find after some work

S =

∫

d4x η†σµ∇µη ,

where now ∇µ = D(10)
µ = ∂µ + 1

2Aab
µ (10)Σ

(10)
ab
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Where do we stand?

kinematics well understood

bosonic action for broken phase can be written

hard to write action that works in both phases

fermionic content and dynamics ok, with caveat

further breaking of SO(10) unaccounted for

all this is still classical....
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