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Introduction & Motivation

v Effective couplings

® Ingredients: Fluxes, D-branes, O-planes, bundles, F-theory scenarios
® Mirror symmetry + other dualities (e.g. F-theory/type |l dualities, F-theory/heterotic dualities):
» Compute couplings of N=1 low energy effective theories
p N=I effective superpotential/Kahler potentials for type Il/heterotic/F-theory compactifications

p Computation of non-perturbative corrections (D-instantons, space-time instantons) via dualities

v Topological strings, mirror symmetry & invariants
® Moduli spaces of classical geometries are identified with moduli space of quantum geometries
® Dualities to compute the partition function of the topological A-model
» Extract (integer) invariants (GW Invariants, OV invariants, .. .)
» Topological disk partition function for branes in compact Calabi-Yau geometries

» 4-fold GW invariants related to 3-fold OV invariants




Topological strings & Mirror Symmetry

v Mirror symmetry

Topological B-model Topological A-model
Calabi-YauY Calabi-Yau X
Bulk geometry C.S. moduli space closed string Kahler mOdl.J“ space
const. maps < _ »  holomorphic maps
(closed sector): mirror map
Classical geometry Quantum geometry

Genus 0 partition function/holomorphic prepotential

Calabi-Yau Y + Calabi-Tau X *
Brane geometry hol. vect. bundle (sheave)  open-/closed string spec. Lagr. subman!fold
< : with flat connection
(open sector): mirror map

Classical obstructions )
Quantum obstructions

Disk partition function/holomorphic superpotential

v Dualities: Interplay with effective superpotentials from F- & Het. theory




Outline

. B-model for divisors in Calabi-Yau threefolds

. Disk invariants via mirror symmetry
. Dualities to F-theory & heterotic strings

. Effective couplings

. Conclusions




Closed-string mirror symmetry

v Complex structure moduli space of the B-model Complex structure moduli space
AQ) = Az 0,12
)

® Variation of the holomorphic three form

(37 O)Y 84 (27 l)Y dé (17 2>Y dé (07 3)Y

LY (2,0,)0(2) ~ 0

® Period integrals & N=2 special geometry

X(z) = / Q(z) , Fx(z) = g—§ = Q(z) (A,B) symplectic basis of H;(Y)
A B

LY (2,0,)X(2) =0, L (2,0,)Fx(z) = 0

v Quantum Kahler moduli space of the A-model

Quantum moduli space A-model (e.g. Quintic)

® Mirror map & flat periods Large radius point

(X(2), Fx(2)) = (1,8(2), Fi(2) , 2F (2) = t(2) F4(2))

Flz) =y F(t) = F(2(1))

Conifold point

Orbifold point




Open-string mirror symmetry

v B-model deformations: C.S. of the Calabi-Yau + (holomorphic) cycles

Divisor/7-brane

Complex structure deformations
Calabi-Yau 3-fold

/ Curve/5-brane
Deformations
of the Divisor

¥ Generalizations

® |Intersecting divisors/branes

® Complex of line bundles/coherent sheaves & matrix factorizations




Intuition for the brane deformations

Deformamj

of the Divisor D

v Holomorphic deformations

1,CYs ~ T,D ® N,D , p e D
¢ € HY(D,ND) «— w¢ = Q. (' d2? Nd2F € H*°(D)

® Normal bundle sections correspond to infinitesimal deformations

® Holomorphic deformations depend on the complex structure of the ambient Calabi-Yau 3-fold




Open-closed deformation space

v Variation of mixed Hodge structure Brane deformation
space
(2,0)p = (1,1)p 0%y (0,2)p

///

(3 0 CYg 2 1 CY3 1 2 CY3 O 3 CY3

Complex structure
moduli space

v Relative cohomology

e Relative forms:

Q*<CY3,D) = {QEQ*(CY?)HL*Q:O} , t:D— CYs
e Relative 3-form cohomology:

L (CYs, DN =0} s oy 0 12, (D)

H*(CY3,D) = J2(CY5. D)) var

H3(CY3,D) > © ~ (0,¢) € H*(CY3)® H?, (D)

var

® Unique relative holomorphic (3,0)-form:

Q ~ (2,00 ¢ H*°(CY3, D)




B-branes on the Mirror Quintic

v Bulk and B-brane geometry
e Ambient space

[z1 :xo 2324 5] € CP4/(Z5)3

® One complex structure modulus 1, one deformation modulus ¢

P(y) = z} + 25 + 25 + 2§ + 22 — 5 x130m32475 Q(¢) = x5 — P T1727374

v Discrete moduli spaces symmetries

Ls - (Zﬁ) — 27mi/5 <$)

Divisor Q Mirror Quintic

Complex structure
deformations

Deformation ¢




Picard Fuchs differential equations

(2,0)p — > (1,1)p —=—> (0,2)p 1
z = —
/ / / &0k
u = H
(3 O CY3 2 1 CYs 1 2 CY3 0 3 CY3 wgb

v Variation of mixed Hodge structure of the relative 3-forms

Lo(z,u,0,,0,)Q(z,u) ~ 0

3
4
Ly = ﬁl{dryeu = (92’ + { H(50Z + 60, + k) + u9§> 0.,
k=1
Lo = L3770, = (0,4 0,) +ub, (40, + 05+ 1)

3
4
Lo = chulk g phug (g, 40,0 + (_Zeu — 52(50. + 0, + 4) [ (50. + 6. + k)
u
k=1

® The subsystem is governed by the Picard-Fuchs system of the K3 Geometry

z

4
L = 0, +4 0w + k =
* wk[[l( +k) v u(l+ u)?

® Remark: Derivation of the GKZ System via toric geometry techniques is more economical




Gauss-Manin System & Integrability

20D—z>11D—>02

S

(3,0)cy, — (2,1)cy, — (1,2)cys — (0,3)cv,

v Relative cohomology basis from Griffiths transversality

0 = (1,6.,0,,6%,0.0,,6%,6%0,) 2

Uy Yzryvz

v Gauss-Manin system

vz@: (az _MZ>Q:O Vw@: (a’w _Mw)@zo

Y Integrability
a;;]\4@0 - aw]\[z + [M27 Mw] =0




Relative periods & flat coordinates

v Relative periods

Lozu0.,600% =0, I¥ = [ 0. Iy e H(CYs,D)
Ls
v Solutions in the vicinity of the point of maximal unipotent monodromy
I, =logu+... ﬂ4:log2-+... ﬂ6:log3-+...
Ig=1+... II, =logz+ ... O, =log? +... O, =log* +...

v Flat coordinates & relative periods

fi(i) <§—’;) = (.t i, R, WD, Bt),T(t5)

F, = 8,F Fo = 2F(t) —t&,F(t) T(,{) = / df(%Wf—FbWE) di

® N=I special geometry is less constraining than the N=2 special geometry
® Double logarithmic periods encode generating function of open-string disk invariants

® Topological metric required to determine the integral linear combination of periods




Obstructions & 5-brane charges

v Deformation of the 7-brane divisor
P(y) = 28 4+ o5 4+ 25 + 23 + 22 — 5 2100231475 Q(}) = x5 — px1T27374
® By construction: bulk & boundary geometry are unobstructed

® Deformation parameters 1 and ¢ parametrize flat directions

® No effective superpotential for the deformations 1 and ¢

v Obstructions through lower-dimensional 5-brane charges

® |Lower dimensional brane charges induce effective superpotential

Divisor Q

W = /DF/\wg(w,cb)

we = C(¢) Qujr () dz? A d*

F ¢ H? (D,Z)

var

Curve [F]




Large radius instanton expansion

v Lagrangians in compact CY difficult

e
Pouintic(®) = p1-ps+ aps a — 0

® Special point in the (complex structure) moduli space

v D4-brane tensions at the degeneration locus

® |dea: D4-brane tension splits in the presence of the Lagarangian 6-brane
e?ﬂikt
5, 1 p2mikt a0 Ipit) =20+ (1600 2k T T
TD4(t) = —§t + m 28752 2 + ... | ——
g Tp4(?)

2nikt
= 32+ gk (1255, S +

® The (double-logarithmic) split tensions solve the Picard-Fuchs equations

e Superpotential

) + Topen(t, 1)

) — Topen(t, d)




Ooguri Vafa invariants

v Disk partition function multi-covering formula

Wit d) = Y DL (i) (i) gty i=t

k2
d,e
k>1
v OoguriVafa invariants ’
ny =0 1 2 3 4
n =0 0 20 0 0 0
1| —320 1600 2040 —1460 520
2| 13280 —116560 679600 1064180 —1497840
3| —1088960 12805120  —85115360 530848000 887761280
4| 119783040 —1766329640 13829775520 —83363259240 541074408000




Calabi-Yau 4-fold dualities & F-theory

compact
Calabi-Yau 4-folds

local
Calabi-Yau 4-folds

compact
Calabi-Yau 3-folds

with branes

Topological B-model

Xp (F-theory)

gs — 0] weak coupling
limit

X5 (local F-theory)

open/closed
duality

(Zp, D) (B-branes)

4-fold

Topological A-model

Za—>= Xy

mirror symmetry

local 4-fold

|

CP!

Im S — +oo| large base
limit

Za—= Xy

<
mirror symmetry

(3-fold open/closed >

’ |

C

A-model
4-fold duality

mirror symmetry

(Za,L) (A-branes)




F-theory & heterotic duality

v Stable degeneration limit of K3

T2 —— K3
stable degeneration > F-Theory/Heterotic
¢ limit ¢ duality
CP!
K e Eg X Eg
1 X2 182 . .
Heterotic String on T2
F-Theory on K3 Stable degenerated K3 &

v Fiberwise stable degeneration for Calabi-Yau fourfolds

K3—— XB T? —— Zp
stable degeneration XB,1 X725 XB,2 F-Theory/Heterotic
. U < , > C (ZB, D)
limit e duality
B
B B
F-Theory on X3 Eg x Eg

Stable degenerated 4-fold Heterotic String on Zs

(large elliptic fiber limit)




Heterotic Bundles & spectral covers

v stable SU(n)-bundles on the elliptic curve

_ o p1 +p2 =0
® n points on the elliptic curve:  pi+...+p, = -

® displacement of the n points < (n-I) bundle moduli

e.g. SU(2) bundle of the elliptic curve

v Spectral covers for elliptically fibered Calabi-Yau threefolds

e n-fold spectral cover of the base B < divisor D of the Calabi-Yau Zz T 12— Zp
e stable SU(n) bundle: Spectral Cover + holomorphic line bundle J i;
® (normal) displacement of the divisor D moduli < bundle moduli Bg

v Example: SU(2) bundle on the mirror quintic

elliptic fiber coordinates (cubic torus)

_ 1 ~1
P(Xp) = po+uvpy+v p/ \ ¥ Calabi-Yau 3-fold modulus

po(ZB) Y3+X3+XYZ(stu+s3+t3) Y Z3(s* %) ;
SU(2) bundle modulus
po(D) = — BY X Z(stu) A _—
p- = §X3 \ base coordinates £  “stable degeneration modulus”




SU(2) bundle & Mirror Quintic

v 4-fold geometry & Hodge structure

P(Xp) = Y’ +X°+XYZ(stu+s"+1°) = Z3(s*t°u”) + v' X (X? — ¢ Y Z(stu)) + v~ £ X7
3t =3, rtt = 299 | h?? = 1252, 3l =0,
X(XB) = / C4<XB) = 1860, X(XB) mod 24 = 12
XB

HB,O(ZB) o H2’1(ZB) o H1,2(ZB) o HO,B(ZB)

|

v Gauge symmetry breaking pattern

i—N+l/w = Egx Eg— SU(B) x E SU(2) bundle struct
i 2 | iz 6 X Bg — SU(B) x Bg = (2) bundle structure group

v Heterotic 5-brane & small instanton examples
e Divisors in the mirror Calabi-Yau threefold of P*(1,1,1,6,9)[18]

e Divisor deformation is independent of elliptic fiber coordinates




Duality chains

F-Theory
CY 4-fold X3
Type IIB Qo) . p+(®) Heterotic String
B — branes bundles CY 3-fold Zg with bundles p+
large elliptic fiber limit
Type |

CY 3-fold Zs




Superpotentials

F-Theory flux superpotential
QWO A @ = ZNE/ Q0 = Ny 1% (X)(S,t,1) Zpy—> X4y
by s

|

Ccp!
Mirror 4-fold Xa

(1,9) x II(Zp)(t)

I(Xp)(S,t.4) = { £, W(t, i), T(t,1)

Type Il orientifold flux/brane superpotential Heterotic superpotential flux/bundle superpotential

— (3,0) (3)
W(Zp,D) = / Q0 (FO 55O W(Zp,ps) = /Z E A (HO + )
ZpB

1 = 1 ;
~ 1 (3,0) - - 2718
+N/ QB0 L O(ear) + /ZBQ Atr(QA/\aA+3AAA/\A)+(9(e )

Avy#0

- : ® NS-Flux + Geometric Flux superpotential
e GVW flux superpotential + brane superpotentials

) geometric transitions » Heterotic strings in generalized geometry backgrounds

» Agreement with twisted K3 x T2 generalized geometries
e D-Instanton corrections for type Il OF geometries
® Hol. Chern-Simons superpotential for bundle moduli

p Stable deg. limit of appropriate F-theory flux quanta




Kahler potential

v Kahler potential of the 4-fold moduli space

K(Xp) = —log /X QYO ADL0 = log 37 TIE(Xp)neall) (Xp)
B

V=5 VA

v Kahler potential of the open-closed deformation space

weak coupling limit

K(XpB) K(Zp,D) = —log —i/ Qg’o/\QS’O—I—QS/WC/\Qc]
L ZB D

. =A
= —log —1 Z HZ(ZB7D)QEAH (ZB?D)]
Y5y YA EHs(Z,D)

® C(Classical terms in agreement with dimensional reduction techniques

v Kahler potential of the bulk/geometric bundle deformation space

bundle decoupling limit

K(XBp)

. A
K(ZBap+) = —lOg - Z HE(ZBaer)QEAH (ZB,p+):|
VYA EH3(ZB,p+)

e Classical terms are in (qualitative) agreement with dimensional reduction techniques




ALE Fibrations & Matrix factorizations

v Local 4-fold geometries

ALE — XlA 4-fold G x SO(dim(G/H)) 5 Matrix factorizations

< Kazama-Suzuki duality < H in LG models

= W/(Obstruction)

v Matrix factorizations in heterotic strings

® Heterotic strings on 3-fold singularities < Moduli space of 2D field theories

® Matrix factorizations describe bundles of ADE singularities




Conclusions

v Techniques to compute effective couplings in N=1 theories:

Picard-Fuchs equations for 7-brane geometries & spectral covers for bundle moduli
Effective superpotential and Kahler potential couplings
Duality to 4-fold geometries & relation to N=| F-theory compactifications

Non-perturbative worldsheet and D-instanton corrections via 4-fold dualities

v Open mirror symmetry & quantum corrections

® Disk invariants via open/closed string mirror symmetry

® D-instanton/large fiber corrections computable via duality chains
v Outlook

® Independent check of proposed quantum corrections

® More general brane and bundle geometries

® The role of matrix factorizations for bundles and heterotic strings




