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Let u be a continuous exhaustion function, let B, = {u < r}, let u, be
measures supported by S, = dB, and converging weak-* to y as r — 00
in C*(D). We are dealing with some space 7P C C(D), p > 1, which is a
Banach space with the norm

16]1Z, = limsup / 617 duy < .
r—00 S
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Let u be a continuous exhaustion function, let B, = {u < r}, let u, be
measures supported by S, = dB, and converging weak-* to y as r — 00
in C*(D). We are dealing with some space 7P C C(D), p > 1, which is a
Banach space with the norm

16]1Z, = limsup / 617 duy < .
—00 4

It is known that that the measures {¢u,} and |¢|P . converge weak-* as
r — oo to measures v(¢) and v, () respectively. If ¢ € F¥ = FP n C(D)

then (|| e (s,.) = [|0ll7»-
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Let u be a continuous exhaustion function, let B, = {u < r}, let u, be
measures supported by S, = dB, and converging weak-* to y as r — 00
in C*(D). We are dealing with some space 7P C C(D), p > 1, which is a
Banach space with the norm

\waﬁmmjwww<m
—00 4

It is known that that the measures {¢u,} and |¢|P . converge weak-* as
r — oo to measures v(¢) and v, () respectively. If ¢ € F¥ = FP n C(D)
then [|¢[| v (s,u) = |@ll7». Also there is a kernel P(z,() on D x S,

S = 9D, such that

M@=/@KW@£MMO
S

when ¢ € FL.
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Question: |s there an isometry I : FP — LP(S, uu) such that

o(z) = / 1(8)(Q)P(2.C) du(C)?

S
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Question: |s there an isometry I : FP — LP(S, uu) such that

¢w>=/iwx0Pu¢wm«w

S

For the future we mention that in our problem there are kernels P,(z, ()
on B, x S, such that

/¢ ¢) dpr(C), = € B,

and for every z € D the measures P,(z,-)u, converge weak- to P(z,-)u
as 7 — oo in C*(D).
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Since for every sequence {7;} going to oo the measures {¢p,, } converge
weak-* to a measure v(¢) let's look at sequences.

Let K be a compact metric space, and let M = {y;} be a sequence of
regular Borel measures on K converging weak-* in C*(K) to a finite
measure .. We denote the set supp p; by K; and supp p by Kp. Let

¢ = {¢;} be a sequence of Borel functions ¢; on K;. We let

@Il Le a0y = limsup ||| o (5 ;) -
j—o0
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In general, the weak- limit (¢ of measures ¢;; need not to be
absolutely continuous with respect to p. But as the following lemma
shows this is the case when ||¢||1»(x a1y < oo for some p > 1.
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In general, the weak- limit (¢ of measures ¢;; need not to be
absolutely continuous with respect to p. But as the following lemma
shows this is the case when ||¢||1»(x a1y < oo for some p > 1.

Lemma

If|¢lle(ary < A, p > 1, and the measures ¢;ji; converge weak-* to a
measure V(qb) on K, then there is a function ¢, € LP(Ky, i) such that

p' = ¢up and H‘b*”L?(Ke,u) < A
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In general, the weak- limit (¢ of measures ¢;; need not to be
absolutely continuous with respect to p. But as the following lemma
shows this is the case when ||¢||1»(x a1y < oo for some p > 1.

Lemma

If|¢lle(ary < A, p > 1, and the measures ¢;ji; converge weak-* to a
measure V(gb) on K, then there is a function ¢, € LP(Ky, i) such that

p' = ¢up and H‘b*”L?(Ko,u) < A

If the measures {¢;p;} converge weak-* to a measure ¢, then the
function ¢, will be called the weak limit values of ¢. We will denote by
A(M) the space of all sequences ¢ of Borel functions ¢; on K; and by
AP (M) those sequences which have the weak limit values and

o1l Lo a1y < 0.
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Now we know that every ¢ € F?, p > 1, has the weak limit values. Is

I(¢) = 07
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Now we know that every ¢ € F?, p > 1, has the weak limit values. Is
I(¢) = ¢:7

The weak-* convergence of measures {¢;u;} does not imply the weak-x
convergence of the sequence ¢” = {|¢;|"1;}. Even if the latter sequence
has weak limit values it is not true that |¢.|? = (|¢|?).. However, the
following theorem puts an order on these limits.
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Now we know that every ¢ € F?, p > 1, has the weak limit values. Is
I(¢) = ¢:7

The weak-* convergence of measures {¢;u;} does not imply the weak-x
convergence of the sequence ¢” = {|¢;|"1;}. Even if the latter sequence
has weak limit values it is not true that |¢.|? = (|¢|?).. However, the
following theorem puts an order on these limits.

Theorem

If g € AP(M) and the measures |¢;|P11; converge weak-x to a measure v
on K, then v > |¢.|P .
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Now we know that every ¢ € F?, p > 1, has the weak limit values. Is
I(¢) = ¢:7

The weak-* convergence of measures {¢;u;} does not imply the weak-x
convergence of the sequence ¢” = {|¢;|"1;}. Even if the latter sequence
has weak limit values it is not true that |¢.|? = (|¢|?).. However, the
following theorem puts an order on these limits.

Theorem

If g € AP(M) and the measures |¢;|P11; converge weak-x to a measure v
on K, then v > |¢.|P .

So ||pllzr > [l (5,p0)-
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In further we will assume that K; N Ky = ( for all j.
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In further we will assume that K; N Ky = ( for all j.

We say that a sequence ¢ € A(M) has the strong limit values on K, with
respect to M if there is a u-measurable function ¢* on Ky such that for
any b > a and any €, > 0 there is jy and an open set O C K containing
G(a,b) ={z € Ky: a < ¢*(z) < b} such that

ni{d; <a—epnO0)+p({¢; >b+etnN0) <o (1)

when j > jo. The function ¢* will be called the strong limit values of ¢.
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The next theorem provides a convenient criterion for the existence of limit
values.

Theorem

A sequence ¢ € A(M) has the strong limit values ¢* on K if and only if
for every £,0 > O there is a function f € C(K) such that

W({1f — 6% > £}) < 8 and 1y ({1f — 651 > }) < 6 for large J.

Moreover, if |||l 1»(ary < 00 then for every e > 0 the function f can be
chosen so that ||f|| s () < 9llr(ar) + € for large j if p < oo, and

171 < 6l (ary + <
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Let us indicate some properties of strong limit values.
Theorem

Suppose that ¢ has the strong limit values on Ky equal to ¢*. Then:

© the choice of ¢* is unique and the sequences c¢ and |¢|P have strong
limit values and (c¢)* = c¢* and (|p|P)* = |¢*|P;
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Let us indicate some properties of strong limit values.
Theorem

Suppose that ¢ has the strong limit values on Ky equal to ¢*. Then:
© the choice of ¢* is unique and the sequences c¢ and |¢|P have strong
limit values and (c¢)* = c¢* and (|p|P)* = |¢*|P;
© if a sequence v has the strong limit values ¢*, then the sequences
¢+ 1 and ¢ have the strong limit values and (¢ + )* = ¢* + ¢*
and (¢p)" = ¢™Y".
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It is not true that the weak limit values are equal to the strong limit values
even when both do exist. For example, let all 11; be equal to the Lebesgue
measure g on [0, 1]. Surround the points k/j, 0 < k < j, by intervals of
equal size and of total length 1/j. Let ¢; be equal j on these intervals and
0 outside. Then ¢* = 0, while ¢, = 1.
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It is not true that the weak limit values are equal to the strong limit values
even when both do exist. For example, let all 11; be equal to the Lebesgue
measure g on [0, 1]. Surround the points k/j, 0 < k < j, by intervals of
equal size and of total length 1/j. Let ¢; be equal j on these intervals and
0 outside. Then ¢* = 0, while ¢, = 1.

However, under additional integrability assumptions, the strong limit
values correlate in the right way with powers and products of sequences
even when one of the factors has only the weak limit values as the
following chain of results shows.
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Theorem

Suppose that a sequence ¢ has the strong limit values ¢*.

Q Suppose that ||| r(y) = A <00, p > 1. Then ||¢*||1r(x ) < A and
for any s, 1 < s < p, the measures |$|°u; converge weak-* to |¢*|°p.
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Theorem

Suppose that a sequence ¢ has the strong limit values ¢*.
Q Suppose that ||¢||r(r) = A < 00, p > 1. Then ||¢*| rr (k) < A and
for any s, 1 < s < p, the measures |$|°u; converge weak-* to |¢*|°p.
© Suppose that ||§|| 1p(ary < 00, p > 1, and a sequence Y € A°(M),
where s > q is def/ned by 1/p+1/q = 1. Then the sequence
{¢j;uj} converges weak-x to ¢* i), pu.
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Now we came to the main theorem.

Theorem

Let |9l r(ary € AP(M) for some p > 1, and the measures {|¢;|"1;}
converge weak-x tov. If

y(K) = / 164]7 dp
K

then the sequence ¢ has the strong limit values equal to ¢,.
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Now we came to the main theorem.

Theorem

Let |9l r(ary € AP(M) for some p > 1, and the measures {|¢;|"1;}
converge weak-x tov. If

(k) = [ 1o, du

K

then the sequence ¢ has the strong limit values equal to ¢,.

v

We already know that always v > |¢.|Pu. So v = |¢.|Pu if and only if the
sequence ¢ has the strong limit values and they are equal to ¢, if and only
if the mapping ¢ — ¢, is an isometry.
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The main and only non-elementary tool we use is a more precise Holder's
inequality.
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The main and only non-elementary tool we use is a more precise Holder's
inequality. For z > 0 and p > 1 let

O,(z) =2 —p(z—1)— 1. (2)

Clearly, ®,(z) > 0 and ®,(z) =0 if and only if z = 1.
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The main and only non-elementary tool we use is a more precise Holder's
inequality. For z > 0 and p > 1 let

O,(z) =2 —p(z—1)— 1. (2)

Clearly, ®,(z) > 0 and ®,(z) =0 if and only if z = 1.

Let - B 1
f—f}(fdu—m}{/fdu-

Replacing = with f/f in (2) and integrating both sides we get the
following proposition.
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Proposition

Let (K, ) be a measure space, 0 < u(K) < oo, p > 1, and let f be a
non-negative measurable function on K with ||f| 11k ) < oo. Then

(o) oo o
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Proposition

Let (K, ) be a measure space, 0 < u(K) < oo, p > 1, and let f be a
non-negative measurable function on K with ||f| 11k ) < oo. Then

<f1(fdu)p7{(fpdﬂzl+7{{¢p <§) in.

If p > 2 then

(7{<fd“>pf[(fpd”2 1+fK|f/]"1|Pdu.
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Proposition

Let (K, ) be a measure space, 0 < u(K) < oo, p > 1, and let f be a
non-negative measurable function on K with ||f| 11k ) < oo. Then

(o) oo o

If p > 2 then

(ﬁfdﬁL)prfpd”Z 1+fK|f/f1|Pdu.

We use the following immediate consequence of this proposition.

Lemma

In assumptions of Proposition 14 for p > 1 and ¢ > 0 there is a constant
a(p, ¢) such that if the left side of (3) is smaller than 1 + ¢, € > 0, then

— 1> 1+ ¢}) < alp, c)ep(K).
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It became clear from the previous results that to have strong limit values
the weak limit values need to exercise some control over the values of
sequences. The typical form of this control is that for some kernel P

0:) < [ P(2.0060) dn0) (4)

Ko
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It became clear from the previous results that to have strong limit values
the weak limit values need to exercise some control over the values of
sequences. The typical form of this control is that for some kernel P

0:) < [ P(2.0060) dn0) (4)

Ko

We assume that P(z,() be a non-negative Borel function on K x Kj and
for all j and for each fixed z € K; the function P(z,() is bounded on

Ky = supp p. Let AP(M, P) be the set of all sequences of Borel functions
¢; defined on K; which have weak limit values ¢, ||@]|z»(ary < 0o and (4)
holds for all z € U72, K.
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|
It is reasonable to request that the class A?(M, P) contains the constants
and this is equivalent to request that

/ P(2,¢) dp(¢) = 1 (5)
Ko

for all z € UjZ, Kj.
Now we can prove a theorem establishing the existence of strong boundary
values for sequences in AP (M, P).
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It is reasonable to request that the class A?(M, P) contains the constants
and this is equivalent to request that

/Pmowmzl (5)
Ko

for all z € UjZ, Kj.
Now we can prove a theorem establishing the existence of strong boundary
values for sequences in AP (M, P).

Theorem
Suppose that the kernel P(z,() satisfies (5), the functions
B(©) = [ PO dis(2)
K;

are uniformly bounded and converge weak-+ to 1 on Ky. Then any
sequence {¢;} € AP(M, P) has strong limit values equal to ¢..
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So we are left with two questions about the kernel P:
@ When for ¢ € FP we have

6(2) < / P(2,0) - () du(C)?

Ko
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So we are left with two questions about the kernel P:
@ When for ¢ € FP we have

M@é/P%O@@MMO?

Ko

@ When are the functions

B(Q) = [ Pl dus(2)

K;

uniformly bounded and converge weak-x to 1 on K7
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To answer the first question observe that the inequality (4) comes from
similar inequalities obtained on the interior of a domain in the following
process:

Theorem

Suppose that for each j there are Borel functions P;j(z,() defined on
W K, x K; such that for each z € K, the functions Pj(z,-), j > m,
are uniformly bounded and have the strong limit values P(z,-) with
respect to M = {yu;}.
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To answer the first question observe that the inequality (4) comes from
similar inequalities obtained on the interior of a domain in the following
process:

Theorem

Suppose that for each j there are Borel functions P;j(z,() defined on
W K, x K; such that for each z € K, the functions Pj(z,-), j > m,
are uniformly bounded and have the strong limit values P(z,-) with
respect to M = {yu;}.

If € LP(M), p > 1, has the weak boundary values and

bm(2) < / Py(2,0)65(C) dy (C)

K;

for each z € U1 K,,, then ¢ € AP(M, P).
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|
The condition on the functions p; can be obtained from the following
natural phenomenon which occurs rather frequently.

Theorem

Suppose that AP(M, P) contains constants and the measures
P(z,()p(z) converge weak-+ to é: if the sequence {(;} C Ky converges
to ( € Ky. Then the functions

B(Q) = [ PO dis(2)

K

are uniformly bounded and converge weak-x to 1 on supp pu.
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The condition on the functions p; can be obtained from the following
natural phenomenon which occurs rather frequently.

Theorem
Suppose that AP(M, P) contains constants and the measures

P(z,()p(z) converge weak-+ to é: if the sequence {(;} C Ky converges
to ( € Ky. Then the functions

B(Q) = [ PO dis(2)

K

are uniformly bounded and converge weak-x to 1 on supp pu.
Moreover, if h € LP(u), p > 1, then the sequence

0,2) = [ PEONO A0, 2 e K;

K

belongs to AP (M, P) and has weak (and, consequently, strong) limit

values equal to h.
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Now we go back to boundary values and our questions. Let us recall that
u is a continuous exhaustion function so for all r the sets B, = {u < r}
are connected and compactly belong to D. Suppose also that there are
measures p, supported by S, = 9B, and converging weak-* to i as

r — oo and kernels P.(z,() on B, X S;.
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Now we go back to boundary values and our questions. Let us recall that
u is a continuous exhaustion function so for all r the sets B, = {u < r}
are connected and compactly belong to D. Suppose also that there are
measures p, supported by S, = 9B, and converging weak-* to i as

r — oo and kernels P.(z,() on B, X S;.

We will require the kernels P,(z, () to satisfy the following conditions:

o
/ Pr(2,0) du(C) = 1:
Sr

@ for each z € D the functions P,(z,() are non-negative and uniformly
bounded on S, when r is large;
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Now we go back to boundary values and our questions. Let us recall that
u is a continuous exhaustion function so for all r the sets B, = {u < r}
are connected and compactly belong to D. Suppose also that there are
measures p, supported by S, = 9B, and converging weak-* to i as

r — oo and kernels P.(z,() on B, X S;.

We will require the kernels P,(z, () to satisfy the following conditions:

o
[ Pty dute) =1
Sr
@ for each z € D the functions P,(z,() are non-negative and uniformly
bounded on S, when r is large;

© for each z € D and any sequence of r; — oo the functions Py (z,)
have the strong limit values P(z,-) with respect to M = {y, };
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Now we go back to boundary values and our questions. Let us recall that
u is a continuous exhaustion function so for all r the sets B, = {u < r}
are connected and compactly belong to D. Suppose also that there are
measures p, supported by S, = 9B, and converging weak-* to i as

r — oo and kernels P.(z,() on B, X S;.

We will require the kernels P,(z, () to satisfy the following conditions:

o
[ Pty dute) =1
Sr
@ for each z € D the functions P,(z,() are non-negative and uniformly
bounded on S, when r is large;

© for each z € D and any sequence of r; — oo the functions Py (z,)
have the strong limit values P(z,-) with respect to M = {y, };

Q the measures P(z, ;) (2) converge weak-* to d¢ if r; — oo and the
sequence {(;} C supp p converges to (.
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Theorem
Let ¢ € FP. Then:
o
6 < [ 0P Q) dn(©)
oD
forz € D;
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Theorem
Let ¢ € FP. Then:
o
/ 6.(C)P(2, ) du(C)
forz € D;

@ if a sequence 1; — oo then the sequence of functions {¢; = ¢|5Tj}
has the strong limit values with respect to {u., } equal to ¢..

Q |P4llzr(u) < I@llF» and for any s, 1 < s < p, the measures |¢|° i,
converge weak-x to |¢«|® as r — oo;
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Theorem
Let ¢ € FP. Then:

o

/é* ¢) du(C)

forz € D;

if a sequence 1; — oo then the sequence of functions {¢; = ¢|5Tj}
has the strong limit values with respect to {u., } equal to ¢..
D4l () < |l 7r and for any s, 1 < s < p, the measures |p|°ju,
converge weak-x to |¢«|® as r — oo;

if |||7s < oo for a Borel function 1) on D, where s > ¢,

1/p+1/q =1, and the measures {1y} converge weak-x to the
measure 1 as v — oo, then the measures {¢pu, } converge weak-x
to @b @S T — OQ;
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Let D be a hyperconvex domain in C™. This means that there is a
continuous negative plurisubharmonic function u on D, called an
exhaustion function, such that lim,_sp u(z) = 0. This domains were
studied by Demailly who proved that any bounded pseudoconvex domain
with the Lipschitz boundary is hyperconvex.
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Let D be a hyperconvex domain in C™. This means that there is a
continuous negative plurisubharmonic function u on D, called an
exhaustion function, such that lim,_sp u(z) = 0. This domains were
studied by Demailly who proved that any bounded pseudoconvex domain
with the Lipschitz boundary is hyperconvex.

For such a function u let B,(r) ={z € D : u(z) < r} and
Su(r)={z€ D: u(z) =r}. Let

Hu,r = (ddcur)n - XD\Bu(r)(ddcu)n’

where u, = max{u, r}. The measure (i, , is nonnegative and supported
by Su(r).
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Let D be a hyperconvex domain in C™. This means that there is a
continuous negative plurisubharmonic function u on D, called an
exhaustion function, such that lim,_sp u(z) = 0. This domains were
studied by Demailly who proved that any bounded pseudoconvex domain
with the Lipschitz boundary is hyperconvex.

For such a function u let B,(r) ={z € D : u(z) < r} and
Su(r)={z€ D: u(z) =r}. Let

Hu,r = (ddcur)n - XD\Bu(r)(ddcu)n’

where u, = max{u, r}. The measure (i, , is nonnegative and supported

by Su(r).
Demailly (1985) had proved the following fundamental Lelong—Jensen
formula.
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Theorem

For all r < 0 every plurisubharmonic function ¢ on D

o (@) = [ Gt
D

is finite and

() / $(dd°u)" = / (r — w)dd® A (dd°u)™
Bu(r) Bu(r)

:/dt / dd®p A (dd°u)" ! < oco.

—00  By(t)

The last integral in this formula can be equal to co. Then the integral in
the left side is equal to —oo.
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In the analogy to the classic case we define the Hardy spaces
Hy (D) =Af = % = tm pur(If]7) < oo}
and the Bergman spaces

0
AL (D) =A{f - IFl%0 = / || € puar (If[P) dr < 00}

If D is the unit disk in C then the new definitions coincide with old ones if
u(z) = log|z|.
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