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How to solve:

Plx)=x"+2x* —4x®+x—-5=0
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How to solve:
Plx)=x"+2x* —4x®+x—-5=0
Pick random complex numbers ¢y, ¢y, ¢3, 4, ¢5 and consider

P2t —ad +x—5=0
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How to solve:
Plx)=x"+2x* —4x®+x—-5=0
Pick random complex numbers ¢y, ¢y, ¢3, 4, ¢5 and consider

Qx) = c12® + cox* + 3 +cax + 05 =0
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How to solve:
P(x) =x° +2x¢* —4x® +x—5=0
Pick random complex numbers ¢y, ¢y, ¢3, 4, ¢5 and consider
Qx) =c1x® +eox* +e3x® + cux + 05 =0
Form the homotopy

H(x,t) = (1—8t)vQ(x)+tP(x) =0
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How to solve:
P(x) =x° +2x¢* —4x® +x—5=0
Pick random complex numbers ¢y, ¢y, ¢3, 4, ¢5 and consider
Qx) =c1x® +eox* +e3x® + cux + 05 =0
Form the homotopy

H(x,t) = (1—8t)vQ(x)+tP(x) =0

H(x,1) = P(x)
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How to solve:
P(x) =x° +2x¢* —4x® +x—5=0
Pick random complex numbers ¢y, ¢y, ¢3, 4, ¢5 and consider
Qx) =c1x® +eox* +e3x® + cux + 05 =0
Form the homotopy

H(x,t) = (1—8t)vQ(x)+tP(x) =0

H(x,1) = P(x) H(x,0) = Q(x)
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How to solve:
P(x) =x° +2x¢* —4x® +x—5=0
Pick random complex numbers ¢y, ¢y, ¢3, 4, ¢5 and consider
Qx) =c1x® +eox* +e3x® + cux + 05 =0
Form the homotopy

H(x,t) = (1—8t)vQ(x)+tP(x) =0

H(x,1) = P(x) H(x,0) = Q(x)

Theorem
For almost all choice of cy, .. ., cs, this homotopy “works”.
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How to solve

Q(x) = c1x° 4 cox* + c3x° + cax + c5 = 0?
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To solve

Q(x) = a1x® + cox* + 333 + cux + ¢35
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To solve
Q(x) = a1x® + cox* + 333 + cux + ¢35
Pick random powers of ¢,

ax’  Foxt +oox® +ax 4o

T.L.Leeand T. Y. Li Mixed Volume Computation in Solving Polynomial Systems



To solve
Q(x) = a1x® + cox* + 333 + cux + ¢35
Pick random powers of ¢,

et 4 oo t98 1 o33 + cqxt? + st !
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To solve
Q(x) = a1x® + cox* + 333 + cux + ¢35
Pick random powers of ¢,

H(x, t) = et 4 cox* 108 4 c3x3 1 + cqxt?? + c5t!
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To solve
Q(x) = a1x® + cox* + 333 + cux + ¢35
Pick random powers of ¢,

H(x, t) = et 4 cox* 108 4 c3x3 1 + cqxt?? + c5t!

Then

H(x,1) = Q(x)
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To solve
Q(x) = a1x® + cox* + 333 + cux + ¢35
Pick random powers of ¢,

H(x, t) = et 4 cox* 108 4 c3x3 1 + cqxt?? + c5t!

Then

H(x,1)

Il
o

Qlx) H(x,0)
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To solve
Q(x) = a1x® + cox* + 333 + cux + ¢35
Pick random powers of ¢,

H(x, t) = et 4 cox* 108 4 c3x3 1 + cqxt?? + c5t!

Then
H(x,1) = Q(x) H(x,0)=0

Problem: cannot identify the starting point
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Binomial Equation

Equation of 2 terms:
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Binomial Equation

Equation of 2 terms: can be solved easily,

T.L.Leeand T. Y. Li Mixed Volume Computation in Solving Polynomial Systems



Binomial Equation

Equation of 2 terms: can be solved easily, no matter the degree.

T.L.Leeand T. Y. Li Mixed Volume Computation in Solving Polynomial Systems



Binomial Equation

Equation of 2 terms: can be solved easily, no matter the degree.

31 +2x” =0
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Binomial Equation

Equation of 2 terms: can be solved easily, no matter the degree.

31 +2x” =0

3,100 — 93
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Binomial Equation

Equation of 2 terms: can be solved easily, no matter the degree.

31 +2x” =0
35100 — 9,93

x100793 _ _2/3
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Binomial Equation

Equation of 2 terms: can be solved easily, no matter the degree.

31 +2x” =0
3100 — 9,93
x100793 _ _2/3

X =-2/3
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Binomial Equation

Equation of 2 terms: can be solved easily, no matter the degree.

3x100 4 24 = ax™ +bx" =0
3,100 — 93
x100793 _ _2/3

X =-2/3
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Binomial Equation

Equation of 2 terms: can be solved easily, no matter the degree.

3x!%0 4 247 =0 ax™ +bx" =0
3x100 = 2y ax™ = —bx"
X100-93 _ o3
X =-2/3
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Binomial Equation

Equation of 2 terms: can be solved easily, no matter the degree.

310 4 2x% =0 ax™ +bx" =0
3x100 = 2y ax™ = —bx"
1093 — /3 " =—b/a
X =-2/3
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Binomial Equation

Equation of 2 terms: can be solved easily, no matter the degree.

310 4 2x% =0 ax™ +bx" =0
3x100 = 2y ax™ = —bx"
x10-93 = _2/3 X" "= —b/a
X =-2/3

Recall that H(x, t) is given by

C1x5t1'3 + C2x4t0'8 + C3x3tl.9 + C4xt1'2 + C5t1.1
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Binomial Equation

Equation of 2 terms: can be solved easily, no matter the degree.

310 4 2x% =0 ax™ +bx" =0
3x100 = 2y ax™ = —bx"
1093 — /3 " =—b/a
X =-2/3

Recall that H(x, t) is given by

Pt 4 x93t 4+ et 4 gl

{ { { I 1
(5,1.3) (4,0.8) (3,1.9) (1,1.2) (0,1.1)
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Binomial Equation

Equation of 2 terms: can be solved easily, no matter the degree.

3x100 4 24 = ax™ +bx" =0
3x100 — 4% ax™ = —bx"
x100793 _ _2/3 P —b/ﬂ
X =-2/3

Recall that H(x, t) is given by

Pt 4 x93t 4+ et 4 gl
{ { { { {
(5,1.3) (4,08) (3,190  (1,12)  (0,1.1)
R R A R
5 4 3 1 0
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1 :
N\\\c/
4
& = (0.075,1
X
0 1 2 3 4 5
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4
& = (0.075,1
X
0 1 2 3 4 5
(5,6) = 1.675 4,&) =11 (3,&) =2.125
(1,&) =1.275 0,&) =11
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Solution: Use change of variables with & = 0.075

x = yt«
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Solution: Use change of variables with & = 0.075
x = yt«
Note that
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Solution: Use change of variables with & = 0.075
x = yt«
Note that
at t=1 x=y
Then

H(x, t) = c12°8 + cox* % + 0303t + eyt + st
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Solution: Use change of variables with & = 0.075
x = yt«
Note that
at t=1 x=y
Then

H(x,t) = c1 (yt*)°t'2 + oo (yt™) %8 + c3(yt* P2 + ca(yt* )t + o5t
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Solution: Use change of variables with & = 0.075

x = yt«
Note that
at t=1 x=y
Then
H(x,t) =1 (yt“)5t1'3 + ¢ (yt“)4t0'8 + C3(yt“)3t1'9 + c4(yt°‘)t1‘2 + cstt?
N
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Solution: Use change of variables with & = 0.075
x = yt«
Note that
at t=1 xX=y
Then

H(x, i’) _ (ytcc)5t1.3 +0 (ytoc)4t0.8 +C3(yt(x)3t1'9 +C4(yto¢)t1.2 +C5t1'1
_Cyt(513 oc]>+
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Solution: Use change of variables with & = 0.075
x = yt*
Note that
at t=1 x=y
Then

H(x, t) = c1 (yt*)°t'2 + oo (yt™) %8 + c3(yt* P2 + ca(yt* )t + o5t
= C1y5t<?—’/5‘> _|_ e
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Solution: Use change of variables with & = 0.075
x = yt*
Note that
at t=1 xX=y
Then
H(x, t) = c1 (yt*)°t3 + oo (yt*) 408 + 3 (yt ™)1 + cu(yt*) 2 + cst!!
= c1y5t<5"3‘> + czy4t<‘1’5‘> + 03y3t<§"5‘> + C4y1t<i'5‘> + C5t<0'5‘>
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Solution: Use change of variables with & = 0.075
x = yt*
Note that
at t=1 xX=y
Then
H(x, t) = c1 (yt*)°t3 + oo (yt*) 408 + 3 (yt ™)1 + cu(yt*) 2 + cst!!
= c1y5t<5"3‘> + czy4t<‘1’5‘> + 03y3t<§"5‘> + C4y1t<i'5‘> + C5t<0'5‘>

— C1y5t1.675 +C2y4t].1 +C3y3i’2'125 +C4y1t1‘275 +C5t1']
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Solution: Use change of variables with & = 0.075
x = yt*
Note that
at t=1 xX=y
Then
H(x, ) = o1 (yt*)° '3 + co(yt ™) + 5 (yt* )1 + ca(yt™) 2 + st

= c1y5t<5"3‘> + czy4t<‘1’5‘> + 03y3t<§"5‘> + C4y1t<i'5‘> + C5t<0'5‘>
_ C1y5t1.675 4 C2y4tl.l =+ C3y3t2.125 =+ C4y1t1‘275 + C5tl.l

_ tl.l(cly5t1.675—1.l + C2y4 + C3y3t2‘125_1'1 + C4y1tl'275_1'1 + CS)

T.L.Lee and T. Y. Li Mixed Volume Computation in Solving Polynomial Systems



Solution: Use change of variables with & = 0.075
x = yt*
Note that
at t=1 xX=y
Then
H(x, ) = o1 (yt*)° '3 + co(yt ™) + 5 (yt* )1 + ca(yt™) 2 + st

= c1y5t<5"3‘> + czy4t<‘1’5‘> + 03y3t<§"5‘> + C4y1t<i'5‘> + C5t<0'5‘>
_ C1y5t1.675 4 C2y4t].1 =+ C3y3t2.125 =+ C4y1t1‘275 + C5tl.l

_ tl.l(cly5t0.575 + C2]/4 + C3y3t1'025 + C4ylt0.175 + CS)
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Solution: Use change of variables with & = 0.075
x = yt*
Note that
at t=1 xX=y
Then
H(x, ) = o1 (yt*)° '3 + co(yt ™) + 5 (yt* )1 + ca(yt™) 2 + st

= c1y5t<5"3‘> + czy4t<‘1’5‘> + 03y3t<§"5‘> + C4y1t<i'5‘> + C5t<0'5‘>
_ C1y5t1.675 4 C2y4t].1 =+ C3y3t2.125 =+ C4y1t1‘275 + C5tl.l

_ tl.l(cly5t0.575 + C2]/4 + C3y3t1'025 + C4ylt0.175 + CS)

= t"1[ey* + c5 + (terms with positive powers of t)]
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Solution: Use change of variables with & = 0.075
x = yt*
Note that
at t=1 xX=y
Then
H(x, ) = o1 (yt*)° '3 + co(yt ™) + 5 (yt* )1 + ca(yt™) 2 + st

= c1y5t<5"3‘> + czy4t<‘1’5‘> + 03y3t<§"5‘> + C4y1t<i'5‘> + C5t<0'5‘>
_ C1y5t1.675 4 C2y4tl.l =+ C3y3t2.125 =+ C4y1t1‘275 + C5tl.l

_ tl.l(cly5t0.575 + C2]/4 + C3y3t1'025 + C4y1t0'175 + CS)

= t"1[cy* + c5 + (terms with positive powers of t)]
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Solution: Use change of variables with & = 0.075
x = yt*
Note that
at t=1 xX=y
Then
H(x, ) = o1 (yt*)° '3 + co(yt ™) + 5 (yt* )1 + ca(yt™) 2 + st

= c1y5t<5"3‘> + czy4t<‘1’5‘> + 03y3t<§"5‘> + C4y1t<i'5‘> + C5t<0'5‘>
_ C1y5t1.675 4 C2y4tl.l =+ C3y3t2.125 =+ C4y1t1‘275 + C5tl.l
= (e 10575 4 eyt + s PO 4 gy 0175 1 )

= t"1[cy* + c5 + (terms with positive powers of t)]
H*(y,t) =t ""H(yt%,t)
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Solution: Use change of variables with & = 0.075
x = yt*
Note that
Then
H(x, ) = o1 (yt*)° '3 + co(yt ™) + 5 (yt* )1 + ca(yt™) 2 + st
= c1y5t<5"3‘> + czy4t<‘1’5‘> + 03y3t<§"5‘> + C4y1t<i'5‘> + C5t<0'5‘>
— PP eyt 1 PRy T oo
= (e 10575 4 eyt + s PO 4 gy 0175 1 )
= t"1[cy* + c5 + (terms with positive powers of t)]
H*(y,t) = t M H(yt*, t)

= coy* + ¢5 + (terms with positive powers of #)
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Solution: Use change of variables with & = 0.075
x = yt*
Note that
Then
H(x, ) = o1 (yt*)° '3 + co(yt ™) + 5 (yt* )1 + ca(yt™) 2 + st
= c1y5t<5"3‘> + czy4t<‘1’5‘> + 03y3t<§"5‘> + C4y1t<i'5‘> + C5t<0'5‘>
= P oM 1 PRI 4 gy T g
= (e 10575 4 eyt + s PO 4 gy 0175 1 )
= t"1[cy* + c5 + (terms with positive powers of t)]
H*(y,t) =t ""H(yt%,t)
= coy* + ¢5 + (terms with positive powers of #)
H*(y,0)
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Solution: Use change of variables with & = 0.075
x = yt*
Note that
Then
H(x, ) = o1 (yt*)° '3 + co(yt ™) + 5 (yt* )1 + ca(yt™) 2 + st
= c1y5t<5"3‘> + czy4t<‘1’5‘> + 03y3t<§"5‘> + C4y1t<i'5‘> + C5t<0'5‘>
= P oM 1 PRI 4 gy T g
= (P57 4 ooyt + PB4 oy tt0175 4 )
= t"1[cy* + c5 + (terms with positive powers of t)]
H*(y,t) = t M H(yt*, t)
= coy* + ¢5 + (terms with positive powers of #)
H%(y,0) = cay* + ¢5
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Now the new starting system

H*(y,0) =0
oyt +e5=0
¥t =—cs/c
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Now the new starting system

H*(y,0) =0
oyt +e5=0
¥t =—cs/c

can be solved and it generally has 4 solutions.
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Now the new starting system

H*(y,0) =0
oyt +e5=0
¥t =—cs/c

can be solved and it generally has 4 solutions. Hope:
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Now the new starting system

H*(y,0) =0
oyt +e5=0
¥t =—cs/c

can be solved and it generally has 4 solutions. Hope:
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2 3
/
D
1 uﬁéé'i .
\\\\“/
4
& = (—0.5,1)
X
0 1 2 3 4 5
5,&)=-12 (4,6)=-12 (3,6) =04
(1,4 =07 0,&) =11
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Solution: Use change of variables with « = —0.5

x = yt*

T.L.Leeand T. Y. Li Mixed Volume Computation in Solving Polynomial Systems



Solution: Use change of variables with « = —0.5
x = yt*
Note that
at t=1 xX=y
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Solution: Use change of variables with « = —0.5
x = yt*
Note that
at t=1 xX=y

H(x,t) = 1t + cpx* 198 4 03x11.9 + cxt'? + c5t1.1
H(yta,t) — C1y5t71‘2 + C2y4t71.2 + C3y3t0'4 + C4y1t0'7 4 C5t1'1
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Solution: Use change of variables with « = —0.5
x = yt*
Note that
at t=1 xX=y

H(x,t) = 1t + cpx* 198 4 03x11.9 + cxt'? + c5t1.1
H(yta,t) — C1y5t71‘2 + C2y4t71.2 + C3y3t0'4 + C4y1t0'7 4 C5t1'1

— ¢ 12 [Cly5 + c2y4 + (terms with positive powers of t)]
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Solution: Use change of variables with « = —0.5
x = yt*
Note that
at t=1 xX=y

H(x,t) = 1t + cpx* 198 4 03x11.9 + cxt'? + c5t1.1
H(yta,t) — C1y5t71‘2 + C2y4t71.2 + C3y3t0'4 + C4y1t0'7 4 C5t1'1

— ¢ 12 [Cly5 + c2y4 + (terms with positive powers of t)]

H*(y,t) =t~ LD H(yt*, 1)
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Solution: Use change of variables with « = —0.5
x = yt*
Note that
at t=1 xX=y

H(x,t) = 1t + cpx* 198 4 03x11.9 + cxt'? + c5t1.1
H(yta,t) — C1y5t71‘2 + C2y4t71.2 + C3y3t0'4 + C4y1t0'7 4 C5t1'1

— ¢ 12 [Cly5 + c2y4 + (terms with positive powers of t)]

H*(y,t) =t~ LD H(yt*, 1)

= C1y5 + Czy4 + (terms with positive powers of t)
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Solution: Use change of variables with « = —0.5
x = yt*
Note that
at t=1 xX=y

H(x,t) = 1t + cpx* 198 4 03x11.9 + cxt'? + c5t1.1
H(yta,t) — C1y5t71‘2 + C2y4t71.2 + C3y3t0'4 + C4y1t0'7 4 C5t1'1

— ¢ 12 [Cly5 + c2y4 + (terms with positive powers of t)]

H*(y,t) =t~ LD H(yt*, 1)

= C1y5 + Czy4 + (terms with positive powers of t)

x _ 5 4
H*(y,0) = c1y° + coy



H*(y,0) =0

c1y5 + czy4 =0
C1y5 _ —czy4
y=-—c/c
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H%(y,0) =0
a1y’ +oyt =0
C1y5 = —C2y4

y=—c/c1

Similarly, for almost all choices of ¢; ... ., ¢5, the homotopy works

t=20 t=1
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Together, we get all 5 solutions of Q(x) = 0.

t=20 « = 0.075 t=1
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5
10041’1 4
4
& = (0.075,1 & = (=0.5,1)
X
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General Construction (to solve P(x) = 0)

To solve a system of polynomial equations P(x) =0
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General Construction (to solve P(x) = 0)

To solve a system of polynomial equations P(x) =0

a a a
p1(x1,..., xn) = Z ClaXy ... X = Z c1ax" =0

acs; aes,

a a a
Pu(x1,...,x,) = E CnaXy .. Xy = E CnaXx" =0

a€eSy, a€eS,
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Px)=x"+2x* —4x® +x—5=0
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Px)=x"+2x* —4x® +x—5=0
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Px)=x"+2x* —4x® +x—5=0

Qx) = X’ + sz4 +03x° + cax + 5
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pr(x) =) cpax”

aeS;
Px) =% + 2 — 4P +x—5=0 P(x) = :
pn(x) = Z Cn,ax’Z
a€s,
' !
qn (X) = Z CT,axﬂ
aeSy
Q(x) = a1x® 4 cox* + 323 + cax + ¢35 Qx) =

qn(x) = Z C:;,axa

aesS,
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pr(x) =) cpax”

aeS;
Px)=x"+2x* —4x® +x—5=0 P(x) = :
pn(x) = Z Cn,ax’Z

aEes,

qn (X) = Z CT,axﬂ

aeSy
Qx) =c1x° + cox* + 333 + cax + c5 Qlx) =

qn(x) = Z C:;,axa

aesS,

1
H(x,t) = (1 —t)yQ(x) + tP(x)
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prx) =) e

aEeS;
Px)=x"+2x* —4x® +x—5=0 P(x) = :
Pn(x) = Z Cn,ax'Z
acs,
! |
q1(x) = Z "t
aeSy
Qx) = 12 + cox* + c3x® + cux + ¢ Qlx) = :
q”(x) = Z C:;,axa
acs,
‘ !
et = (= yQL) + P Filx,£) = (1~ 1yQlx) + P
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Qx) = a12° 4 cox* + c3x® + cux + ¢35
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Qx) = a12° 4 cox* + c3x® + cux + ¢35
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Qx) = a12° 4 cox* + c3x® + cux + ¢35
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Qx) = a12° 4 cox* + c3x® + cux + ¢35

H(x,t) = c;x°t'? + cox*t"®

+ o33t cgxt'? + et
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qi(x) =) ¢

aeS;

Qx) = a12° 4 cox* + c3x® + cux + ¢35

qn(x) = Z C:,axa

a€es,

h(x,t) =) cfxt0®

a€eSy

H(x,t) = c1x°t"% 4+ cox*t08 H(x,t) =

3,19 1.2 1.1 ]
+ c3x°t7 4 cyxt 4+ o5t hn(x, i’) _ Z C;,axutw”(ﬂ)
aEes,
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nix) =Y

aeS;

[ gulx) = Y
a€es,

Q(x) = c12° 4+ cox* + c3x° + cax + 5 Qlx) =

1 4
hi(x, t) = Z Ciaxatun(a)
aeSy
H(x, t) = c1x°t2 + cpa*t08 H(x,t) = :
3,19 1.2 1.1
+ c3x°t7 4 cyxt 4+ o5t hn(x, i’) _ Z C;,axutw”(ﬂ)
acs,
{ 4
H(x,0)=0 H(x,0)=0
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Binomial system

511y311+512y312 — 0,

Enlyanl +En2yan2 = 0.
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Binomial system

511y311+512y312 — 0,

Enlyanl +En2yan2 = 0.

1. It can be solved constructively and efficiently
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Binomial system

511y311+512y312 — 0,

1y + Ty = 0.
1. It can be solved constructively and efficiently
2. The number of isolated zeros in (C*)"
a;;p —ap
= |det :

a1 — ap2
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How to solve Q(x) = (q1(x),...,qn(x))
nx) = ) Tax,

acs;

Qn(x) = Zan,axa-

aces,
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How to solve Q(x) = (q1(x),...,qn(x))
nx) = ) Tax,

acs;

Qn(x) = Zan,axa-

aces,

The polyhedral homotopy:
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How to solve Q(x) = (q1(x),...,qn(x))
nx) = ) Tax,

acs;
Qn(x) = Zan,axa-
aces,

The polyhedral homotopy:
Choose w;: Sj —-R, j=1,...,n

Q(X/ t) = (fh (X/ t)/ s /Qn(xz t)) =0
6]1(X, f) — Z (—:Laxatwl(a) =0,

aEes,

gn(x,t) = Z Enlaxat“’”(a) =0.
aEes,
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S1, S, ...8, ¢ NI

Si
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w;:S5 — R, i=1,...,n
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w;:S5 — R, i=1,...,n
Si={a=(a,wia)) |acs}
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w;:S5 — R, i=1,...,n
Si={a=(a,wia)) |acs}

S d=(d,wi (d
= (a,01(a) n (den (D)
¢=(c,wi ()
d
B=(bAb» .
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Problem: Look for hyperplane with normal
& = (&, 1) which supports each S; at exactly 2 points

a=(al)

N
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Looking for «« € R", and pairs

{aj1, a2} C Sy,

{an1, a2} C Sy

such that
(&, a11) = (& ap2) < (& a), Va € S1\{ayy, arn},
<6('/ é1’ll> — <6(/ an2> < <&/ é>/ Va S Sn\{anlranZ}-

where &= (a,1), 4= (a,w(a))

The Mixed Volume computation.
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o= (01,...,%,;) € R"
Consider the coordinate transformation

xp = yit™,
: x = yt*.
Xn = ynt“”,
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o= (01,...,%,;) € R"

Consider the coordinate transformation

X1 = yt™,
: x = yt*.
Xn = ynt“”,
xatwi(a) — qu . xzntwi(a)
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o= (01,...,%,;) € R"

Consider the coordinate transformation

X1 = yt™,
: x = yt*.
Xn = ynt“”,
xatwi(a) — qu . xzntwi(a)

= (yt)m ... (ynt“n)antwi(a)
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o= (01,...,%,;) € R"

Consider the coordinate transformation

X1 = yt™,
: x = yt*.
Xn = ynt“”,
xatwi(a) — qu . xzntwi(a)

(ypt*1)™ - - (ynt“n)antwi(a)
— yﬁlll . _yZntoqa1+---+ocnan+wi(a)
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o= (01,...,%,;) € R"

Consider the coordinate transformation

X1 = yt™,
: x = yt*.
Xn = ynt“”,
xatwi(a) — qu . xzntwi(a)

(ypt*1)™ - - (ynt“n)antwi(a)
yﬁlll . _yZntoqa1+---+ocnan+wi(a)

yat<oc,a)+w,-(a)
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o= (01,...,%,;) € R"

Consider the coordinate transformation

X1 = yt™,
: x = yt*.
Xn = ynt“”,
xatwi(a) — qu . xzntwi(a)

(ypt*1)™ - - (ynt“n)antwi(a)
yﬁlll . _yZntoqa1+---+ocnan+wi(a)

yat<oc,a)+w,-(a)
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o= (01,...,%,;) € R"

Consider the coordinate transformation

X1 = yt™,
: x = yt*.
Xn = ynt“”,
xatwi(a) — qu . xzntwi(a)

(ypt*1)™ - - (ynt“n)antwi(a)
yﬁlll . _yZntoqa1+---+ocnan+wi(a)

yat<oc,a)+w,-(a)
yat<&,ﬁ> .

&=(x1), a=(a, w;(a)).
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h(y,t) =q(ytt) = )Y cyt%¥ =0,
3651

ha(y, £) = qulyt,t) = D Cnayt' ¥ =0.
acs,
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x =yt*

hly.t) = Y tayt® =0,
acs;
haly,t) = Y Cuayt*® =0.

acs,
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x = yt&
hly.t) = Y tayt® =0,

acs;

hn(yf t) = Z En,ayat<&'ﬁ> =0.

acs,

For each o € R", we have pairs

{a11,a12} C S1, {a21, a0} C Sy, --+, {au1, a2} C Sy

such that
B1= (& a;1) = (& an) < (& a), Va € S1\{a11, a2},
Bi’l = <A/ai’ll> = <A/ﬁn2> < <6C, é>/ va E Sl’l\{af’lll anZ}-
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hi(y,t) =t Pihy(y,t)
= Ty + Cpoy®2 + Z Tyt $(&,8)—P1 0,
acSi\{arg,an}
hu(y,t) =t Puhy,(y, t)
= Cp1y + C2y™? + Z Tyt & B =,
a€Sy\{an,an}
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iy, t) =t Bily(y, t)
= 1ya11 +C12ya12 + Z ¢y, y oca) B _ —0,
acSi\{aj1,a12}

hu(y,t) =t Puhy,(y, t)
Enly nl + C zyanz + Z Cl’l ay t oca) Bn — 0
acS,\{a,1,a,2}

(y,0) = cuy™ +epy™? =0,

huly,0) = Gny™ + Gy =0.

A binomial system
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H(y,t)=0

(1) Solve the binomial system

cuy™ + oty =0,

H(YI O) = :
Enlyanl + E’nzya”z =0.

The number of solution in (C*)":

a1] —ane
ko = |det

ap] — a2
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H(y,t)=0

(1) Solve the binomial system

cuy™ + oty =0,

H(YI O) = :
Enlyanl + E’nzya”z =0.

The number of solution in (C*)":
a1 —a
ko = |det

ap] — a2

(2) Follow paths y(t) of H(y, t) = 0 emanating from the
solution in (1) to reach ko number of y(1)’s. They are
solutions of P(x) = 0.
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ai] —ain

a1 — a2
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ai] —ain

a1 — a2

Zk“ = mixed volume of S = (54, ...,S,).
&
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Sl :{al,...,aw}
Sy =1{by,...,be} c N3

S3 :{Cll“‘lc7}
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Sl :{al,...,aw}
Sy =1{by,...,be} c N3

S3 :{Cll“‘lc7}

Q1 = conv(Sy),
Q2 = conv(S,),

Q3 = conv(S3)
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Sl :{al,...,aw}
Sy =1{by,...,be} c N3

S3 :{Cll“‘lc7}
Q1 = conv(Sy),

Qy = conv(S,),

Q3 = conv(S3)

Volz(A1Q1 + A2Q2 + A3Q3) is a 3rd degree
homogeneous polynomial in (A1, Az, Az).
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Sl :{al,...,aw}
Sy =1{by,...,be} c N3

S3 :{Cll“‘lc7}

Q1 = conv(51),

Qa2 = conv(5y),

Q3 = conv(S3)
Volz(A1Q1 + A2Q2 + A3Q3) is a 3rd degree
homogeneous polynomial in (A1, Az, Az).

Mixed Volume: The coefficient of A1 - Ay - Az.
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S1,8,S8 c N3

Si
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wi:Si—HR, i:1,2,3
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wi:Si—HR, i:1,2,3

Si={a=(a,wia)]acS}
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(,U,‘ZSi—>]R, i:1,2,3

Si={a=(a,wia)|acS}

w>

d=(d,wi (d))

a=(a,0i(a))

¢=(cwi (c))
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Problem: Look for hyperplane with normal
& = (&, 1) which supports each S; at exactly 2 points

a=(al)

N
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Look for o € R® satisfying
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Look for o € R® satisfying
3 2 points in S, say {d1, a2}
2 pointsin Sy, say {bs, by}

2 pointsin Sz, say {¢s, &}
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Look for o € R® satisfying
3 2 pointsin Sy, say {ay,a}
2 pointsin Sy, say {bs, by}
2 pointsin S3, say {¢s, 6}

such that for & = («, 1)
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Look for o € R® satisfying
3 2 pointsin Sy, say {ay,a}
2 pointsin Sy, say {bs, by}
2 pointsin S3, say {¢s, 6}

such that for & = («, 1)
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Look for o € R® satisfying
3 2 pointsin Sy, say {ay,a}
2 pointsin Sy, say {bs, by}
2 pointsin S3, say {¢s, 6}

such that for & = («, 1)

({al/ 112}/ {b?)r b4}/ {CSI C6}) —A Mixed Cell
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({all aZ}/ {b3/ b4}/ {C5/ C6})

— amixed cell wrt. o« € R3
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({all aZ}/ {b3/ b4}/ {C5/ C6})

— amixed cell wrt. o« € R3

ap —ap
> |det | bs—by
x
C5 — Cq
= Mixed Volume
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Sl :{ﬂl,...,alo}, w1:51 — R

o = (aj, wi(a)), Sy ={a,..., 410}
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Sl :{ﬂl,...,alo}, w1:51 — R

N

o = (aj, wi(a)), Sy ={a,..., 410}
A &>/

(@, &) = (A2, &) < (a4, i#1,2
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Sl :{ﬂl,...,alo}, w1:51 — R

8 = (aj, wi(a))), S1={@,..., 40}
(a1, &) = (A, &) < (4;, &), i+1,2
(11, &) = (2, &)

= ((a1, wi(a1)), (e, 1)) = ((a2, w1(a2)), (e, 1))

T.L.Leeand T. Y. Li Mixed Volume Computation in Solving Polynomial Systems



Sl :{ﬂl,...,alo}, w1:51 — R

8 = (aj, wi(a))), S1={@,..., 40}
(a1, &) = (A, &) < (4;, &), i+1,2
(11, &) = (2, &)

= ((a1, wi(a1)), (e, 1)) = ((a2, w1(a2)), (e, 1))

(a1, x) + w1 (a1) = (a2, &) + w1 (a2)
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Sl :{ﬂl,...,alo}, w1:51 — R

8 = (aj, wi(a))), S1={@,..., 40}
(a1, &) = (A, &) < (4;, &), i+1,2
(11, &) = (2, &)

= ((a1, wi(a1)), (e, 1)) = ((a2, w1(a2)), (e, 1))

(a1, x) + w1 (a1) = (a2, &) + w1 (a2)

(a1 — a2, &) = w1 (az) — wiq(aq)
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Sl :{ﬂl,...,alo}, w1:51 — R

8 = (aj, wi(a))), S1={@,..., 40}
(a1, &) = (A, &) < (4;, &), i+1,2
(11, &) = (2, &)

= ((a1, wi(a1)), (e, 1)) = ((a2, w1(a2)), (e, 1))

(a1, x) + w1 (a1) = (a2, &) + w1 (a2)

(a1 — a2, &) = w1 (az) — wiq(aq)
(a1 — a3, &) < wq(az) — wilar)
(a1 —ag, ) < w1(ay) — wq(aq)

(a1 — ay0, &) < wilagg) — wiq(ag)
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(b3, &) = (by, &) < (b;, &), i +3,4
(m—ay,x) = wila) —wi(ag)
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(b3, &) = (by, &) < (b;, &), i +3,4
(M —ay00) = wi(az) —wiqla)
(1 —az,00) < wiaz) —wiq(ar)
(a1 —ap, ) < wi(ag) — wi(a)
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(b3, &) = (by, &) < (b;, &), i +3,4
(M —ay00) = wi(az) —wiqla)
(1 —az,00) < wiaz) —wiq(ar)
(a1 —ap, ) < wi(ag) — wi(a)

_
(ol
w
|
=yl
iy
<
R
S~
Il

w2 (bg) — w2 (b3)

T.L.Leeand T. Y. Li Mixed Volume Computation in Solving Polynomial Systems



(a1, &)

<B3/ &>

(a1 —ap, o)

(11 — a3, o)

(ﬂl — a1o, 06)
<b3 - b4/ O()

(b3 — b;, )

N

N

N

w1 (aip) — wi(aq)
w2 (bg) — w2 (b3)
w2 (b;) — wa(b3), i # 3,4
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(alfaZ)/ (bll bZ)/ (Cll CZ) :
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(alfaZ)/ (bll bZ)/ (CIICZ) 3?7 ae RB/ & = ((X,l)
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» T.Gao, T. Y. Li, M. Wu

“MixedVol: A software package for mixed volume
computation” ACM Tran. on Math Software, Vol. 31, No. 4
(2005) pp. 555-560.
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» T.Gao, T. Y. Li, M. Wu

“MixedVol: A software package for mixed volume
computation” ACM Tran. on Math Software, Vol. 31, No. 4
(2005) pp. 555-560.

» T. Mizutani, A. Takeda, M. Kojima

“Dynamic enumeration of all mixed cells” Discrete and
Computational Geometry, Vol. 37, (2007) pp. 351-367.
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| system size(n)] DEMiCs-0.95] MixedVol [speed-up]|

Cyclicn 12 1m8.8s 4m43.0s 411
13 10mb54.7s 49m57 .4s 4.58
14 1h36m37.1s | 7h14m24.1s 4.50
15 || 15h45m26.0s -

Noon-n 16 1m4.9s 33mb54.8s 31.38
17 3m13.1s | 2h25m?20.8s 45.15
18 7m38.3s | 8h23m19.6 65.90
19 28m1.0s -
20 1h8m49.6 -
21 5h41m54.4s -

Eco-n 17 4mb56.1s 20m41.8s 4.19
18 19m31.8s | 1h17m56.0s 3.99
19 1h21m30.4s | 4h56m4.6s 3.63
20 5h41m54.4 -

Table:  2.4GHz Itanium?2 processor, 8GB RAM
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eco-n Total degree = 2-3"2

(x1 +x120 + -+ Xp2Xp—1)x, —1 =0
(x2 +x1x3 + -+ X43X,—1)x, —2 =0

Xp1Xy —(n—1)=0
X1+x+- - +x,1+1=0

noon-7 Total degree = 3"
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cyclic-n Total degree = n!

Xp+xp2+--+x,=0
X1X2 + XpX3 4+ -+ - + Xp—1Xn + XpX1 = 0
X1X0X3 + XoX3X4 + - -+ + Xp_1XpX1 + XpX1x2 =0

X1xp---x,—1=0

katsura-n Total degree = 2"
2%p11+2x,+ -+ 2x+x1—1=0
22 202+ 25+ —x =0
2XpXp1 + 2Xp—1Xp + -+ -+ 2X0x3 + 2x1xp —xp =0
2%y 1211 + 2X—2Xp + -+ 22x1x3 + X5 —x3 =0

2x9Xp41 + 2X1X, + 220X 1 + -+ 2%, 20X (n42) /2 — X =0
2x3Xy 41 + 2x1%, + 2x0%, 1 + - - - + x%n+1)/2 —x,=0
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reimer-n Total degree = (n+1)!

23 =234+ (—1)"H2x2 —1=0
20 =254+ (—1)"H2xd —1=0

20— 2 o (1) 2 -1 =0

Dell PC with a Pentium 4 CPU of 2.2GHz, 1GB of memory
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Linear Programming
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Linear Programming

max yTb
ATy <c
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Linear Programming

max yTb
ATy <c

Its dual

min c¢'x
Ax=0b
x>0
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(a1,a2), (by,by) :
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(A6, 09)

(Ell,blz), (blin) = AN S IR?)/ &= (all)
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Dynamic Enumeration
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Dynamic Enumeration

Mixed Vol-2.0
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H System H MV \ MixedVol-2.0 \ DEMiCs \ Speep-up H

Cyclic
-12 500,352 2.41m 3.31m 1.37
-13 2,704,156 20.9m 29.5 141
-14 8,795,976 2.72 hr 4.06 hr 1.49
-15 35,243,520 23.9hr 37.8 hr 1.58
Noon
-19 1,162,261,429 28.0m 70.6m 2.52
-20 3,486,784,361 1.32 hr 2.69 hr 2.04
-21 || 10,460,353,161 3.31 hr 9.46 hr 2.86
-22 || 31,381,059,565 712 hr 25.8 hr 3.62
-23 || 94,143,178,781 21.8 hr 74.4 hr 3.41
Eco
-18 65,536 32.7m 52.3m 1.60
-19 131,072 2.19 hr 3.31 hr 151
-20 262,144 8.53hr 12.0hr 141
-21 524,288 28.1 hr 40.2 hr 1.43

Table:  1.6GHz Itanium?2 processor, 8G RAM
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H System H MV \ MixedVol-2.0 \ DEMiCs \ Speep-up H

Chandra
-20 524,288 18.6m 763m | 410
21 1,048,576 46.8m 337hr | 432
-22 2,097,152 2.36hr 8.63hr |  3.66
-23 4,194,304 5.75hr 27.8hr | 4.83
-24 8,388,608 18.5hr 75.2hr | 4.06
Katsura
-13 8,192 7.10m 11.0m | 155
-14 16,384 31.5m 602m | 191
-15 32,768 2.58 hr 5.14hr | 199
-16 65,536 15.8hr 232hr | 147
[ 5body || 133,998,561 | 714s | (113s) [ 158 |

Table:  1.6GHz Itanium?2 processor, 8G RAM
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Reliability
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vortex-n

Thel system derived from clearing the denominators of

> [l — D) (e — xa — x3) + (xj;l = 1) (xx — x5 —x;)] =0
k=1
forl<i<j<n.

@ variables: { x; |1 <i<j<n}
vortex-4 vortex-5 vortex-6
MV 80 8,333 4,792,772

MixedVol-2.0: 8,333
DEMiCs: 8,238, 8,268, 81,54
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n-body

The system derived from clearing the denominators of
n
kgl[(q3 ~ Vg —ri—13) + (r° = Vg —r5 — 1) =0
forl<i<j<n
n(n+1)

= variables: {r; | 1 <i<j<n}

3-body | 4-body 5-body
MV 99 33,201 | 133,998,561
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gridanti-n

sij(Cim1j + Civ1j + Cijo1 + Cijt1)
—Cij(Si—1j + Siv1; +Sij1 +8ij1) =0
Cn+1j = C1j, C0j = Cujs Cin+1 = Cid, Ci0 = Cipn
Sn+1j = —51,, 50j = —Sujs Sin+1 = —Si1, Si0 = —Sin
shi+c;—1=0
forl <i,j<n

2n? variables: {s;j, ¢;; |1 <i,j < n}

gridanti-3 | gridanti-4
mixed volume 147,456 704,380,928
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sonic-n

P(x19 +x11 +x12) +x3x9 +1=0

QX4X5+X(X§+P) + (x7 +1)x4 + XX + X9 X9 +1 =10

QXxy + (3 + g3+ +q2)xs + (x7 + 1)Q + x505 +1 =0

QX5 + X7xg + (x7 + 1) X +x4x8 +1=0

X10%1 + X11% + X103 —1 =0

Qx5 + Xxg +x7+1=0

B4+ —1=0

X%eré—l

qi(pj + x2) + Xagxs + (x7 + x5 +1=0

q/2+Xz + (210 + 12+ (217 + 12 + (x2 +1)2 =0
fork=1,2,3andj=1,2,---,n,

n n 3
whereP= Y p;,Q= Y giand X = Y x;.
i=1 i=1 i=1

2n + 12 variables: {pj, q; [1<j<nU{xg,xp, - ,x10}

sonic-1 sonic-2 sonic-3 sonic-4 sonic-5
MV 1,304 8,032 29,696 96,256 293,120

sonic-6 sonic-7 sonic-8 sonic-9 sonic-10
MV 852,992 2,395,136 6,533,120 17,395,712 45,383,680

sonic-11 sonic-12 sonic-13 sonic-14 sonic-15
MV 116,342,784 293,732,352 731,709,440 1,801,191,424 4,386,979,840

A private company “BBN Technologies”
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Thank you!
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