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Linear model:

Y =X3° + ¢,

where Y € R" , X = (n x p)-matrix, 3 € RP.
The Lasso [Tibshirani, 1995]

A

b= argmin ¥ x313/m + Nl }.
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Some notation

The columns of X:

Xl,j
,lpj - ) J = 17 7p7
Xn,j
i.e.,
X= (1/)17 . 71/}[))
We use the normalization
l43/n = 1.
The Gram matrix
Y = X"X/n.
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The “truth” .
fO.=Xp" = v
j=1

The true active set
So:={j: B’ #0}

ForanindexsetS C {1,...,p} and € RP, we set

Bis = Gil{j € S},

i.e., s € RP has zeroes outside S.
The projection of f%0n the space spanned by {v }es:

fs 1= Xb%, b® == min X5 —f°]|>.
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The CPanection on the
S}oace Syanned By S
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The ¢;-compatibility condition

Let L > 0 be some constant and S be an index set with cardinality
s = |S|. We say that the ¢;-compatibility condition holds if

¢*(L,S) :=min{BTAs : Bl =1, ||Bscllr < L}

is strictly positive.
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On the conditions used...

oracle inequalities for prediction and estimation

RIP :> weak (S,2s)- RIP :>adaptive (S, 2s)- :> (S,2s)-restricted /”\

restricted regression eigenvalue \J
\\14 S-compatibility
‘ N4 v
|S,\S] <5 coherence —=yadaptive (5, 5)- = (S,s)-restricted 7%
restricted regression — 7

S eigenvalue
LN N

weak (S, 2s)- <: (S,2s)-irrepresentable <: (S,s)-uniform —> |S,\S| =0
irrepresentable irrepresentable

(Concave penalty) BIRS January 2011

8/32



Handling of the noise

We assume throughout that

max 2|e" i /n < A
1SJSP ‘6 7/’1‘/ > N0,

and that
A > 2.

Lemma
Suppose that ¢ ~ N(0, a21). Then for

[12 4+ 2]
Ao =20 %,

T, < 2
P(lrg%ae pil/n > )\0> < 2exp[—t/2].

we have
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Definition of the oracle

The active set of the oracle is

S, = mind [[fs —fl/n + X5
e S S_,Oi/ ¢2(3,S) ’
——

estimation error

approximation error

Here,
A+ A .
L= Ao _ 3, because of our choice A = 2.
A= Ao
We write
B* == b5, f* =15 = XB%, s, = |S.|.
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The prediction error of the Lasso

Theorem
We have
2XB — £2)13/n + A|IB — B*|l1 < 34 |If* — O3 + A
2 1> 2 ¢2(3,S*) o
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The irrepresentable condition

[Meinshausen and Buhlmann, 2006] [Zhao and Yu, 2006]
Let

n

511(S) = (Zjk)ikes, L12(S) = (5 k)jes kes-
E.g.,whenS = {1,...,s},

& (%£11(S) £12(9)
== (fz,l(s) i2,2(5)) 7

where 3, ,(S) = ¥11(S°).
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Write S := {j : 3] # 0}.
Lemma
Suppose the irrepresentable condition

A . A= o
sup  [1X2,1(S0)x1,1(So)Ts,llec < 0 < .
lImsg lloo <1 ° A+ Ao

Then there are no false positives:

éCSo.
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Lemma

Suppose the irrepresentable condition

A—Xo
A+ Ao i

sup  [122,1(S0)E1.1(S0)7s, |l < 0 <

lI7sollo<1
Then the compatibility condition holds for L6 < 1,

¢*(L,S0) = (1 — LOYAZin(>1,(S0)).

where A2;,(£1.1(So)) is the smallest eigenvalue of 31 1(So).

Recall we applied
. A+ Ao

L= .
A—2Xo
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Benchmark: the /y-penalty

Lete ~ N(0,0), A < /logp/n and

B :=argmin{\|v—xm|%/n+A2 1818 }
B ~——
=#{6,#0}

Then one can show that with large probability

X Bigeat — £21|3/N + A 28igear < const.{||f* —£93/n + Azs*},

and hence
Sideal = O(S.).
[Barron et al. 1999]
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The number of false positives of the Lasso

Recall that S. is the oracle active set. Generally

S, C Sp.
Lemma
We have
A /\zmax O
S S* < | =3 = * )y
1538 ] < [¢2(3,S*)] (s.)

where A2, is the largest eigenvalue of 3.
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An idealized example: equal correlation

Let
1 p
. 1
> = p
p P
=@Q-pl+prr',
where0<p<land7=(1,...,1)". Then

N S S

and
$*(L,S)=1—p.
We take
A— Ao
A+ o

A:= sup HiZ,l(SO)il,l(SO)Tso“oo_

sy lloo <1

which holds for p > 1/sq.
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We assume
2€T'l,bj/n _ {_AO J e SO

+Xo j¢So
and
3 =bo ¥j € So,
where
b0>/\+/\o( i p(P — So)A >
2 \l-p+pso (1—p)(1—p+pp)

Then for j € S,

and for j ¢ Sy,
A_)\-i-)\o A(1— p+ pso)

)\+)\o( 1 N p(p — s0)A )
1-p+pso (1=p)L—p+pp))

(Concave penalty) BIRS

2 (1-p)L-p+pp)

January 2011

18/32



Thus the Lasso selects all variables, so that

S\So| = p — so!

= &
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The /.-“norm” penalty, 0 < r < 1.

We let

A

B = argmin{ I ~ X3l /n-+ 51}

[Zzhang, 2010]
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The /,-compatibility condition

We say that the ¢, -compatibility condition holds if

$2(L,S) == min{8TE£8|S|Z : ||Bslr =1, [IBse]lr <L}

is strictly positive.
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Handling the noise

We assume that

2le"X3|/n
sup L"E il — < Ao,
BBIFT (IIXBIIZ/n) 2=
and that
)\Zfr > 5)\3—[’417I"
Lemma

Suppose € ~ N(0, a1). Then for a constant c,, and for

2
o= G /Iog(22)+t ’

.
IP’(sup 22|€ XB|/n - > )\0> < 2exp[-t?/2].

BIBIIFT (X813 /n) 2=

we have

[




Prediction error of the /,-norm penalized estimator

Definition of the oracle

22
S, := arg msin{llfs —fO5/n+ m}
¢ (S)

and f* :=fg_, s, := |S.|.

Theorem
It holds that

2r

2
IX3 — )13 /n + 4X27||3 — |I1 /5 < 4 { IF* — £9)12/n + M} ‘
2—r
r (S*)
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Definition sparse eigenvalue

/\szparse(s) = S:n?él')is Amax(il,l(s))-
Example: equal correlation Let
Y= -p)l+prr'.

Then
Agparse(s) =(1-p)+ops.
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Variable selection with ¢;-penalty

Theorem

r

/\sparse(s*)] o [ 1
¢l’ (3, S*)

1S\S.| = [m —] EO(s.*)

(Concave penalty) BIRS January 2011 25/32



Variable selection with ¢;-penalty

Theorem
& Ns arse(s*)] = [ 1 ] e
S\S,| = | Srarsei>/ .
IS\ S| [¢r(375*) 4 (3,S.) O(sx)
B S e
A [¢r(3, S*)] O(ss )-
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The adaptive Lasso

Let
Dot = arg mﬁin{nv — XB1B/n + A Y |ﬂ,-|},
J
and
B = argmin{ I = X912/ -+ At 3 51/ -
]
[Zou, 2006]
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Theorem

Take Aepare(5-)
Aadap < [T] Ninit-
Then A () )
X Baap — 115 = ["T] O(A‘;‘t;*)a
and A A (5))
Sum' S| = | 222522 0s.).
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Define for Ainres > O,

Sihres = {j: ‘ﬁj*] > 4 \thres }

and
ft}k\res = fsihres.
Let
-1
1 1
*|2
8% [tim == | — Z 1a%|2
S« |6
|ﬁj* | >2)\thres J

Note that

|6 |trim > 2Athres-

(Concave penalty) BIRS January 2011 28/32



Theorem

Suppose
”ﬂinit - B*”oo < )\thres~
Take o
Ifihres — F- 112/ 2
etk (1+res— 18" |irim-
adap .n.tS*/¢2 trim
Then )
~ A s*
[Py — POI/m = | 22| (P,
W |trim
and

A o 52
|Sd \S*|: |: init }O(—*)
o |ﬂ*|trim ¢g
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Conclusion

@ When Agparse(S«) =< 1 the adaptive Lasso mimics the ¢;-Lasso

@ When Agparse(S+) is very large the /;-Lasso still has good prediction
error. Under beta-min conditions, that is, conditions which require
]ﬁj*\ to be sufficiently large for all j ¢ S.., the prediction error of the
adaptive Lasso is also good. Otherwise, it may be problematic.
(The same holds for the thresholded Lasso.)
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THANK YOU!
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