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Three Objects and a
Formula




Object 1

Alternating Sign Matrices




Alternating Sign Matrix

® Square matrices with entries from 0, 1, or -1

® Each row and column contains at least one 1; first
and last nonzero elements of each row and column
are 1

€® Nonzero entries in each row and column alternate in
s1gn
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Alternating Sign Matrix
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® Alternating sign matrices (ASM) generalize permutation
matrices
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Alternating Sign Matrix

The number A(m) of mxm ASM 1s:

m—1 .
37+ 1)!
A =
b ]11 (m + ))!

® This was the Alternating Sign Matrix Conjecture

® See D.M. Bressoud, Proof and Confirmations: The Story

of the Alternating Sign Matrix Conjecture, Cambridge
UP: 1999
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Object 2

Tableaux




Partitions

® Given a partition, A, with parts A1 \2,..., Ak, can be

represented graphically by a diagram:

N PR}
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Tableaux

@ Fill diagram with entries according to the following

rules:
4+ entries weakly increase across rows

4 entries strictly increase down columns

10
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Weighting Tableaux

® Weight each entry i in the tableau by x;

Wn

® Then each tableau has weight ;' Zq > « - - T,

4+ For example, the weight of this tableau is

TITET5TE T

1

Sunday, May 29, 2011



Schur Functions
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A formula

Tokuyama’s Formula




Tokuyama’s Formula

® Proved by Tokuyama in 1988 using representation
theory of general linear groups

® Proved by Okada in 1990 using algebraic

manipulations on monotone triangles (equivalent to
alternating sign matrices)

15
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Playing with Formulas

® Tokuyama’s formula:

n
l_[xi 1_[ (O = 0 DR S Ny Z (RS (R s S ) Sns waS
1

1<i<j<n STeSTH"(n)

t-deformation of a Weyl denominator formula
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Shifted Tableaux

® weakly increasing in rows
® weakly increasing down columns

® strictly increasing down left-to-right diagonals

15811 BRI (S8 RO SO PO S =)
21213(|3(4(5]|5]6
S 313|4(4(5|6
4151515
5166
6
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Shifted Tableaux

1R RIS N EoR Eoh (RoR RS Sk 55
212(3(3(|4|5|5]|6
Si— 3(3(4(4[5|6 687986431(6) s Wgt(ST):(3, 5,6,4,8, 5)
e str(ST)=12, hgt(ST)=6.
516|6
6

® wat(ST)=weight of the shifted tableau
® str(ST)=disjoint connected components of ribbon strips

® hot(ST)=height of the tableau
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Back to ASM: u-ASM

® u=u, W, ..., Uk iS a partition
® Rectangular matrices with entries from 0, 1, or -1
® Nonzero entries in each row and column alternate in sign

® Each row and column contains at least one 1; first and
last nonzero elements of each row are 1

® First nonzero element in each column is 1

® [ast nonzero element is 1 in column ¢ if g=p; for some i,

and O otherwise =
19
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ASM statistics

IO Vi I R, S e ) e o=
) St S 1
T8 P P o 8§75 e 3, (18 ) )
B R S T e
) ) 1 [ [ )
DRSS Rt gl 8 01 a0

® Four kinds of zeros:
+ NE., SW, NW, SE
€® Two kinds of ones:

+ WE (+1s), NS (-1s)

20
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(§aces g =20
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Tokuyama for ASM

® H. and King, 2007:

n

NE.(A) SE.(A NS, (A

‘ ‘ (xi‘l‘y]‘) 55, (X) = § : | ‘xk k( )yk k( )(Xk‘l‘)’k) k(A)
1<i<j<n AeAx(n) k=1

Or, 1f you like 7’s....

H (2: Rt tsEy s Z H tSEk(A)(1_|_t)NSk(A)kaVEk(A)_|_SEk(A)+N5k(A)
oty A€ AH(n) k=1

e~
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Primed Shifted Tableaux

AP s sths
® weak increase across each row sl lalslals | s le
: 3(3]|a|4]|5
® weak increase down each column
41555
® 1o two identical unprimed entries in any column |5 |6'| 6
6

® no two identical primed entries in any row

® 1no primed element on the main diagonal

23
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Proof 1dea...

® Use an association between ASM and primed shifted
tableaux...

TR 7R I ) P e P e it Elelst0r a0 2050
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...and use jeu de taquin on the primed shifted tableau...
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...to create a pair of tableaux

1820 4 5160 18 P2 3 1|2]|1|4]|5]6 1|23
213 [2]5[2]3]5]5 2|3 |25 2
SRR
3|4(3|3(4]6 %4 34|33
o 46
415"16"|5 4156 :
5(5]|6 s =
6
6 6
One corresponding to ..and the (?ther
corresponding to
[ @i+p el

1<i<j<n S)L(X)
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Another perspective

Z(6%) = | [(tiz; + 20)sa(21, -+, 2)

1<J

Z(&%) = | |Gz + 2)sa (21, -+, 2n)

1<J

where Z 1s the partition function.....

(Brubaker, Bump, Friedberg, 2009)

o
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Object 3

Square Ice




Square Ice

€ So-called because it models in a two dimensional
orid the orientation of molecules in frozen water.

® Also called the six-vertex model.
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BoltzmannWeights

® Each vertex is assigned a weight called a Boltzmann

weight. The value of this weight depends on the
orientation of the adjacent edges.

® A partition function is the sum of the weights over
all possible states.

33
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Boltzmann Weights
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® Set the arrows at the boundary either in or out
(some restrictions apply)
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® ook at all possible valid orientations for the

arrows on the inside. Each set of valid

orientations 1s a configuration.
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® The weight of the configuration is the product
of the Boltzmann weights of its vertices.

® In this case, z/t;(t; +1).

® The partition function is the sum over all
configurations of the weight of the
configuration, i.e. 2_.cs W(Z):

37
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Proof 1dea...

Brubaker, Bump, Friedberg show that
Z(&))

Hi<j (tizj o ZZ)
1s the Schur function by showing it 1s symmetric in z, and

SE(Zla'” 7Zn;t17”' 7tn) .

independent of .

& Then set  =-1 and show 1t 1s equivalent to the
Weyl denominator formula.

38
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Factorial Schur Functions

S)\(ZIZ“CL) " Z H (CET(a) W aT(oz)—I—c(oz))

T oae)

® sum is over all tableaux of shape A, and c(a) is the
content of the square (c(a)=j-1 for square a).

39
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Weighted Tableaux

® Weight each entry k in position i, j by zx — apqj_;




Who are they?

® Factorial Schur functions....what are they good for?

4 Originally due to Biedenharn and Louck (1989)
in a different form: xx - k +1 +7 - 1.

4+ Related to supersymmetric Schur functions
(Macdonald, 1992 &1995 p54; Goulden and
Greene, 1994)

4 Is there a connection to ASM?

41
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Other Boltzmann weights
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€® McNamara 2009
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Partition function and
Factorial Schur Function

7:0

Z)\(CC‘CZ) i qO+p) SA(CE‘CL)

® McNamara 2009; Lascoux 2007 (in different
language).

o




Proof 1dea...

® Show the symmetry of the partition function Z

® Use the “vanishing” properties of the factorial Schur
function

® Show the partition function and the factorial Schur
function are one and the same

X "
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