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Partition

A partition of n is a weakly
decreasing sequence of
positive integers which sum to
n.

Example: 13 =5+4+3+4+3+2

A= (5,3,3,2)

[ ]

Composition

A composition of a positive
integer n is a sequence of
positive integers which sum to
n.

Example: 13=3+4+2+4+5+3

a=(3,2,5,3)

|

[




symmetric functions in n
variables (Sym,)

nf(X) = f(X) for any
permutation .

(Indexed by partitions.)

Examples (Syms)

> X+ x5+ X5

> Xixo + +xPx3 + x1x3 +

X§X3 + X1x33 + X2X§’

Non-example

> X12X2 + X22><32

quasisymmetric functions in
n variables (QSym,)

of(X) = f(X) for any shift o
of the nonzero exponents.
(Indexed by compositions.)

Examples (QSyms)
> X12 + x22 + x32

> X1X23 + Xlxg + xzxg

Non-example

> XfXg + X13X3
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symmetric functions in n
variables (Sym,,)

7f(X) = f(X) for any
permutation .
(Indexed by partitions.)

quasisymmetric functions in
n variables (QSym,)

of(X) = f(X) for any shift o
of the nonzero exponents.
(Indexed by compositions.)
Examples (Syms)

Examples (QSyms)
> x12 + X22 + x32

> X2+ x5+ X5

> x3xo 4 +H x3xs |+ x1x3 + > XX + X105 + XX

X23X3 + X1X§ +X2X33

Non-example
) ) o Non-example
> X7X2 + X5X
172 273 > X13X2 +X13X3



symmetric functions in n
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Examples (Syms)

Examples (QSyms)
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) 5 o Non-example
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172 273 > X13X2 +X13X3



symmetric functions in n
variables (Sym,,)

7f(X) = f(X) for any
permutation .
(Indexed by partitions.)

quasisymmetric functions in
n variables (QSym,)

of(X) = f(X) for any shift o
of the nonzero exponents.
(Indexed by compositions.)
Examples (Syms)

Examples (QSyms)
> x12 + X22 + x32

> X2+ x5+ X5

> | x3x0 |+ X3 + x1 3 + > XX + X105 + XX
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) ) o Non-example
> XiX2 + X5X;
172 273 > X13X2 +X13X3
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symmetric functions in n
variables (Sym,)

nf(X) = f(X) for any
permutation .

(Indexed by partitions.)

Examples (Syms)

> X+ x5+ X5

> Xixo + +xPx3 + x1x3 +

X§X3 + X1x33 + X2X§’

Non-example

> X12X2 + X22><32

quasisymmetric functions in
n variables (QSym,)

of(X) = f(X) for any shift o
of the nonzero exponents.
(Indexed by compositions.)

Examples (QSyms)
> X G+
> X1X23 + Xlxg + xzxg =

x11x23xg+x11x§x§’+x§)x%x§’

Non-example

> XfXg + X13X3



symmetric functions in n
variables (Sym,)

nf(X) = f(X) for any
permutation .

(Indexed by partitions.)

Examples (Syms)

> X+ x5+ X5

> Xixo + +xPx3 + x1x3 +

X§X3 + X1x33 + X2X§’

Non-example

> X12X2 + X22><32

quasisymmetric functions in
n variables (QSym,)

of(X) = f(X) for any shift o
of the nonzero exponents.
(Indexed by compositions.)

Examples (QSyms)
> X G+
> X1X23 + Xlxg + xzxg

x11x23xg+x11x§x§’+x§)x%x§’

Non-example

> XfXg —|—X13X3 aHegg’



Semi-standard Young
tableau (SSYT)

rows: weakly decreasing
columns: strictly decreasing

8|6]3]

W o (N |©
N[O |00

XT = X1X2X§X4X§X7X82X9

Semi-standard composition
tableau (CT)

rows: weakly decreasing
left column: strictly
increasing
columns: a < b=

oy

> C

=] [+]

W=

OIN|O|W
DB |IO|N

8[6]3]

xF = X1X2X§X4ng7X§Xg
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Schur functions

2, X

TESSYT())

sa(X1, 0 xn) =

S2,1(X17 X27X3) =

1]13]1][2]2][3]2]
N R S I
3/1]13]3][3]2][3]3]
2] 2 2

X12X2 + X12X3 + x1><22 +
2x1XpX3 + X1X32 + X22X3 + x2x§

Quasisymmetric Schurs

QS (x1, -+ ,Xn) = Z xF

FECT(y)

QS213(x1, X2, x3) =

1(1] [1]1]

3[3]2] [3]3]3]

2,22 2,3
X] Xy X3 + X{ X2X3



Schur functions

5271(X17 X2, X3) =

1][3]1][3]1][3]2]
1 ) 2 2
2[2][3]2][3]3][3]3]
0 A ) [2

X12X2 —2|— X12X3 + X1X2X3 + X22X3
+X1X5 + X1X2X3 + x1x32 + X2x§

Quasisymmetric Schurs

Q82.1(x1,x2,x3) =

1]1] [1]1] [2]1] [2]2]
20 B3 B 13
X12X2 + X12X3 + X1X0X3 + X22X3

QS12(x1,x2,Xx3) =

1] 1 1 2
2]2] [3]2] [3]3] [3]3]

x1x22 + X1XoX3 + X1x§ + X2X§



Schur functions

5271(X17 X2, X3) =

1][3]1][3]1][3]2]
1 ) 2 2
2[2][3]2][3]3][3]3]
0 A ) [2

X12X2 —2|— X12X3 + X1X2X3 + X22X3
+X1X5 + X1X2X3 + x1x32 + X2x§

Quasisymmetric Schurs

Q82.1(x1,x2,x3) =

1]1] [1]1] [2]1] [2]2]
20 B3 B 13
X12X2 + X12X3 + X1X0X3 + X22X3

QS12(x1,x2,Xx3) =

1] 1 1 2
2]2] [3]2] [3]3] [3]3]

x1x22 + X1XoX3 + X1x§ + X2X§

$1(x1, %2, x3) = QS2,1(x1, X2, X3) + QS1,2(X1, X2, X3)
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=) QS

at=X\

If a function is symmetric and quasisymmetric Schur positive,
then it is Schur positive!
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Proof (example):
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Proposition (Haglund, Luoto, M., van Willigenburg)

s= Y QSa

at=X\

Proof (example):
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Proposition (Haglund, Luoto, M., van Willigenburg)

s= Y QSa

at=\
Proof (example):
K 2[2]2]1]1]
66 p 3
5|4 — 5|4
312 6/6|6
2] 9/8[5
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at=\
Proof (example):
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Proposition (Haglund, Luoto, M., van Willigenburg)

s= Y QSa

at=\
Proof (example):
9[8]6]1] 2[2]2]1]1]
665 p 3
5142 N 5|4
3|12 6|/6]|6
2] 9/8[5




Proposition (Haglund, Luoto, M., van Willigenburg)

s= Y QSa

at=\
Proof (example):
o[s8|6[1]1] 2[2]2]1]1]
665 P 3
5142 N 514
3|12 6|/6]|6
12 9/8]|5




Proposition (Haglund, Luoto, M., van Willigenburg)

s= Y QSa

at=X\

Proof (example):
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Proposition (Haglund, Luoto, M., van Willigenburg)

s= Y QSa

at=\
Proof (example):
9/8l6[1]1] 2]
6]6[5 Pt 3]
542 5]
32 a
2] B




Proposition (Haglund, Luoto, M., van Willigenburg)

s= Y QSa
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Proof (example):
9/8l6[1]1] 2]
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542 5]
3|2 6
2] gE
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Proposition (Haglund, Luoto, M., van Willigenburg)

s= Y QSa

at=\
Proof (example):
9/8l6[1]1] 2]
665 Pt |3
5142 — 514
3|2 6|6
2] 98




Proposition (Haglund, Luoto, M., van Willigenburg)

s= Y QSa

at=\
Proof (example):
o[s8|6[1]1] 22
665 Pt |3
5142 — 514
312 66
2] gE




Proposition (Haglund, Luoto, M., van Willigenburg)

s= Y QSa

at=\
Proof (example):
o[s8|6[1]1] 2]2]
6/6]5 pt 3
5(42 —  |s5]a
32 6]6]6]
2] 9|8




Proposition (Haglund, Luoto, M., van Willigenburg)

s= Y QSa

at=\
Proof (example):
o[s8|6[1]1] 22
665 Pt |3
5142 — 514
312 6/6|6
2] 9/8[5
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s= Y QSa

at=\
Proof (example):
o[s8|6[1]1] 2[2]2]
665 Pt |3
5142 — 514
312 6/6|6
2] 9/8[5




Proposition (Haglund, Luoto, M., van Willigenburg)

s= Y QSa

at=\
Proof (example):
o[s8|6[1]1] 2[2]2]1]
665 Pt |3
5142 — 514
312 6/6|6
2] 9/8[5




Proposition (Haglund, Luoto, M., van Willigenburg)

s= Y QSa

at=\
Proof (example):
o[s8|6[1]1] 2[2]2]1]1]
6]6[5 Pt |3
5142 — 514
312 6[6|6
2] 9/8][s




Schur functions...

» form a basis for all
symmetric functions.

Quasisymmetric Schur
functions...

» form a basis for all
quasisymmetric
functions.



Schur functions... Quasisymmetric Schur
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other quasisymmetric
function bases.
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of irr reps of GL,. function bases.

» correspond to sums of
Demazure characters.



Schur functions...

>

form a basis for all
symmetric functions.

are closely related to
other symmetric function
bases.

correspond to characters
of irr reps of GL,.

describe the cohomology
of the Grassmannian.
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functions...

» form a basis for all
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functions.

» are closely related to
other quasisymmetric
function bases.

» correspond to sums of
Demazure characters.



Schur functions...
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symmetric functions.
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have many nice
combinatorial properties.

Quasisymmetric Schur
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form a basis for all
quasisymmetric
functions.

are closely related to
other quasisymmetric
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correspond to sums of
Demazure characters.
have many nice
combinatorial properties.



Schur functions...

>

form a basis for all
symmetric functions.

are closely related to
other symmetric function
bases.

correspond to characters
of irr reps of GL,.
describe the cohomology
of the Grassmannian.
have many nice
combinatorial properties.

generalize to Macdonald
polynomials

(h(X:q.1)).

Quasisymmetric Schur
functions...

>

form a basis for all
quasisymmetric
functions.

are closely related to
other quasisymmetric
function bases.

correspond to sums of
Demazure characters.
have many nice
combinatorial properties.
generalize to

non-symmetric
Macdonald polynomials

(E,(X; q,1)).



Let D(T) be the set of all i such that i + 1 appears weakly to the
right of i in T, let 5(S) be the composition obtained from the
differences between consecutive elements of a set S, and let F, be
the fundamental quasisymmetric function corresponding to the

composition . Then:

Theorem (Gessel 84)

= Fap(my)
T

where the sum is over all
standard contretableaux, T,
of shape \.

Theorem (HLMvW)

QSa =Y Fao(my)
~

where the sum is over all
standard contretableaux, T,
of shape A\(«) that map under
p~! to a CT of shape a.



Example

2[1 3[1 3[2]1] [4]3]2] [4]3]1]
5[4[3] [5]4]2] [5]4 5[1 5[2
Lp Lp Lp Lp Lp
5[4[3] [5]4]2] [5]4]1] [5][3]2] [5]3]1]
2]1 3]1 3]2 4]1 4]2

D={2) D={1,3} D={3} D={1,4 D=1{24

s32=F3 + F122 QRS23=F3 + Fi22
+Fo + Fi31 + Fooi QRS32=F2+Fi31+F21



D={2} D={1,3}

s32=Fo3 + F122
+ R + Fi31 + Fop

2|1 3]1 3[2]1] [4]3]2] [4]3]1]
5/4|3] |5|4|2] |5]4 5]1 5|2
ip ip Lp ip Lp
5/4[3] [5]4]2] |5]4|1]| [5]3]2] [5]3]1]
2|1 3]1 3]2 4]1 42

D={3} D={1,4y D=1{24}

QRS23=F3 + Fi22

QRS3p=Fo+Fi31+ Fop1

DA



D={2} D={1,3}

s32=Fo3 + F122
+ R + Fi31 + Fop

2|1 3]1 3[2]1] [4]3]2] [4]3]1]
5/4|3] |5|4|2] |5]4 5]1 5|2
ip ip Lp ip Lp
5/4[3] [5]4]2] |5]4|1]| [5]3]2] [5]3]1]
2|1 3]1 3]2 4]1 42

D={3} D={1,4y D=1{24}

QRS23=Fo3 + Fi22

QRS3p=Fo+Fi31+ Fop1

DA



2|1 3|1 3[2]1] [4]3]2] [4]3]1]
5/4|3] |5|4|2] |5]4 5]1 5|2
ip ip Lp ip Lp
5/4[3] [5]4]2] |5]4|1]| [5]3]2] [5]3]1]
2|1 3]1 3]2 4]1 42
D={2} D={1,3) D={3} D={1,4 D={24}

s30="F3 + Fioo+ F2 +

Fi31 + Fop21

QRS23=F3 + Fi22

QRS3p=Fo+Fi31+ Fop1

DA



2|1 3|1 3[2]1] [4]3]2] [4]3]1]
5/4|3] |5|4|2] |5]4 5]1 5|2
ip ip Lp ip Lp
5/4[3] [5]4]2] |5]4|1]| [5]3]2] [5]3]1]
2|1 3]1 3]2 4]1 42
D={2} D={1,3) D={3} D={1,4 D={24}

s30="F3 + Fioo+ F2 +

Fi31 + Fop21

QRS23=F3 + Fio0

QRS3p=Fo+Fi31+ Fop1
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D={2} D={1,3}

s32=F3 + F122
+ R + Fi31 + Fop

2|1 3]1 3[2]1] [4]3]2] [4]3]1]
5/4|3] |5|4|2] |5]4 5]1 5|2
ip ip Lp ip Lp
5/4[3] [5]4]2] |5]4|1]| [5]3]2] [5]3]1]
2|1 3]1 3]2 4]1 42

D={3} D={1,4y D=1{24}

QRS23=F3 + Fi22

QRS3p=Fo+Fi31+ Fop1

DA



D={2} D={1,3}

s32=F3 + F122
+ R + Fi31 + Fop

2|1 3]1 3[2]1] [4]3]2] [4]3]1]
5/4|3] |5|4|2] |5]4 5]1 5|2
ip ip Lp ip Lp
5/4[3] [5]4]2] |5]4|1]| [5]3]2] [5]3]1]
2|1 3]1 3]2 4]1 42

D={3} D={1,4y D=1{24}

QRS23=F3 + Fi22

QRS3p=Fzo+Fi31+ Fop

DA



D={2} D={1,3}

s32=F3 + F122
+ R + Fi31 + Fop

2|1 3]1 3[2]1] [4]3]2] [4]3]1]
5/4|3] |5|4|2] |5]4 5)1 5|2
ip ip Lp ip Lp
5/4[3] [5]4]2] |5]4|1]| [5]3]2] [5]3]1]
2|1 3]1 3]2 4]1 42

D={3} D={1,4y D=1{24}

QRS23=F3 + Fi22

QRS3p=Fo+Fi31+ Fop1

DA



D={2} D={1,3}

s32=F3 + F122
+ R + Fi31 + Fop

2|1 3]1 3[2]1] [4]3]2] [4]3]1]
5/4|3] |5|4|2] |5]4 5)1 5|2
ip ip Lp ip Lp
5/4[3] [5]4]2] |5]4|1]| [5]3]2] [5]3]1]
2|1 3]1 3]2 4]1 42

D={3} D={1,4y D=1{24}

QRS23=F3 + Fi22

QRS3p=Fzo+ Fi31+ Fp1

DA



2|1 3]1 3[2]1] [4]3]2] [4]3]1]
5/4|3] |5|4|2] |5]4 5]1 5|2
ip ip Lp ip Lp
5/4[3] [5]4]2] |5]4|1]| [5]3]2] [5]3]1]
2|1 3]1 3]2 4]1 42

D={2} D={1,3}

s32=F3 + F122
+ F2 + F131 + Foo1

D=1{3} D={1,4} D={2.4)

QRS23=F3 + Fi22
QRS3p=Fo+Fi31+ Fop1

u]
8]
1
n
it

DA



D={2} D={1,3}

s32=F3 + F122
+ F2 + F131 + Foo1

2|1 3]1 3[2]1] [4]3]2] [4]3]1]
5/4|3] |5|4|2] |5]4 5]1 5|2
ip ip Lp ip Lp
5/4[3] [5]4]2] |5]4|1]| [5]3]2] [5]3]1]
2|1 3]1 3]2 4]1 4]2

D=1{3} D={1,4} D={2.4)

QRS23=F3 + Fi22

QRS3p=Fzo+Fi31+ Fopn

DA



skew shape skew diagram

diagram for partition \/u composition diagram with
extended basement

(4.4.3.1)/(3.2) (4,2,5,3,6)/(3,1,4,2,3)

8

dEIEIEE
8
3
kel

8
8




Yamanouchi

A Yamanouchi word is a
word in which any prefix
contains at least as many

occurences of j as of j + 1,

for each j > 1.

Yamanouchi: 11212321
not Yamanouchi: 1123131

contre-Yamanouchi

A contre-Yamanouchi word
is a word in which any prefix
contains at least as many
occurences of j as j — 1.

contre-Yamanouchi:
33232123

not contre-Yamanouchi:
3321313
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Littlewood-Richardson
SSYT

A Littlewood-Richardson
SSYT is a skew tableau
whose reading word (L-R,
bottom-top) is a Yamanouchi
word.

1
1112
1123
1231121

Littlewood-Richardson CT

A Littlewood-Richardson
CT is a skew composition
whose reading word (L-R,
bottom-top) is a Yamanouchi
word.

~[1]

~Tz]

00
1
00
00
00

21818188

O

2
~|3]3]3]
3

3231321



Littlewood-Richardson Rule

In the expansion
v
S\Sy = E CXyuSus
14

the Littlewood-Richardson

coefficient cKu is the number
of LRST of shape v/\, weight

.

Theorem (HLMvW 08)

QSy -5\ = Z ng)\QSﬂ)
B

where <:BA is the number of
LRCT of shape 3/« and with
content \*.



Example

2,151 = S4,1,1 + S42 + 533 +25321 + 531,11 + 222+ 52211

[1]1] 1[1] 1

N



Example

9S12

© S11

(2,1)

%

QS3 +  9OS113 + QSi131
00 1] [o0]
oo|oo] 2] By oo 2]

coloef2] 1]




Symnp(Q) = Q[x1, ..., xa] = Q[X] Symp(Q) — QSym,(Q) — Q[x]

A classical result Bergeron-Reutenauer

The following are equivalent: conjectures

1. Sym, is a polynomial ring :
! > QSym is a free
generated by the ymn(Q)
elementary symmetric

polynomials ) ] .
En = {er(x),. .., en(x)}): » dim of coinvariant space

QSym,(Q) /(&) is nl;

module over Sym,(Q);

2. the ring Q[x] is a free

Sym,-module; ] )

» Pure, inverting comps
— 2 h index a stable basis for
Qlx]e, = Q[x]/(&n) has QSymn(Q)/(&p).

dimension n!.

3. the coinvariant space




Symnp(Q) = Q[x1, ..., xa] = Q[X]

A classical result
The following are equivalent:
1. Sym, is a polynomial ring,
generated by the
elementary symmetric
polynomials
En=A{e1(x),...,en(x)};
2. the ring Q[x] is a free
Sym,-module;
3. the coinvariant space

Qlx]s, = Q[x]/(&n) has

dimension n!.

Syms(Q) = QSymn(Q) — Q[x]

Bergeron-Reutenauer
conjectures

» QSym,(Q) is a free
module over Sym,(Q);

Garsia-Wallach (2003)

» dim of coinvariant space

QSym,(Q) /(&) is nl;

» Pure, inverting comps
index a stable basis for

QSymn(Q)/(&n)-



Symnp(Q) = Q[x1, ..., xa] = Q[X] Symp(Q) — QSym,(Q) — Q[x]

A classical result Bergeron-Reutenauer
The following are equivalent: conjectures
1. Sym, 153 Eolyrr:omlal ring, - ES) s &
glenerate y the module over Sym,(Q);
elementary symmetric Garsia-Wallach (2003)
polynomials dim of coi e
E = {el(X)7 ..,e (X)}, > dim O comvarlan. Space
2 tf: . . ]: stmn(Q)/(gn) is n!;
. the ring Q[x] is a free Garsia-Wallach (2003)

Sym,-module; ] ]
» Pure, inverting comps

3. the coinvariant space ind table basis f
— £,) has index a stable basis for
e = SR QSymn(Q)/(n)

dimension n!.




Symnp(Q) = Q[x1, ..., xa] = Q[X] Symp(Q) — QSym,(Q) — Q[x]

A classical result Bergeron-Reutenauer
The following are equivalent: conjectures
1. Sym, 153 Eolyrr:omlal ring, - ES) s &
glenerate y the module over Sym,(Q);
elementary symmetric Garsia-Wallach (2003)
polynomials dim of coi e
E = {el(x)7 ..,e (X)}, > dim O comvarlan. Space
2 tf: . . ]: stmn(Q)/(gn) is n!;
. the ring Q[x] is a free Garsia-Wallach (2003)

Sym,-module; ] ]
» Pure, inverting comps

< e GolneTle SpRce index a stable basis for

Qlxle, = Q[x]/(€n) has QSymn(Q)/(En).
dimension n!. Lauve-M (2009)




Symnp(Q) = Q[x1, ..., xa] = Q[X]

A classical result
The following are equivalent:
1. Sym, is a polynomial ring,
generated by the
elementary symmetric
polynomials
En=A{e1(x),...,en(x)};
2. the ring Q[x] is a free
Sym,-module;
3. the coinvariant space

Qlx]s, = Q[x]/(&n) has

dimension n!.

Symn(Z) — QSymn(Z) — Z|[x]

Bergeron-Reutenauer
conjectures

» QSymp(Z) is a free
module over Sym,(Z);
Lauve-M (2009)

» dim of coinvariant space
QSymn(Z)/(En) is nl;
Lauve-M (2009)

» Pure, inverting comps
index a stable basis for
stmn(Z)/(gn)'
Lauve-M (2009)




w : Sym, — Sym,

» endomorphism
> w(e,\) = h>\

> w(sy) = sy
Example:
w(52,2,1) = 53,2

w : QSym,, — QSym,

» endomorphism

L w(Fﬁ(X17X27 s 7Xn)) =
FB(X,,,...,XQ,X;[)

Theorem (M.-Remmel)

W(QS (x1,...,xn)) =
QRS (X, .., x1)

Moreover:

S;\OW — E QS(;OW
a=\



w : Sym, — Sym, w : QSym,, — QSym,

» endomorphism » endomorphism

> w(eyn) = hy > w(Fa(x1,x2,...,%n)) =

> W(S)\):S)\T FB(XI'H"'JXZ?X].)
Example:

Theorem (M.-Remmel)

W(QS (x1,...,xn)) =
QRS (X, .., x1)

col _ ccol __ _row
w(52,2,1) =532 =521

Moreover:

S)r\ow _ 2 :QS(;ow
a=\



column-strict SSYT

rows: weakly increasing
columns: strictly increasing

8|6]3]

N[ |O|0O
—

WO |N|©

xT = X1X2X§X4X63X7X§X9

column-strict CT

rows: weakly decreasing
left column: strictly
increasing

columns: a<b = b>c

o]

OIN|O|W
I |IO|IN

8]6]3]

XF = X1X2X§’X4X§’X7X82X9



row-strict SSYT

rows: strictly increasing
columns: weakly increasing

r_l9]8]7][3]1]
706
7]4]1
54
xT = X%X§X£X5X6X?X8X9

row-strict CT

rows: strictly decreasing
left column: weakly
increasing

columns: a<b = b>c

=]

o|~|~|o
o|l~|lo| s~

73]1]

XF = X1X2X§’X4X§’X7X82X9



row-strict SSYT

rows: strictly increasing
columns: weakly increasing

r_l9]8]7][3]1]
706
7]4]1
54
xT = X%X:;?XEX{,X@X?Xng

row-strict CT

rows: strictly decreasing
left column: weakly
increasing

columns: a<b = b>c

=]

o|~|~|o
o|l~|lo| s~

7]3]1]

XF = X1X2X§’X4X§’X7X82X9



row-strict SSYT

rows: strictly increasing
columns: weakly increasing

r_l9]8]7][3]1]
706
7]4]1
54
xT = X%X:;?XEX{,X@X?Xng

row-strict CT

rows: strictly decreasing
left column: weakly
increasing

columns: a<b = b>c

=]

O |N || O
[ccRIE= o) N I
w

73]1]

XF = X1X2X§’X4X§’X7X82X9



$.1,1(x1, X2, X3)

)

3]

’l—\|l\) w

3
2]
1]

3
2]
1]




$.1,1(x1, X2, X3)

)

3]

’l—\|l\) w

3
2]
1]

3
2]
1]

@52.1.1

)

1
12
13

+ QRS121

2]

1]
2
13

_l’_

Q51,12

w[no]=]




.1.1(x1, %2, x3) —
Jw

s31(x1, %2, X3) = 537"
2[2[2] [3]2]2] [3]3]2]
1) 1] 1
3[2]2] [3]3]3] [3]3]2]
1] 2] 1
3[3]2] [3]2]2] [3]3]2]
1] 11 1]
3[3[3] [3]2]2] [3]3]2]
[1] 11 1]
3[3[3] [3]2]2] [3]3]2]
2] 1] 1

RS52,1.1

+ Q5121

+ QS112



s2,1,1(x1, X2, X3) = Q%1 + Q521 + @

Jw Jw
$3,1(x1, x2,x3) = 52r?f',/1 = Q52r?1m,-/1
2]2]2] 2[1]
1] 2]
3[2]2] 2 S
. 12
1] 2[1] [3]
3[3]2] 3]
1] 3] 31
3[3]3] 13
1 3[2] [3]
3[3]3] =
i i




s2.1.1(x1, X2, X3) = RS511 + QSi121 + QS112

Jw Jw Jw
s3(x, %, x3) =537 = Q5%+ QS5[%
2[2]2] [2]2]1] 1]
A [ 21|
3[2]2] [3][3]1] 2] L
. 5 - 3]2
— — 2 3
3[3]2] [3]3]2] 321
1] 2] 3] 1]
313[3] [3]2]1] B 2|1
1) 1) 1 El
3[3]3] [3]3]1] 311
EIE =




$.1,1(x1, X2, X3) = @S211 + @S101 +  QS112

Jw Jw Jw Jw
s3,1(x1, x2, x3) :szrf)in,/l = Qszr?m + Qslr?2m,/1 + Q57
21212 [2]2]1] [3]3]2] (1]

1) 1) L1 21
3[2]2] [3]3]1] [3]3]?] 2] !

1 2 1 - 212
— — — 2 3

3[3]2] [3]3]2] [3]3]2] o
1) 2] L1 3] (1]
313]3] [3]2]1] [3]3]2] B o)1
1) 1) L1 ! 13
3[3]3] [3]3]1] [3]3]2] S

2l A [ R

u]
8]
i

z 9ac



Further directions

v

Quasisymmetric Hall-Littlewood polynomials

v

Quasisymmetric Macdonald polynomials

v

Quasisymmetric Schur P-functions (in progress here!)

v

Representation theoretic interpretation (Steph van
Willigenburg and Christine Bessenrodt)

v

Multiplication rules (Jeff Ferreira)

v

Basis for invariant space QSym!,/Sym, (in progress here!)



THANK YOU!!

» Haglund, Luoto, Mason & van Willigenburg, Refinements of
the Littlewood-Richardson rule, Trans. Amer. Math. Soc.
(2011).

» Lauve & Mason, QSym over Sym has a stable basis, J.
Combin. Theory Ser. A (to appear).

» Mason & Remmel, Row-strict quasisymmetric Schur functions
(in preparation).
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