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Fast Marching

@ The classical Fast Marching Method
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Fast Marching

Evolution in the normal direction

dr’
—L—c¢np, c=c(x)>0
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Fast Marching

The Level Set Method

@ Level Set Method [Osher, Sethian]: Very popular method for moving
front problems

@ Main idea: Represent the front implicitly by the zero level set of a
function u

dew
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Fast Marching

The Level Set Method

@ Level Set Method [Osher, Sethian]: Very popular method for moving
front problems

@ Main idea: Represent the front implicitly by the zero level set of a
function u

dew

@ Disadvantage : Add one dimension to the problem
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Fast Marching

The Level Set Method

@ Level set formulation :

Iy = {z, u(z,t) =0}.
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Fast Marching

The Level Set Method

@ Level set formulation :
Iy = {z, u(z,t) = 0}.

o Formally:
or
u(T's, 1) :0:>ut+Vu-6—tt =0.
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Fast Marching

The Level Set Method

@ Level set formulation :

Iy = {z, u(z,t) =0}.

o Formally:
or
w(Tp,t) = 0= uy+ Vu - —- = 0.
ot
with g = cl@nre o = =g
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Fast Marching

The Level Set Method

@ Level set formulation :

Iy = {z, u(z,t) = 0}.

o Formally:
or
w(Tp,t) = 0= uy+ Vu - —- = 0.
ot
with E = C(x)nl"t, nr, = —W

o Level set equation for moving front:

up = c(z)|Vul.
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Fast Marching

Fast Marching Method

The goal of the Fast Marching Method is to solve in an efficient way the
eikonal equation:

up = c(x)|Vul|, ¢(zx) > 0.

T
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Fast Marching

Stationary approach
b
)

o We set u(x,t) =t —T(z) = |VT(x)| = @
e T'(z) = time at which the front reach the point z.
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Fast Marching

Discretization

max(Ty — T, Tr — Tr,0)? Ap\ 2
+ == (1)
max(TI - TU, T[ - TD, 0)2 cl
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Fast Marching

Introduction of the Narrow Band

@ By computing the nodes in a special order, one can find the solution in
just one iteration. [Sethian], [Tsitsiklis]
This special order corresponds to the increasing value of T

@ Idea : Compute the time only near the front.

Narrow Band
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Fast Marching

Introduction of the Narrow Band

Narrow Band

o Compute 77 on NB

N. Forcadel FMM



Fast Marching

Introduction of the Narrow Band

Narrow Band

o Compute 77 on NB
o Call t,, the minimum of the time 77 on NB
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Narrow Band
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o Call t,, the minimum of the time 77 on NB
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Fast Marching

Introduction of the Narrow Band

Narrow Band

o Compute 77 on NB
o Call t,, the minimum of the time 77 on NB
and accept at time t,, the points of minimum [
@ The new NB is defined as the boundary of the new accepted region
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Fast Marching

Introduction of the Narrow Band

Narrow Band

o Compute 77 on NB
o Call t,, the minimum of the time 77 on NB
and accept at time t,, the points of minimum [
@ The new NB is defined as the boundary of the new accepted region
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Fast Marching

Numerical complexity

o Computation of the tentative value : at most 4 time for each node.

@ Search for the minimum : Using a heap sort method this search costs
O(III(NNB>)

@ The global cost is dominated by O(N In(N)) (N represents the total
number of nodes in the grid).
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Fast Marching

References

@ [Sethian]: http://math.berkeley.edu/~sethian/
o [Vladimirsky] : case ¢ = ¢(z,t) >0

o [Cristiani, Falcone] : Proof of convergence

N. Forcadel FMM


http://math.berkeley.edu/~sethian/

Fast Marching

General case: no stationnary representation

The notion of “Accepted” points is not adapted to generalize the algorithm.

c>0

c<0
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Fast Marching

Rewriting the classical FMM

Introduction of a field 8 to represent the front:

=1 inside
0 = —1 outside
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Fast Marching

Rewriting the classical FMM

o V(I)={JeZN, |I -J <1}\{I}
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Fast Marching

Rewriting the classical FMM

o V(I)={JeZN, |I -J <1}\{I}

@ “Accepted” points at step n = {I, 07 = 1}
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Fast Marching

Rewriting the classical FMM

o V(I)={J €ZN, [T - J| <1T\{I}
e “Accepted” points at step n = {I, 07 =1}

e Narrow Band at stepn ={I, 3J € V(),0=—-0} =1} = NB"
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Fast Marching

Rewriting the classical FMM

o V(I)={JeczZN, |I -J <1}\{I}

e “Accepted” points at step n = {I, 07 =1}

e Narrow Band at stepn ={I, 3J € V(),0=—-0} =1} = NB"
o Useful points at step n : if I € NB",

L{”(I) = {J € V(I), 9? = 1}, Uu" = UjeNBnun(I)
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Fast Marching

Algorithm

Initialization

1 90 _ 1 if xrr € Q()
I —1 otherwise
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Fast Marching

Algorithm

Initialization

1 90 o ]. lf Ty € Q()
—1 otherwise

70_Jf0 if 1 eU
"1 400 otherwise
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Fast Marching

Algorithm

Loop
3 Computation of the candidate time T} for I € NB" 1

max (T~ =T~ TPt — Tt 0)?

_|_ =
max(T9~! — T~ Tt — T3, 0)?
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Algorithm

Loop

Fast Marching

3 Computation of the candidate time T} for I € NB" 1

4 t,

inf
IeNBn-1

max (T~ =T~ TPt — Tt 0)?

(Az)?
ler|?

max(Tp~' — T3, 77! — 1571, 0)2

rn—1
TI
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Fast Marching

Algorithm

5 NA"={I, T =t,}
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Fast Marching

Algorithm

5 NA"={I, T =t,}

6 on — 1 if I e NA™
- 0?71 otherwise
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Fast Marching

Algorithm

5 NA"={I, T =t,}

6 on — 1 if I e NA™
- 0?71 otherwise

tn ifIe NA"and I e U"

7T =% TPt i IeU\NA" and I € U™
+o0o  otherwise
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Fast Marching

Algorithm

5 NA"={I, T =t,}

6 on — 1 if I e NA™
- 0?71 otherwise

tn ifIe NA"and I e U"
7T =% TPt i IeU\NA" and I € U™
400 otherwise

8n:=n+1
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Fast Marching

Convergence result

We define

0°(x,t) =07 if © € [y, x1 + Az, t € [tn, tnt1].

Theorem (Carlini, Falcone, F., Monneau)

Under regularity assumptions on §)y and c,we have
6° — 0

solution of
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Fast Marching

Dependence in time of the velocity

@ The time is given implicitly by the algorithm!

t, = min 17
" [eNB
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Dependence in time of the velocity

@ The time is given implicitly by the algorithm!
t, = min T
"= jeng !

o Two difficulties:
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Fast Marching

Dependence in time of the velocity

@ The time is given implicitly by the algorithm!

t, = min 17
" [eNB

o Two difficulties:
e t, can be smaller than ¢,,_1:
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Fast Marching

Dependence in time of the velocity

@ The time is given implicitly by the algorithm!
t, = min T
"= jeng !

o Two difficulties:
e t, can be smaller than ¢,,_1:

e t, can be very large:
= Introduction of a time step At :

if by > tn1 + AL =ty :=t,_1 + At
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Fast Marching

Loop
3 Computation of the candidate time T} for I € NB" 1

max(Tp~" = Tp~ 1, 77! — T, 0)2
+ —

- - e
max (7)1 =T LT =Tt 0)?

(Az)?
2

4 t,= inf Tp!
IeNBr—1
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Fast Marching

Case c(x,t) > 0

Loop
3 Computation of the candidate time T} for I € NB" 1
max(T?‘l — T}j_l, TI"_I — Tg_l, 0)2
(Ax)?

BT

_l’_

max(f}“l — Tgil, Tlnfl — Tgfl, 0)2

4 t,= inf Tp!
IeNBr—1
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Fast Marching

Case c(x,t) > 0

Loop
3 Computation of the candidate time T} for I € NB" 1

max(Tp~" = Tp~ 1, 77! — T, 0)2
(Aa)?

BT

_l’_

max(f}“l — Tgil, Tlnfl — Tgfl, 0)2

4 1,= inf Tp!
IeNBr—1
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Fast Marching

Case c(x,t) > 0

Loop
3 Computation of the candidate time T} for I € NB" 1

max(T?‘l — T}j_l, TI"_I — Tg_l, 0)2
2
+ = (&o)
- - |CI ‘
max (7)1 =T LT =Tt 0)?
4 {, = inf Tf_l
IeNBn—1
4bis Truncature of t,: t, = max(t,_1, min(t,, t,_1 + At))
If t,, = t,_1 + At < t,, then go to 3 with n:=n + 1.
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Fast Marching

5 NA"={I, T =t,}

6 on — 1 if I e NA™
- 0?71 otherwise

tn ifIe NA"and I e U"
7T =% TPt i IeU\NA" and I € U™
400 otherwise

8n:=n+1
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Fast Marching

5 NA» ={I, T" ' =1,}

6 on — 1 if I e NA™
- 0?71 otherwise

tn ifIe NA"and I e U"
7T =% TPt i IeU\NA" and I € U™
400 otherwise

8n:=n+1
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Generalized Fast Marching

© Generalized Fast Marching Method
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Generalized Fast Marching

Idea of the GFMM

c>0 ] c<0

0 =1

=1

|
1

Narrow Band

N. Forcadel FMM



Generalized Fast Marching

Schematic representation

NB
/ c>0
0=1 0=-1

He .
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Generalized Fast Marching

Regularisation of the speed

Definition

wm_ [0 if3TeV()tq cfc) <0et|cf| <|c]]
otherwise
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Generalized Fast Marching

Definition

0=1 f=—1
u
c<0
NB

o NB"={I,3J € V(I), 6} = —07 and &6} < 0}
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Generalized Fast Marching

.
(e

o NB"={I, 3.J € V(I), 07 = —0" and 67 < 0}
o If I € NB", U(I) ={J € V(I), 6% = —07}
Uumr = UIGNB”Z/I”(I)

Definition

N. Forcadel FMM



Generalized Fast Marching

.
(e

o NB"={I, 3.J € V(I), 07 = —0" and 67 < 0}
o If I € NB", U(I) ={J € V(I), 6% = —07}

Uumr = UIGNB”Z/I”(I)
. T}M:{ T if J e un(l)

+o00 otherwise

Definition
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Generalized Fast Marching

Algorithm

Loop
3 Computation of the candidate time T} for I € NB" 1

rmn—1 n—1 gmn—1 n—1 2
max(T} " =17, 17 = T/3~,0) o
X
+ =
Sn—1 1 Fn—1 1 M2 e
mn— mn— mn— mn—
max(T} " =T, 1) = T5_,,0)

4 t, = inf Tf_l
IeNBn—1
4bis Truncature of #,: t, = max(t,_1, min(t,, t,_1 + At))
If t,, = tp_1 + At < t,,, then go to 3 with n:=n+ 1.
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Generalized Fast Marching

Algorithm

5 NA" = {I, T/ ' =1,,}

6 g% — 07 ifTe NA®
o 07~ 1 otherwise

t,  if I € NA"UU™ )¢ and I € U"
7TTr=< TPt ifreyn"\NA" and T € U"
+00  otherwise

8n:=n+1
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Generalized Fast Marching

Convergence result

o For simplicity, assume that ¢,,11 > t,
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Generalized Fast Marching

Convergence result

o For simplicity, assume that ¢,,11 > t,
o We define

0°(z,t) =07 if v € [wr,x1 + Ax[, t € [tn, tny1]
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Generalized Fast Marching

Convergence result

o For simplicity, assume that ¢,,11 > t,
o We define
0°(z,t) =07 if v € [wr,x1 + Ax[, t € [tn, tny1]

@ half relaxed limits:

O(x,t) = limsup 6°(y,s), 6O(x,t)= liminf 6°(y,s),

e—0,y—x,s—t e—0,y—z,5—1
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Generalized Fast Marching

Convergence result

Theorem (Carlini, Falcone, F., Monneau)

Under regularity assumptions on €y and ¢, we have that 6 is a sub solution
and 0 is a super solution of

{ i = c(z,t)|V0o 2)

t
07 )_ IQ() - 198

In particular, if (2) satisfies a comparison principle, then 6 = (0)* is the
unique usc solution of (2)
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Generalized Fast Marching

Idea of the proof

=0 . :
@ Assume that @ is not a subsolution at Fy:

with
i(Po) =2 [Vo(Py)| >0 and &> c(Ry)
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Generalized Fast Marching

Idea of the proof

@ Deduce at the e-level that
(with P. = Py to simplify)
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Generalized Fast Marching

Idea of the proof

@ Deduce at the e-level that
(with P. = Py to simplify)

. ((f)*

@ Define ¢ by
p(z,P(z)) =1
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Generalized Fast Marching

Idea of the proof

@ To simplify, assume in 1D that

. Yo
Py = tn th =—eZ
o = (Yo,tn) Wi Ao €
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Generalized Fast Marching

Idea of the proof

@ To simplify, assume that ¢ is linear
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Generalized Fast Marching

Idea of the proof

P

Then ; ;
/ > n — tn—1
V2 Azx
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Generalized Fast Marching

Idea of the proof

1
c

P

ty —tn1 1 1
Ax clyo — Az, tp—1) (o)

=y > +o(1)
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Generalized Fast Marching

Idea of the proof

1
c

P

—ln—1 o 1 . 1
Az cyo— Az, ty_1)  c(Py)

Contradiction because ¢ > ¢(Py) > 0

=y > n +o(1)
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Generalized Fast Marching

Numerical complexity

Assume that the velocity is constant in each intervall [kAT, (k + 1)AT) for
some AT > 0.

@ Constant in time velocity (AT = +o00): O(NInN).

@ O(5) < AT < 400 O(NInN).

(NI

@ 0<AT < O(-L): O(N?).

=
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Generalized Fast Marching

Comparison principle

For a GFMM algorithm slightly different, we have the following theorem :

Theorem (F.)
We consider 2 GFMM with speed ¢, (0,) and ¢, (0,). Assume that

inf  cy(x,8) > sup cu(z,s).
sE[t—ALt] Y SE[t—ALE] “

IFQ0 C QO then
05 (2, 1) < 65 (s, 1).
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Simulations

e Simulations and applications
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Simulations

A straight line
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Simulations

A straight line

y | GFMM | | FD \ |
Az | H(C,C) CPU | H(C,C) CPU
0.04 [5.08-1072]0.19s | 4.10-1072 | 1.82s
0.02 |2.72-1072]0.73s | 2.05-1072 | 13.2s
0.01 | 1.35-1072 | 3.98s | 1.03-1072 | 102s
0.005 | 6.80-1073 | 76s | 2.60-1073 | 810s

Table: Hausdorff distance: GFMM versus Finite difference (FD)
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Simulations

A straight line with a velocity depended on time

c(x,t) = sin(27t)
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Simulations

A straight line with a velocity depended on time

y | GFMM | | FD \ |
Az | H(C,C) CPU | H(C,C) CPU
0.04 [5.21-1072 ] 0.52s | 4.82-1072 | 1.82s
0.02 |3.07-1072 | 1.71s | 2.46-102 | 13.3s
0.01 |1.54-1072 | 10.5s | 1.35-1072 | 102s
0.005 | 9.00-1073 | 130s | 7.00-1073 | 842s

Table: Hausdorff distance: GFMM versus Finite difference (FD)
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Application to dislocation dynamics
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Simulations

GFMM for non local velocity

o GFMM for the dislocation dynamics:
c(x,t) = co* 1g,.

@ Convergence result obtained using the comparison principle for the
GFMM [Carlini, F., Monneau]
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Simulations

Dislocation line dynamics

Figure: Finite difference (left) versus GFMM (right).
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Application to image segmentation
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Simulations

Chan-Vese model

We define the quantities

0(x,t)+1 1-0(z,
Jol@ g™ Jp @) 5

ci(t) = 0z ) +1 1—6(xt
Ja (72) Jo 2(7)

and the velocity
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Segmentation
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Segmentation

060 o
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Simulations

Segmentation
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Simulations

Medical data
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Medical data

Figure: Initial data

Simulations

120

140 160
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Figure: Final result




Simulations

Computation of the arterial flow

N. Forcadel FMM



Simulations

Main open problems

@ Error estimate for the GFMM

@ (Non-monotone) anisotropic evolution
@ Transport equation

@ Mean curvature motion

@ More general equations
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Simulations
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