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Attributions

Based on joint work with David Favero (Wien) and Ludmil Katzarkov
(Miami and Wien), arXiv:1105.3177.
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Statement of the m

Let X be the complete intersection,

Xu+ y*v + 22w = xu? + w? + zw? =0,

in PA[x,y, 2] x PA[u,v,w].

Theorem (B.-Favero-Katzarkov)

The Hodge Conjecture is true for X*" n > 0: every rational
(p, p)-cohomology class in X*" is an algebraic class.
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X is a K3 surface and the cubic fourfold associated to it is
Xu+yv+ 2w —xu? —yp? —aw? =0
in IP’?C [x,¥,z,u,v,w]. One can change variables to yield the equation
xg +x1+x —i—xg —i—xi—l—xg =0

in IP’?C. This is the Fermat cubic fourfold. Let us denote it as Y.
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Derived categories

Recall that, for a variety, Z, we have the category of bounded chain
complexes of coherent sheaves on Z, Chain(coh Z). A complex A4, is
acyclic if all its cohomology sheaves are zero. Let Acyclic(coh Z)
denote the full subcategory of acyclic complexes in Chain(coh Z).
For many natural reasons, we wish to create a new category by
quotienting Chain(coh Z) by Acyclic(coh Z). The quotient is the
derived category of coherent sheaves,

D(coh Z) = Chain(coh Z)/ Acyclic(coh Z).
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Kuznetsov’s semi-o

Our observation involving the Hodge diamonds is the shadow of a
theorem relating the derived categories of the K3 surface, X, and the
cubic fourfold, Y.

Theorem (A. Kuznetsov)

There exists a semi-orthogonal decomposition,

DP(coh ¥) = (D"(cohX), Oy, Oy(1), Oy (2)).
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Semi-orthogonal deco

Definition

A semi-orthogonal decomposition of a triangulated category, 7T, is a
sequence of full triangulated subcategories, Ay, . .., A, in 7 such
that A; C .Ajl for i < j and, for every object T' € T, there exists a
diagram:

Ty — -

NN NS

where all triangles are distinguished and A, € A;. We shall denote a
semi-orthogonal decomposition by (A, ..., Ay).

<_ONSIN
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Orlov’s semi-orthog

Let f € C[xo, . ..,x,] be a homogeneous polynomial of degree,
d < n + 1, that defines a smooth hypersurface, Xy, in P¢.

Theorem (D. Orlov)

There is a semi-orthogonal decomposition

D®(cohXy) = (MF(f, Z), Ox,, Ox,(1),...,Ox,(n — d)).

In Orlov’s theorem, MF(f, Z) is the category of graded matrix
factorizations of f.
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Matrix factorizations

Let A be a finitely-generated Abelian group and let R be an A-graded
ring. Let w € R, be a homogeneous element of degree, d € A.

Definition

A graded matrix factorization, E, of the triple (R, w, A) is pair of
A-graded R-module homomorphisms,

¢e:Ey—E , Yg:E — Ey,

where Ey, E| are projective A-graded R-modules, the degree of ¢ is 0,
the degree of v is d, and g o ¢g = wldg,, ¢ o Y = wldg,.
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Matrix factorizati

Given two graded matrix factorization, £ and F, amap, f : E — F, is
a pair of A-graded R-module homomorphisms,
fo: Eo — Fo,f1 : E1 — F1, of degree 0 so that the diagrams

Eo b E El YE E
Jo Nil Nil Jo
Fo oF P F (3 Fy

commute.
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Matrix factorizati

A homotopy, 4, between two maps, f, g : E — F, is a pair of
A-graded R-module homomorphisms, hy : Eg — F1,h; : Ey — Fg of
degrees —d and 0, respectively, satisfying

fo—80=1vrohy+hio¢g, fi —g = ¢rohi+hpote.
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Matrix factorization

Given a triple (R, w,A), the category of graded matrix
factorizations of w, MF(R, w, A), has as objects graded matrix
factorizations and as morphisms homotopy classes of maps of graded
matrix factorizations.
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In the case of the cubic fourfold, combining Kuznetsov’s and Orlov’s
results shows that there is an equivalence

D°(coh X) = MF(w, Z)
where X is our K3 surface in IP’% X ]P’% and

w:xg—i-x?—kx%—l—xg%—xi—i-xg.

©-
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Matrix factorization

Let R, = Clxo, X1, X2, X3, X4, X5]¥¢". Let A, be the quotient of Z"
modulo the subgroup generated by 3e; — 3e;,i # j, where
ei=(0,...,0,1,0,...,0) with a 1 in the i-th position.

Let w® € R, be

n
S 18070 e w g 1907,
=1

Theorem (B.-Favero-Katzarkov)

There is an equivalence,

D°(coh X*") =2 MF(R,,, w™ A,,).
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Main question

Can we formulate a version of the Hodge conjecture for graded matrix
factorizations?
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The Chern charac

Let Z be a variety. The Chern character extends to an additive
function,
ch : D®(cohZ) — H*(Z, Q).

The Q-linear span of the image of ch is exactly the subspace of
algebraic classes.
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Hochschild homolo

Let Oz be the structure sheaf of the diagonal in Z x Z.

The Hochschild homology of Z is the hypercohomology of

L
Oaz ®0,,, Onaz.

Set
. L
HH,(Z) =H <Z X Z; OAZ ®Oz><z OAZ) '
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Hochschild homolo

Proposition (R. Swan)

HH;(Z) = P H4(2).

q—p=i
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Hodge package for

For “nice” triangulated categories, 7, such as all those in this talk,
one can define Hochschild homology groups, HH;(7") and a Chern
character function,

ch: T — HHo(T),

which reduces to the previous definitions in the case that
T = D®(coh Z), under HKR isomorphism.
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Hodge package fo

For any “nice” exact functor, F : 7 — &, there are functorial

homomorphisms,
F, : HH,(T) — HH.(S),
such that the diagram
F
T S
ch ch
Fo
HHo(T") — HHy(S)
commutes.
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Hodge package for gr

Special case: w € Clyo, . .., ym] = R with an A-grading, m even, and
w an isolated singularity. There is an action of AY on A”*!. We also
assume that the identity is the only element of AV with fixed locus
larger than the origin.

Proposition (T. Dyckerhoff, A. Caldédraru-J. Tu,

A. Polishchuk-A. Vaintrob, B.-Favero-Katzarkov)

HHO(R7W7A) = (R/(aw))dm/Z Zmodegy ©® @ (C
aeA;é
a#0

Dyckerhoff, following A. Kapustin-Y. Li, also describes the Chern
character map in the ungraded case. His description can be extended

to the graded case.
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Proving the main res

Theorem (B.-Favero-Katzarkov)

The Hodge Conjecture is true for X", n > 0: every rational
(p, p)-cohomology class in X*" is an algebraic class.

We prove the following statement: the image of the Chern character
map,
ch : ME(R,, w®", A,) — HHy(R,,, w™", A,,),

spans HHo (R, w™", A,,).
Let us limit ourselves to the case n = 2 as the general case is similar
but more complicated.
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Two missing cycle

We have

HHo(Ry, ™, A7) =
2 2 .2 2 5
((C[X(), s X5,305 - - ,yS]/(xO7 e ’x57y07 e ’yS))1281—662 S2) (C .
The first component is spanned by the terms, v ®c w, with
v,w € Clxo, ..., x5]/(x3,...,x3)

degv,degw € {0,3,6} and degv + degw = 6. To verify the Hodge
Conjecture, we need to find matrix factorizations whose Chern
characters are 1 ®c xg - - - x5 and xp - - - x5 Q¢ 1.
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Changing the gradi

We have a homomorphism, p : A, — Z, which sends ey, e, to 1.
This induces a pair of adjoint functors:

Res : ME(Ry, w2, Ay) — MF(Ry, w™2, 7Z)

Ind : ME(Ry, w2, Z) — MF(Ry, w2, Ay).
One checks that

(Ind o Res)o : HHp(R2, w™?, Ay) — HHo(Ra, w2, A,) is
multiplication by 3 on the component

((C[x O T TR 21 VA £ A ,xg,y%,...,yg))lzel_&z.
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Changing the gradi

Note that w2 with Z-grading defines the Fermat cubic 10-fold in P'!.
By Orlov’s semi-orthogonal decomposition and a result of Ran, any
element of

HH()(Rz,WEEZ’Z) = ((C[X(), <o X5, )05 - - 7y5]/(x%7 s 7x§7y(2)7 s 7)%))6

lifts via ch to an object of MF(Ry, w2, 7).
Thus, there exists a Z-graded factorization, E, with
chE =xp---x5 Q¢ 1.
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Changing the gra

By naturality of ch, the diagram

R Ind
ME(Ra, wF2, A) — s MF(Ra, W™, Z) —— MF(Ry, w2, A5)

‘ ch ‘ ch ‘ ch
Res Ind
HH(R>, w2, As) —— HH(R», w¥2, 7) ——— HH(R2, w¥2, A5)

commutes and we have

ch(Ind(E)) = 3xp - - x5 ¢ 1.
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Current/future directi

@ These are arguments allow one to prove the following general
statement: let A and B finitely-generated Abelian groups with A
finite over B. The Hodge conjecture holds for MF(R, f,A) if and
only if it holds MF(R, f, B).

© Extend Orlov’s semi-orthogonal decomposition. Such a
statement is due to M. Herbst and J. Walcher for Calabi-Yau
complete intersections in toric varieties. Extended to general
complete intersections (B.-Favero-Katzarkov).

© Define integral classes in MF(R, f, A). Return to Stokes’ theorem
for manifolds if LG model is over C.

© Realize Kuznetsov’s semi-orthgonal decomposition as a
statement about matrix factorizations and extend it.
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Fin.
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