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® Wulff Structures and localised patches
® Snaking near the singular limit

® Ferrofluids
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Large scale patch shape SURREY

® Hexagon patches related to Hexagon fronts

PO0O00OS

000000000 000000000
Q000000000 0000000000~
Q0000000000 0000000000000
Q00000000000 Q0000000000000
Q000000000000 0000000000000 O00O
Q0000000000000 Q0000000000000 00
Q0000000000000 0O FPO0O000000DO000000ON
Q0000000000000 00 0000000000000 00
D0000000000000000O Q0000000000000 000O
Q0000000000000 00 0000000000000 00
Q0000000000000 0 FPO00000000000000~
Q0000000000000 Q0000000000000 00
Q000000000000 Q0000000000000 0
Q00000000000 0000000000000
Q0000000000 Q000000000000
0000000000 *O0000000000H"
Q00000000 00000000
*O00000»
hexagon pulses

Localised hexagon patches

® What about other types of patches?

Localised roll patches Localised square patches
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® Yli1elds preferred crystalline shape of fixed volume inside a separate
phase

A

® Minimise: fy(n) Interfacial energy
min / vdA

A

7]l Orientation of interface

® Wulff Construction (Herring 1953)
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Energy of planar hexagons
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Wulff Constructions
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® Compute fronts in Skew coordinates

Wulff construction for rolls

V=2

Waulff construction for hexagons
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® Near co-dim 2 point, asymptotics -> hexagon Wulff construction circle

® What happens for other localised patches?
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® Crime hotspot model:
® Short et al. (Math. Models Meth. Appl. Sci. 1249 (18) 2008)
® Non-dimensional Mean field equations with:
Ay =nV?A— A+ A + pA,
p, =V . (Vp— szA) —pA+A— A

A
Spatially Homogenous equilibrium:

Turi . Ty crit 2 1 —2 2 / —
uring instability: A" — — A4 — §?7A — §A nA

ID Subcritical: |/nA <0.157
® Steady problem can be re-written as a 4th-order PDE:

B2 BXBXXX B2Bxx B2 B2 BXX A A
—NBxxxx —2Bxx+2=—"=+47 — —6)—=—5—6A9 = +3n="+3A . _AB-B? +(B+A)nBxx=0
B+A B+A (B+A) (B+A) B-+A B+A
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® Weakly nonlinear analysis: A(z.t) ~ A + ez P(X,T)e™ + c.c.
Ppr =nPxx +eP —v|P|*P
Ag = AST _ A
® Two pulses bifurcate off equilibrium...
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® Change of coordinate: v — %
A - A A
® Rescale: 7 — 1%, A — 5 v — D*v, A— oL AO_>30
N2 Age — A+ vA° + Ag =0,
D(A%v,), —vA°+ A—Ag=0
® Kolokolnikov/Ward/Sun (2011) look at D > 1
a sech(z/n) x = O(n),
® Interesting limit D <1 ID Subcritical Turing: \/";Z <0.157
A m.(a). — o .oni& — (é)
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® Slow system:

Wy Normally hyperbolic

® Re-writing slow flow:
2
Aac — ATw 9
(2 —3e—2A)
wy, =A—1,
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® Fast system: A, = B,
B, =A—vA® — A,,

w
Ve =M y2:

Wy = nUA3 - "7(;4 — Ao),
® Setting: 1 =0
2 _
v(y) =ve w(y)=wo Ayy=A—veA’— ( — e) A

A
B

® Matching? cf. Gray Scott problem
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Ferrosolitons Ferro-hexagon patches

[Richter & Barashenkov] [Gollwitzer, Rehberg & Richter]

Q: Weakly interacting spots or hexagon patches?
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Linear Magnetisation Law

2 non-dimensional params:
‘H - rescaled uniform magnetic field —>7{ — 1 onset of instability

[t - permeability of ferrofluid

N Amp* N Amp*4
~\ ~\
N N
\ - \
\ T
N
1 H
I<u<l 4 1 4<u<3.5
F_"9%" "
® o
rolls squareshp & 4
® o

[Silber & Knobloch]

Richter & Barashenkov ferrofluid p ~ 3.2
Mystery: Spots should be unstable from SHeqn...
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Patch bifurcation off spot
H = 0.995

Challenge:

<>/ Understand hexagon patches

0.985 - 099
H

e Snaking breaks down [, > 3
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dxdy

1 r&@y) 1
® Energy: co..o- | | [2% </§< )\VxﬁderM/ V¢2dz> + 2006 + 7/ T+ [VEP
T,y

— OO

Bcs: ¢ =[x, ¢. —x. = (Vo —Vx) - V§.

® Flatten out the free-surface: - =: — &(z,y)

® Legendre transformation -> Hamilton’s equations

B W
§o = V2 — W2’ Bcs:
n o
oo =00+ g, . = xo = &2 (wa — )
H2 O
Xz = Hgﬁ + M—Xzfasa
0 = 50 - THS e
Moéﬂ =N+ — [/ Bxzdz + — / oz(bgdél .
B, = —%xzz -Tope,
0

® Equations similar to two-layer interface water waves...

Friday, 29 July 2011



UNIVERSITY OF

Conclusion SURREY

® Justification of Wulff construction for PDEs? (Peletier...)
® Snaking near the singular limit?
® Ferrofluids:

Matching Experiments and Numerics

1D/2D pulses interface near onset - normal form?
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