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Model for a periodic crystal with a local defect

Impurity with relaxation of the host crystal
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@ Thomas-Fermi model: Lieb-Simon 1977
@ reduced Hartree-Fock model: Cancés-Deleurence-Lewin 2008
e Thomas-Fermi-von Weiszacker (TFW) 7
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TFW model for finite systems

Orbital-free DFT: the energy functional is an explicit functional of the
electronic density

Approximations of the electronic ground state energy and density are
obtained by solving

inf{gpnuc(p), p>0, / p=N, pc€ Hl(R3)}
R3
Thomas-Fermi-von Weizsacker model

ETHEE’V( = Cw /R3 IV/p]? + Crr /R3 p°/3 (kinetic energy)

1
+§D (p— p™, p— p™) (Coulomb energy)
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Coulomb space

Coulomb space and Coulomb energy functional

C:={p | D(pp) < oo}

v/)17/)2 € L6/5(]R3) p17p2 / / pl dXd
R3 JR3 |X—)/\
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TFW model for perfect crystals

nuc nuc
p P per

Periodic lattice: R (example: cubic lattice R = aZ3)
Unit cell: T (example for the cubic lattice R = aZ3: T = [~a/2, a/2)%)

uger - pger
ngr uger = 6% uger: 0,
Jrlu3erl? = Jr s |
HS = —CwA + 5 Crr(08,)?% + Vo,
L _Avger =4r (pger - ngrc) ””””””””” 8]2 =0
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Bulk limit for the perfect crystal
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prc = ZRGZ3DAL z6(- — R)
— p? the (unique) ground state density
zL3 electrons

Theorem (Catto-Le Bris-Lions, Springer 1998)

0 in some sense (

PL [ oo pper

0<a§uger(x)§b<+oo vx € R3

V. Ehrlacher (CERMICS) TFW defects Banff 2011, January 2011 8 /22



Case of a local defect in a perfect crystal

Defect = quasi-molecule embedded in the host crystal
Prr) = ppes(N+m(r), P°(r) = per(r)+pm(r), 1/ pO(r) = tpe(F)+Vin(r)

Charge of the defect: Q =[5 p%, with
p(r)n =m-—=pm=m- (2Ugeer + Vr?n)

Goal: find a model to directly compute the function vp,(r)

Nuclear charge distribution m(r) of the quasi-molecule
Nucleus of chai'ge z

| ,.,,.

49 ¢®F — Nucleus of charge z’
. (impurity)

s

Ghestatucleus of ¢harge —z-

V. Ehrlacher (CERMICS) TFW defects Banff 2011, January 2011 9 /22



Outline

© Presentation of the model

V. Ehrlacher (CERMICS) TFW defects Banff 2011, January 2011




Formal argument for crystals with defects

Same argument as in (E. Cances, A. Deleurence and M. Lewin, 2008).

Test density p, \/p = per +v>0

RN ((08es + V)2) — S (V) = E7(0) = [ Vi,
and
EM(v) = <H}())ervv V) H-1(R3), HI(R?)
—|—%D(2 gerv+v —m 2uperv+v m)
+Crv fga ([6Der + V1P — [ [*3 — §luper[ 3 (2uderv + v2))
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Variational model for local defects

Tentative variational model for local defects (justified by thermodynamic
limit arguments)

I™ =inf{EM(v), v € Q4} (1)

Q) = {ve 2B | Vv e (PR, v > iy, v € C)

per> “per
where C denotes the Coulomb space. The set Q. is a closed convex subset
of the Hilbert space Q := {v € L?(R3?) | Vv € (L3(R?))3, ugerv ec}
Theorem (E. Cances-V.E., 2010). Let m € C. Then,
1. Well-posedness of the problem

Problem (1) has a unique minimizer v,,, and there exists a
positive constant Cy > 0 such that

VmeC, |vmllo < Co([lmllc + [ImlIZ) -
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Charge of local defects

2. Local defects are always neutral

Let p% = m — (2ul.,vim + v7) (total density of charge of the
defect) and % = p0 x| .|~ (Coulomb potential generated
by 0% ). It holds

Vm € HZ(R3) = vm(r) —>|r‘_>000

®0 ¢ [?(R3) = % cannot decay as % with Q #0
lime—o 137 Jp, [Pm(K) | dk =0 = Q= [gsp0(r)dr =0 if p), € L}(R?)
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Compactness of minimizing sequences

3. Any minimizing sequence for (1) converges to vy, in Q

4. For any g € R, there exists a minimizing sequence (v~ q)keN
for (1) consisting of functions of @, N L*(R3) such that

Vk € N7 /IR (2uper mq + ‘ | ) /11{3 <‘uger + Vrl:1,q|2 - |uger|2> =q
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Special case of a homogeneous host crystal

Theorem (E. Cances-V.E., 2010). Consider the case when

Vx € R, phu¢(x) = p8..(x) = o? and 1l (x) = a (homogeneous host
crystal)

For each m € C, the unique solution v, to (1) reads
Vm = & * m+ ra(m)
where Ta(m) € L}(R3) with [72(m)|x(a < Co (Iml2 + | m2)

and where g € L1(IR3) is characterized by its Fourier transform

g(k) =

1 Ao
(2m)3/2 |k|* + 2a*/3|k|2 + 8ma?

For each m € L1(R3) N C, it holds v, € L}(R3) N L2(R3) and

L= [ (m= @ubavm 2 = 0
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Thermodynamic limit

Defect problem in a supercell of size L3
Theorem (E. Cances-V.E., 2010).
1. Thermodynamic limit with a charge constraint
For g € R, let vy, .1 be the solution of the defect problem in
a supercell of size L3 (denoted I';) with the constraint

[ s+ ) =
L

Then (V. q.1)Len+ converges to vy, the unique solution of
(1).

2. Thermodynamic limit without a charge constraint
Let vy, 1 be the solution of the defect problem in a supercell
of size L3 (denoted I';) witout any charge constraint. Then
(Vm,q,L)Len+ converges to vy, the unique solution of (1) and

/ (m - (2”gervm,q7L + Vr2n,q,L)) — 0.

r L—o0
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@ Comparison with other cases
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TFW: case of atoms and molecules

(J.P. Solovej, 1990)

TFW theory for a molecule: K nuclei at positions Ry, -- , Rk € R3 and
with nuclear charges z1,--- ,zx > 0.
K K
:sz(st, Z:ZZ;(.
k=1 k=1

I(zl,---,zK;N):inf{ e (), v/p € HY(R?), / p<N} (2)

There exists N¢(z1, -+ ,zx) > Z such that for all N < N¢(z1,-- -, zk),
the variational problem (2) has a unique minizer p(, ...;,..n)-

QC(Zla"' 7ZK) =7 - NC(Zl7"'ZK) <0

is the maximal (negative) ionization the molecule can achieve.
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Limit as the charge of the nuclei tends to oo

Theorem (J.P. Solovej, 1990).
There exists Q(2") < 0 such that

Z,“Lnoo Qc(2) = QOO(Z”)-
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Charge screening in the Hartree model

(E. Cances, A. Deleurence and M. Lewin, 2008)
Hartree model for perfect crystal:

1
H, = —--A+V0

er 5 er VSer = 1(_OO7EF](H§er) (orthogonal projector)

Assumption: The periodic crystal is a semiconductor.

Hartree model for crystals

Insulator / Semiconductor Conductor

A with local defects
, I
Conduction bands pnuc — pnuc + m
per
0 _ 0 m,e
i Ep Y - ’Yper + Q "
€p 17 _ Band gap I po — pger + pm,eF
Valence bands
(Fermi sea) I
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Conclusions and open problems

A variational problem was proposed in order to model local defects in
periodic crystals in the framework of the TFW theory (justified by
thermodynamic limit arguments).

@ Defects are fully screened for the TF and TFW models. Is it the case
for any orbital-free DFT models?

@ A-priori decay of the solution v,, ?

@ Quid for the TFWD model?
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