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Introduction LLg

Completely general electronic-structure method (metals and insulators, high-
symmetry and low) for large problems involving “hard atoms”.

Solve the Kohn-Sham equations in a partition-of-unity (PU) finite-element
(FE) basis

PUFE?
PW FD FE PUFE .. DG!
General, systematically improvable v v v 4
Variational (upper bounds, convergence) v x v v
Local (refinement, parallelization, O(N)) s v v v
Efficient repr. (| storage, CPU time) v x x vV,

Initial results show order of magnitude
improvement over current state of the art



Outline

* Problem: Kohn-Sham equations
- FE basis
- Formulation of solution in FE basis
— Nonlocal operators
— Boundary conditions
— Long-range interactions
- Band structures, total energies: metals and insulators
- Problem: too many degrees of freedom
 Solution: partition-of-unity basis
- Comparison to FE, FE-AMR, and planewaves for “hard” atoms
- Parallelization
 Quadrature
- Solver

- All-electron calculations



Problem: Kohn-Sham equations in an infinite crystal — for large,

complex cells of arbitrary symmetry LLg
Kohn-Sham equations Self-consistent field ( ) solution process
—%V%i(x) 0 f/effzpz-(x) = £;1;(X), Start (guess): Pu
V:eﬁ:‘/je‘*"?[ne‘FVH‘*‘Vmc, l
Vi = Z Via(X), (long-range, divergent) —> Vgslon]
Vne % d V 1 l m
= Z/ . Ia * x)w(gll )space) Win8iia
Repeat:
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" pe el Pon
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Zfzv,b (x)s(x), no s
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FE basis: strictly local, piecewise polynomials |

3D cubic basis function

$,(b) = §,(a) =0

+ Polynomial -

— General, systematically improvable
— Flexible boundary conditions
+ Strictly local >
¢i (b) = ¢,~(a) — Variable resolution in real space

— Sparse matrices

— Well suited to parallel implementation
+ However, unlike planewaves:
— Finite
ik(b-a) — CO9 (continuous but not smooth)
¢, (b)=e"""¢,(a)

— Periodic in value only

S , — Nonorthogonal
1 2 3 1
1D linear finite element bases
[1] Sukumar, Pask, Int. J. Numer. Meth. Eng. 77, 1121 (2009)



Hard part: Schrodinger



Formulation: Schrodinger problem in the infinite crystal is
reduced to a boundary value problem in the finite unit cell L

« The FE basis is defined in a finite domain.
+ To find y satisfying
\_ 4+ Vi + Vil = erp
P(x+ R) = e-lk'R-zy(x‘j) (Bloch’s Thm)

in the infinite crystal, we solve an equivalent
problem in the finite unit cell [1,2]:

Unit cell

%v 1 _|_ ‘ L' _|_ "",n['l‘ﬁ"' — E‘L;"? ]_]_]_ S_z
= AN AN

| N o - Laplacian? [1
O(x +Ry) = e My(x), x €T, ’ 5

, A DR . * Derivative BC? [1
Vi(x+ Ry) -n=e*BVy(x)- 0, xeTy 1]

+ Crystal potential? [2]

* Nonlocal operator? [2]

[1] Sukumar, Pask, Int. J. Numer. Meth. Eng. 77, 1121 (2009)
[2] Pask, Sterne, Modelling Simul. Mater. Sci. Eng. 13, R71 (2005) (Review)



Nonlocal operators are transformed to the finite unit cell

- The domain of the nonlocal potential operator is all space.

- The domain of the problem is the finite unit cell; the basis is
defined only in the finite unit cell.

- For a separable potential of the usual form

Y'”"(X.X’) = Z i (X — 70 — Ryl (X — 10 — Ry)

1a, L

the nonlocal term is

Vit =3 vi(x — 7o — Ra)hi Z dx' v (X' — 7o — Rp)(X')

n,a,lL

- Transforming to the unit cell gives [1]

,'n ) = E E ik R X — Tq — h[ ([X z : e Rh X =Ty — l—{n')’-‘(xl)

[1] Pask, Sterne, Modelling Simul. Mater. Sci. Eng. 13, R71 (2005)



Laplacian and boundary condition issues are
resolved by reformulating in weak form |

- Laplacian of C° functions is singular at cusps.
- Basis does not satisfy derivative BC.

« Resolution — weak formulation with derivative BC
built in [1,2]:

Find the scalars £ € R and functions ¥» € W such that Unit cell
AN

/ (%Vw NV + 0" Va0 V™ z,'> dx = ¢ / vibdx Yo e W

JO = JO AN

where W = {w € HY(Q) : w(x + R;) = e*Baw(x), x € Ty}
AANANANANANANANNNN

- finite discontinuities at interelement boundaries.

- Basis need only satisfy value-periodic condition: solution will satisfy value
condition exactly and derivative condition asymptotically (weakly).

[1] Pask, Klein, Fong, Sterne, Phys. Rev. B 59, 12352 (1999)
[2] Sukumar, Pask, Int. J. Numer. Meth. Eng. 77, 1121 (2009)



Discretization in the FE basis produces a sparse
generalized eigenproblem |

- Discretization in the FE basis yields a sparse Hermitian generalized eigenproblem
for the eigenvalues and eigenfunction coefficients:

E .Hlj(‘J — E ,'-SI";(‘J
J

H,f,- = / (%V(); .v(;‘)} - (;f)l*l’i(;f)i - (;'):""”(;f)}») dx
o \2 : J .

S, = / Ol dx
JQ

- For a separable potential, the nonlocal term becomes [1]

LD

basis overlapped non-overlapped
" ) function  basis basis function
I e r T S an ], a Pa) N\ function
/ dx o; V"o, = g TR
J O W projector

where /
. ‘ . y

' }jl —_— / (]X (;':): (X) E ’ ('-‘l\-I{n l‘([i(X — 7-/'1 - R-n ) (. @

: Jo anA AN v

g

[1] Pask, Sterne, Modelling Simul. Mater. Sci. Eng. 13, R71 (2005)



Kohn-Sham: crystal potential, total energy



Crystal potential can be constructed efficiently in real
space by replacing long-range V by equivalent localized p L

 V~=-2Zrr>r, =

- Upon replacing long-range ionic potentials by 2 . I
equivalent localized densities, total Coulomb By o
potential can be computed at once by Poisson e
. . . . <
solution with net neutral electronic + localized- S 8
ionic charge as source term [1]: -10
-12
Pr = Z Pr.a(X) o 0 0.5 1 1.5 2 2.5
P = Pr+ pe y
e » _ , ‘ . . ~ 8
VVe(x) =4mp(x) (periodic BCs) §, ]
é’ 4
Vg =V + V" 4+ Vg + Voo = Ve + V" + V, 2
’ 0 0.5 1 1.5 2 2.5
r(a.u.)

Local part of HGH [2] pseudopotential
and associated charge density.

[1] Pask, Sterne, Phys. Rev. B 71, 113101 (2005)
[2] Hartwigsen, Goedecker, Hutter, Phys. Rev. B 58, 3641 (1998)



Total energy can be constructed efficiently in real space
by replacing long-range V by equivalent localized p |

- Total energy in density-functional theory:
E.‘r,ri — Ts‘ + E,{] + E:?[' + Eu,' + E[[ + E.l'l‘

* In an infinite crystal:
E!, is divergent and negative while E., and E;; are divergent and positive

EC' — EZ[ + Eee" + E]] iI\ ﬁ“ir(‘.

E-=—-1 [ dxp(x)V.(x)— E. E,=-1 dx pr o (xX)V7 . (X)
/ 5 ) / .
J L) . ©

- Total energy thenreducesto E,, =71, + E~ + E, + F,.

- Kohn-Sham orbital dependence in kinetic and nonlocal terms can be eliminated
using KS equations to determine the relation

T, — /('[X/h-(X,ﬂ:.'i,:y(X] + EY = E fig
() .
(]



Method converges systematically and variationally to the

self-consistent solution

&

EXC

: JQ
i 2

' nl
T's + Ee[

102 | GaAs self-consistent {102
— total energy and
T 1073 fo S eigenvalues {103
- | T
5 .
$1004F 0 Tl 11074
w — Etot
| 105} — Eq G105
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10 6 | e E3 .,'..‘.‘T._ 10 6
1 1 1 1 1 1 A
8 12 16 20 24 28 32

Elements in each direction

Convergence of self-consistent FE total energy and eigenvalues
to exact values with increasing number of elements.

[1] Pask, Sterne, Phys. Rev. B 71, 113101 (2005)

’ +%Z /‘IX/’J.(I(:X)"}‘“(:X)

- Self-consistent total energy

as the number of
elements is increased.

consistent with cubic
completeness of basis: error
O(h?), where h is the mesh
spacing.



Method applies equally well to metals
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Convergence of FE to exact self-consistent band structure for Cu.



Problem: Too many degrees of freedom



Partition of Unity Finite Element Method [1]

. . h
. Trial function: u'(x)= Y ep )+ Y dud (X, (x)
il JET, kEK
— . )
FE contribution Enriched contribution

— I =nodes in mesh *
® @
— J C ] =nodes to be enriched o /b
— K = enrichment function indices o
— {¢,(x)} = FE basis functions ~
® @
—{¢;"(x)} = PU basis functions, EqﬁfU(X) =1 o |
j

— ¥ ,.(x) = enrichment functions

[1] Melenk, Babuska, Comp. Meth. Appl. Mech. Eng. 139, 289 (1996)



Partition of unity finite elements in quantum mechanical calculationsg

N y ¥ ¥ ¥ i rs .
= | Wavefunction 1(x) =W (x) + S (x PU = Partition of unity
E in solid () =y (x) + 0y (x) FE = Finite element
] S S | ‘: F ' | :
°= t| FE basis {¢(x)} _; [ I;qdd ] oo | Enrichment y(x) ’
e _/\/\/\ 1 Lphysics j >~ L (Atomic wavefunction) (global)
77 Dsove) T - 7 7 I (Partition)
I FEsolution /N u"-= >ch o= PU Enrichment [\ @ = {py} ]
os | 3 oal (local)
L . . N ok N N~ . i
- =7 7 I (solve)
H 1.5 :- . l ' . A
(6-element solutions) **} pyFE solution u" = E o+ E ,
2 i iri j

d/_l/; ;
- Known physics incorporated \V/ \/'

- Accuracy increased B : > +
- Strict locality retained




PUFE vs. current state-of-the-art: model problem

- Conventional Planewave, FE, and new PUFE methods applied to standard test
problem [1,2]: deep, localized potential, as for d- or f- electron metal
Convergence of ground state energy: PUFE vs. others

I i
~
~

. ~
- ~
i . ~ \Linear FE
[ Linear FE+PU } \ =~
’&s\ B (1 enrichment) . \
L H N\ Quadratic FE Potential — 2 a.u. separation
- 0.01E . 3
o E . AN ]
AT - . “~ _Cubic FE ]
L -
0.001 E . Planewave

N\
Quadratic FE+AMR
- Linear FE+PU \\
i (1 elements)
0.0001 L —

\
100 1000 10000 100000
Number of basis functions

Enrichment function

« Factor of 30 reduction in basis functions relative to best conventional FE
« Factor of 4 reduction relative to PW

° —

reduction in total solution time relative to PW
[1] Gygi, Europhys. Lett. 19, 617 (1992)

[2] Tsuchida, Tsukada, Phys. Rev. B 54, 7602 (1996)

&




PUFE vs. current state-of-the-art: real materials ug

A E,, (Ha)

Convergence of total energy of LiH: PW, FE, and PUFE

1e ——r—— 7
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i - Cubic FE I

0.1 == Cubic FE + PU (T elements) &

S ===Cubic FE + PU (T enrichment) ]

0.01L 1 -

E i E

C \‘ 1
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0.0001¢
0.00001
0000001100 1000 10000 100000 1000000

Number of basis functions

Order of magnitude advance

Radial enrichment function R
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4 == Hydrogen 1-s|
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PUFE vs. current state-of-the-art: worst case ug

Triclinic CeAl, atoms displaced
17 enrichment functions for Ce: s, p, d, and f orbitals

E — Eexact (Ha/atom)

[ I
PUFE (4x4x4
0.1¢ (4x4x4) | CeAl -
' Cubic FE
0.01F 4 °
0.001 o 24x24x24
35au
40 au
1074+ .

1000 2000 5000 1x10%*2x10* 5x10*1x10°2x10°
# basis functions

Still, factor of 5



Parallel Implementation

Fortran 90 + MPI

Parallelized density construction, matrix element integrals, sparse matvecs
Test: CuAl cell, 108 atoms

8 — 1728 procs., LLNL sierra cluster, 12 cores per node

T T T T T T |/ g K 8 sec
Al;Cu - 108 ]

1000 |

500

10 20 50 100 200 500 1000
# processors

Sparse matvecs: reduce gather-scatters



eIntegrands and integration domain

‘Linear scale *Unit cell
1 a1 =a/2(0,1,1),
< —v as = a/2(1,0,1),
i —ow a3 = a/2(1,1,0),

a = 6.75 bohr

‘Finite element discretization of the unit

‘Logarithmic scale
cell

10
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eAdaptive integration




eAdaptive integration

* For each element:

1. Integrate over the element using a tensor product rule

2. Divide the element into 8 similar partitions and integrate over each of
them

3. If the difference is below the tolerance, return the quadrature over the
element.

4. If the difference is above the tolerance, repeat the process for each of
the 8 partitions separately.

‘Performance of adaptive integration for functions with a cusp:

10 10
/ |

—1D

_1 —1D - rate = 2.05 // \
10
—2D - rate = 3.11 \\_____ —2D

— ey
= —3D - rate = 4.18 7 T R\ —3D
=710 // = SRS
£ 4 c N /
—_ 4 o 2 s
(o} N
£ 10° o y 4 2 1o <y :
3 P / o I
(]
2 g / =
T | 5
[0 ) 5
107+
h'd 5 ¥
107 &
/'
107 z g 0 107
10 10 10 1 2 4 8 16 32 64
min. dist. of integration points to the cusp nsp in each direction

Blessing of dimensionality!



eAdaptive integration — Poisson solve

Number of integration points

Mesh  Error tolerance .
Tensor-producte* Adaptive quadrature Pure FE

2 7 x 1077 512000 128750 1000
4 2 x 1073 169000 72750 3000
7 3 x 1071 — 141750 42875
8 2 x 1074 624000 137500 64000
12 2 x 1077 18340000 297375 216000
16 6 x 107° 14020000 540000 512000
20 4 x 107° 27196000 1171500 1000000
24 7x 1077 46852000 1896000 1728000
32 2 x 1077 — 4369000 4096000

** Pask et al., IIMCE, in press

Order of magnitude speedup




Detecting MINRES stagnation and setting tolerance
SCF
PBSD \

MINRES

Eigensolver’s innermost loop solves (A — AB)p = r

» solve inexactly by MINRES

» dominant cost (~ 70% of total runtime)

New bound for sth MINRES residual:

il <A1 22 4 ¢

lIroll2

— 0 rapidly —constant

|dea: estimate r and set MINRES tolerance

MINRES convergence (blue) and FEM-KS solver CuAl simulations

stopping tolerance (red) mesh: 7x9x 10x 11 = 6930
Total time(s) | # MINRES
___________________________ standard 76.5 9230
new 40.4 3643

mesh: 7 x 18 x 20 x 22 = 55440
Total time(s) | # MINRES

standard 8409 96459
new 2986 27964

log(residual reduction)

20 40 (2] =]
MINRES 1iteration




All-electron problem



All-electron calculations: O(N) Coulomb potential and energy [1] LLg

o0 . o0
P [
N / \ 4 »

' ¢ 3t S
S 2 Lovn w

P
@ T A4

N e o, 0 -
J— — Lo TReel
_ : ! \~-
p ' [ ———
I L L r
0.2 0.4 0.6 0.8 1.0 12

- Introduce smooth, analytic, strictly local neutralizing function - solve singular part
analytically, non-singular remainder numerically, both O(N)

* No “distributed nucleus” approx., sphere-interstitial matching, FFTs, Ewald, etc.

p(x) = p(x) + p7(x) = p"(x) = p(X) + p~ (X) + p(x) = p"(X) + p~ (x)

VHx) =S — % Vi (x) V2V (x) = —4mp(x)

E:%/ ”:‘-'fmxm:x):%/ B (7H(x) + () (VH(x) + V™ (x)) = B** + B+~ + B

A AN NN

E—E. 5= Z [V~ (7)) — 27 (v(0) + I)] + / d*z (3p7(x) — p(x) W (x)
; AN (

J

= 3040, = v O) + s | pm(o(1/rs = v(ri)) +

)=
o -
~
o~
T
[ Y
Rt
|
~—
—
l
Al
—
~—

[1] Pask, Sukumar, Mousavi (2010): arXiv:1004.1765



All-electron calculations: Ewald problem |

* bcc crystal: unit spacing, unit nuclear charges, uniform electronic density

‘ 25 :
——enrichment 1] N 1 ERNEETEY Potential (FE)

——enrichment 2 2F Ay - - —Potential (PU)
N ! 3 : Potential (Total) ||

12 w ; w - 25

10¢

150

1

0.5

PUFE solution

- ‘ . ‘ 0 : : 1 ; ; ;
20 0.5 1 1.5 2 0 0.5 1 1.5 2 0 0.5 1 ] 1.5 2
Dist. along diagonal Dist. along diagonal Distance along diagonal

20 : : : . 10° —r , : : :
1 : : : : FE - Integral
EFE - Integral
FE - Pointwise

EFE - Pointwise

—_

V-~

eV (toOt 1)

-
[§)]

>3 ;)rders of ‘
magnitude: optimal rate

0 0.5 1 1.5 2 3 4 5 6 7 89 12 16 24 32
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T

Potential (Hartree)
S
Error in Coulomb energy per atom




All-electron calculations: Diamond

« Enrichment functions from isolated atom densities

T T T T 2
1 N J
-50 TR RS
S
c -
% —— Potential (FE)
- : : a Potential (PU)
-100 pN —Enrichment 1 Potential (Total)
s Enrichment 2 : V_
_6 - S
-150 i i i I I -6 i I ; ; ; -7 i i i i i
0 2 4 6 8 10 12 0 2 4 6 8 10 12 0 2 4 6 8 10 12
Distance along diagonal Distance along diagonal Distance along diagonal
20 10°
©
<
15H | e V7 . c
S
0 —v c
g — V' (total) | ] 8
>
@ o
L )
= &
B Bhh e b Q
< IS
c
2 -
g 3
£
S
..................................................................... w
10°

2 4 6 8 10 12
Distance along diagonal

2 4 8 12 16
Number of elements in each direction



Summary L

- General, systematically improvable ab initio electronic-structure calculations in a partition-of-
unity FE basis: arbitrary unit cells, Brillouin zone sampling, metals and insulators.

« Strictly local, piecewise polynomial basis > well suited to large, accurate calculations on
massively parallel architectures.

Issues / in progress / future:

+ Forces: Pulay-like corrections?

* Problem formulation: all-electron? PAW?

- Basis: order? modal? hierarchical? spectral?

« Memory and solver optimizations: preconditioning, SD?, CG?, Anderson (RMM)? ...
- Parallel implementation: data distribution

« O(N)
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