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Density functional theory (DFT)

The ground state energy E, of a many-body system can be obtained by

Eo = &(po) = min {g(p) © p>0,\/pcH (R, / p= N} ,
R3
where py is the density of the ground state and

E(p) = Ts(p) + Eext(p) + En(p) + Exc(p)
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Eo = &(po) = min {g(p) : p>0,pcH (R, / p= N} ,
R3
where py is the density of the ground state and
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Orbital-free methods

Kinetic energy Ts can be approximated by
@ Thomas-Fermi (TF) kinetic energy (1927):

5
T1e(p) = CTF/ p3.
RS

@ Thomas-Fermi von Weizsacker (TFvW) kinetic energy
(1935):

\v4 2
Trew(p) = Trr(p) + % [Val”
R P

@ Wang-Teter (WT) kinetic energy (1992):

Tt )= Trew+ [ | [ K(r =)o ()l (ol

@ Wang-Govind-Carter (WGC) kinetic energy (1999):

Tﬁvgg TTFw+// C(y,r, 1), [r—r'|) p™(r)pP (r")drdr'.



Nonlinear eigenvalue problems

A model nonlinear eigenvalue problem:

(—aA+V+N(@W)u = Au in Q,
u = 0,
Joluf = Z

where Q ¢ R® is a bounded domain, Z€ N, oo € (0,¢), V: Q — Risa
given function, A" maps a nonnegative function over Q to some function
defined on Q.
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Nonlinear eigenvalue problems

A model nonlinear eigenvalue problem:

(—aA+V+N(@W)u = Au in Q,
u = 0,
Joluf = Z

where Q ¢ R® is a bounded domain, Z€ N, oo € (0,¢), V: Q — Risa
given function, A" maps a nonnegative function over Q to some function
defined on Q. N = Niogat + Nrontocal

The associated energy functional can be formulated as
Eu) = / (0T + VOUR(x) + E(F(x) ) dix
Q

+%]/Q /Q PUx) Py )K(x — y)dxdy.
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Kohn-Sham DFT

A priori error analysis:
@ Convergence of finite dimensional eigenpair
approximations, nonconvex energy functional

@ Convergence rates of finite element eigenpair
approximations, local isomorphism condition

A posteriori error analysis:

@ Convergence of adaptive finite element eigenpair
approximations, nonconvex energy functional

@ Convergence rate and complexity of adaptive finite element
eigenpair approximations, local isomorphism condition + ...
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Ground state
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energy in the admissible class
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Ground state

The ground state solution u can be obtained by minimizing the associated
energy in the admissible class

A={veH(Q) : IWlfa=2 v=0}.

Namely,
uecargmin{E(y):y € A}.

Introduce the set of the ground state solutions
u={uea: Ew)=minEw)
and the set of ground state eigenvalues

A={XeR: () u)is an exact eigenpair and u € U} .



Approximation

We study approximations in class of finite dimensional subspaces
Xn C H{(Q)(n=1,2,---):

Up € argmin{E(v) : ¢ € Xp N A}
and introduce Up:
Un={upne XaNA: E(én) = wer];(er]wA E(y)}
and An:

Ao = {Xn € R: (\n, up) is a discretize eigenpair and u, € Un} .



Convergence

Theorem (Chen, Gong, and Zhou (MMAS,2010))
Under some reasonable assumptions, there hold

lim Dy (Un,U) = 0,
nll~>mo<> En = 'lI/tJnEI.T\ E(¢)7

where E, = E(¢n) (Vén € Un). Moreover,

lim D(An, A) = 0.
n—oo

Here for W,V C H}(9),
Dy (W, V) = sup inf — ;
WOV, V) = sup int 16~ vl
and for A, B C R,

D(A, B) = sup inf |a— b].
(A,B) = sup inf |a— b]



Convergence

Theorem (Chen, Gong, and Zhou (MMAS,2010))
Under some reasonable assumptions, there hold

im Dy (Un, U) = 0,
nll~>moo En = 'lI/tJnEI.T\ E(¢)7

where E, = E(¢n) (Vén € Un). Moreover,

lim D(An, A) = 0.
n—oo

Here for W,V C H}(9),
Dy (W, V) = sup inf — ;
e OV.V) = sup_int 6= vl
and for A, B C R,
D(A,B) = inf |a— b|.
(A,B) = sup inf |a— b]

All the limit points of finite dimensional eigenfunction/eigenvalue
approximations are around state solutions/eiagenvalues.



Upper bounds

Theorem (Chen, Gong, and Zhou (MMAS,2010))
Under some reasonable assumptions, there hold

Dy (un,U) <C (DL” (uﬁvu) + Dy (U, X")) )
| Ex— E |< C (Duo (Un,U) + D2 (U, xn)) :

where o = 6/(3 —2p2), E = E(¢) (¢ € U), and E, = E(¢n) (¢n € Un).
Moreover,

D(An,A) < C (DLU (Un, U) + D (U, xn)) :




Upper bounds

Theorem (Chen, Gong, and Zhou (MMAS,2010))
Under some reasonable assumptions, there hold

DH1 (Un,u) S C(Z)Lf7 (Z/In7Z/{) + DH1 (Z/{,Xn)) 5
| Ex— E |< C (Duo (Un,U) + D2 (U, xn)) :

where o = 6/(3 —2p2), E = E(¢) (¢ € U), and E, = E(¢n) (¢n € Un).
Moreover,

D(An,A) < C (DU (Un, U) + Dy (u,xn)) .




Assumptions for convergence rates

Al Ve L¥(Q).
All. £ € C'(]0,00),R) N C?((0,00),R) and £ € Z(p, (c1, ¢2)) satisfying one
of the following conditions:
1. ¢ € (0, 00);
2. pe[0,4/3];
3. ¢4 € (—00,0), pe(4/3,00) and

|C"zp 1 in (/ Vul // |u|2p>
ueH1 )sllullo,o=1

Alll. Ni(t) € Z(p1, (c1, c2)) for some py € [0, 1], and there exist g € (1, 2],
s € [0,5 — g] such that for all #, £ € [0, 00), there holds

NG ()t — N1 (8t — 2NT ()65 (t — b))
< C(1+max{f, 5N — |

AIV. N{(H)'/2 € P(pe, (c1, c2)) for some pe € [0,1/2].
Here £(s) = [; Ni(t)dt and

P(p,(c1,02)) ={f: Ja;,a € Rsuchthat cit’ +a < f(t) < ct’ +a Vt>0}



A.V. For the ground state solution (), u), F/ (), u) is an isomorphism from
H{(Q) to H~'(Q), namely, there exists a constant 3, > 0 such that

: : w, Vv
inf sup M
V€H&(Q)W6H3(Q) [wllt.allvi,e

> fo; (1)

Fi (A, u) is invertible on u* = {v € H{(Q) : (u,v) = 0}, namely, there
exists a constant 3; > 0 such that

!
inf sup M > B1. (2)
veut yeyr [Wliellviie
As a result of Assumption A.V., u is an isolated solution.

@ A sufficient condition of Assumption A.V. being true is that
(Funuv,v) 2 CTVVIGe Vv e H(Q) (3)

holds for some constant C > 0, which has been proved to be satisfied
by some TFW models that are of convex functional (see Cances,
Chakir, and Maday (preprint, 2009/JSC, 2010)).

@ Indeed, a priori error estimate in H'-norm can be obtained under
assumption (2) instead of Assumption A.V..



Definition of F’

For any (\,u) € R x H(RQ), define F : R x H}(Q) — H™'(Q) by
(F\u),v) = a(Vu, Vv) + (Vu+ N(UP)u — xu,v) YV ve H(Q).

The Fréchet derivative of F with respect to u at (A, u) is denoted by
Fiu) : H(Q) — H1(Q), where

(Furuv,w) = Vv, VW) + ((V+N () = N)v,w)

+2(N{(P)Pv, w) +2D(uv, uw) ¥ w € Hi(9).



Energy functional

The associated energy functional is
E(u) = / (VUG + VOO (x) + (X)) dix + %D(uz, ),
Q

where £ : [0, 00) — R is defined by

)

£(s) = / Ni(t)alt
0

and D(-, ) is a bilinear form as follows

D(f,g) = /Q £)(r~" + g)(x)dx.



Convergence theorem

Theorem (Chen, He, and Zhou (2010))

If hp < 1 and Assumptions A.l.—A.V. hold, then
[u— tnll12 < Cvei.%f(n)HU7 Vi1, (4)
[u = tnlloa < Cr(h)[|u— unll .0, (5)
and
|A = Anl < Cr(h)[|u — tnll1.0, (6)
where r(h) = h+ |Ju — us||{ ;' with g € (1,2] and r(h) — 0as h— 0.




Convergence theorem

Theorem (Chen, He, and Zhou (2010))

If hp < 1 and Assumptions A.l.—A.V. hold, then
[u— tnll12 < Cvei.%f(n)HU7 Vi1, (4)
[u = tnlloa < Cr(h)[|u— unll .0, (5)
and
|A = Anl < Cr(h)[|u — tnll1.0, (6)
where r(h) = h+ |Ju — us||{ ;' with g € (1,2] and r(h) — 0as h— 0.

Some ground state solutions can be approximated well by finite dimensional
approximations.



Qutline of proof

Proof. Three steps

@ An identity (c.f. Babuska and Osborn (1989), Zhou (2004, 2007)) leads
to

A=l < € (Jlu = nlifa + lu = thlloa) -

@ The dual argument (c.f. Babuska and Osborn (1989), Cances, Chakir,
and Maday (2009/2010)) yields

lu— tnllo,o < Cr(h)|lu — unll1,0-

@ Linearization approach (c.f. Cances, Chakir, and Maday (2009/2010),
Xu and Zhou (2001)) produces

|u—tnllio <C| inf [lu=vl1a+u—utnlloo+I|lu—unlq]-
vesd(Q)



An identity

Associated with eigenpair (\, u) , we have a useful identity

a(Vv,Vv) + (V+N()v,v)

A
(v,v)
V(v —=u),V(v—u)+ (V+NWB))(v—u),v—u)
- (v,v)
+((N(v2)f/\/(u2))v,v) NG Vv e H(Q)

(v,v) (v,v)



Q A posteriori error analysis and adaptive finite element
computing



Existing work for linear boundary value problems

A posteriori error analysis and adaptive finite element methods:

@ |. Babuska and W. C. Rheinboldt, SIAM J. Numer. Anal., 15
(1978).

@ |. Babuska and M. Vogelius, Numer. Math., 44 (1984).
@ W. Dérfler, SIAM J. Numer. Anal., 33 (1996). Convergence

@ P. Morin, R. H. Nochetto, and K. Siebert, SIAM J. Numer. Anal.,
38 (2000). Convergence rate

@ P. Binev, W. Dahmen, and R. DeVore, Numer. Math., 97 (2004).
Complexity

@ K. Mekchay and R. H. Nochetto, SIAM J. Numer. Anal., 43
(2005).

@ R. Stevenson, Found. Comput. Math., 7 (2007).

@ P. Morin, K. G.Siebert, and A. Veeser, Math. Models Methods
Appl. 18(2008).

@ J. M. Cascon, C. Kreuzer, R. H. Nochetto, and K. G. Siebert,
SIAM J. Numer. Anal., 46(2008).



Existing work for nonlinear boundary value problems

A posteriori error analysis and adaptive finite element methods:
@ R. Verfurth, Wiley-Teubner, New York, 1996.

@ A. Veeser, Numer. Math., 92(2002).

@ R. H. Nochetto, A. Schmidt, K. G. Siebert, and A. Veeser,
Numer. Math., 104(2006).

@ L. Chen, M. J. Holst, and J. Xu, SIAM J. Numer. Anal., 45(2007).

Convergence, Poisson-Boltzmann equation

@ L. Diening and C. Kreuzer, SIAM J. Numer. Anal., 46(2008).
Convergence rate, p-Laplacian equation



Existing work for linear eigenvalue problems

A posteriori error analysis and adaptive finite element methods:

@ |. Babuska and W. C. Rheinboldt, SIAM J. Numer. Anal., 15
(1978).

@ M. G. Larson, SIAM J. Numer. Anal., 38 (2000).
@ V. Heuveline and R. Rannacher, Adv. Comput. Math., 15 (2001).
@ D. Mao, L. Shen, and A. Zhou, Adv. Comput. Math., 25 (2006).

@ W. Dahmen, T. Rohwedder, R. Schneider, and A. Zeiser, 110
(2008).
@ X. Dai, J. Xu, and A. Zhou, Numer. Math., 110(2008).

Convergence rate and complexity, linear symmetric elliptic
eigenvalue, simple/nondegenerate eigenvalue

@ S. Giani and I.G. Graham, SIAM J. Numer. Anal., 47(2009).

Convergence rate, Laplacian eigenvalue, simple/nondegenerate
eigenvalue

@ M. Garau, P. Morin and C. Zuppa, M3AS(2009).
Convergence, linear symmetric elliptic eigenvalue
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Adaptive finite element algorithm

Solve — Estimate — Mark — Refine

Algorithm

Choose parameter 0 < 6 < 1.
@ Pick up any initial mesh 7.
© Solve the system on 7y for the discrete solution (Ag, Up).
© Letk=0.
© Choose any uy € U, and compute local error indictors
nk(Uk, T) VT e 77(
© Construct 7, C 7x by Marking Strategy and parameters 6.

O Refine 7 to get a new conforming mesh 7,1 by
Procedure REFINE.

@ Let k= k+1andgoto Step 2.



Let 7, be a finite element mesh and u, be a finite element
solution. Define

Ry(Up) = Mplp + alup — Vup — N(UB)up in T € Tp,
Je(Up) == aVup|7, - M1 + aVup|7, - Mo = [[aVUplle - 71 on e € &

where Ty and T, are elements in 7, which share e and ﬁ, is the
outward normal vector of T;on Efori=1,2.



Let 7, be a finite element mesh and u, be a finite element
solution. Define

Ry(Up) = Mplp + alup — Vup — N(UB)up in T € Tp,
Je(Up) == aVup|7, - M1 + aVup|7, - Mo = [[aVUplle - 71 on e € &

where Ty and T, are elements in 7, which share e and ﬁ, is the
outward normal vector of T;on Efori=1,2.
Define a local error indicator nx(up, T) by

Mh(Un, T) == WE[Rr(un)lls s+ D hellde(un)lfe  (7)
ec&p,eCcOT

and a global error estimator n(up, ) by

Ma(Un, Q)= > (U T).
TeT, TcQ



Marking Strategy

Given a parameter 0 < 0 < 1 :

@ Construct a minimal subset 7;; of 7y, by selecting some
elements in 7 such that

> nB(up, T) > 0nf(un, Q).
TG’f—H

@ Mark all the elements in 7.



Convergence

Theorem (Chen, Gong, He, and Zhou (arXiv, 2010/AAMM, 2011))

Given a sufficiently fine initial mesh 7g. If {Uy }xen is the
sequence of adaptive finite element approximations, then

lim E,x = min E(v
k— oo & veA ()7

Jim Dy (U, U) =0,

and

Jim D(Ax, ) =0.




Convergence

Theorem (Chen, Gong, He, and Zhou (arXiv, 2010/AAMM, 2011))

Given a sufficiently fine initial mesh 7g. If {Uy }xen is the
sequence of adaptive finite element approximations, then

lim E,x = min E(v
k— oo & veA ()7

Jim Dy (U, U) =0,

and

Jim D(Ax, ) =0.

If the nonnegative ground states are unique, then

lim |l¢x — ¢ll1.0 =0,
k—oo

lim |Ax — Al =0.
kl—>oo| k ‘ 0



Convergence rate

Assume that Assumptions A.l.—A.V. hold (for instance, the
energy functional is convex with respect to the density). Let
(A, u) € R x A be the ground state solution.



Convergence rate

Assume that Assumptions A.l.—A.V. hold (for instance, the
energy functional is convex with respect to the density). Let
(A, u) € R x A be the ground state solution.

Theorem (Chen, He, and Zhou (2010))

Given a sufficiently fine initial mesh 7o and 6 € (0,1). If {uk }ken
is the sequence of adaptive finite element approximations, then
there exist constants v > 0 and £ € (0, 1) depending only on
the shape regularity constant and the marking parameter 0
such that

lu— U150 + Yke1 (Uks1, Q)
< E(lu— w3 + k(UK. Q). 8

Consequently

Jm_ (fluc = ull + [12x = All) = 0.




Define

AS = {v e HI(Q) : |V]sx < 00},
where v > 0 is some constant,

s+ = SUpe inf (#T — #75)°.

|v
e>0 {TCTyinf(lv—Vv/||2 o+20sc2-(v/,T))1/2<e}
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Define

AS = {ve H(Q): |V|s. < o},
where v > 0 is some constant,

|v

s+ = SUpe inf (#T — #75)°.
e>0 {7 CToiinf(||lv—v’|]§ o+20sc5 (v/,T))/2<e}

HI(Q) N HA(Q) ¢ A'/3

Define element oscillation oscy(up, 7) by
0SCh(Unp, 7) := M2||R+(p) — Rr(un)ll5 »
and patch oscillation oscp(up,w) by

05Ch(Up,w) == Y 0SCh(Up,7),
TETH,TCW

where w c Q.



Complexity

Assume that Assumptions A.l.—A.V. hold (for instance, the
energy functional is convex with respect to the density).
Let(\, u) € R x A be the ground state solution.



Complexity

Assume that Assumptions A.l.—A.V. hold (for instance, the
energy functional is convex with respect to the density).
Let(\, u) € R x A be the ground state solution.

Theorem (Chen, He, and Zhou (2010))

Given a sufficiently fine initial mesh 7p, and u € A®. If {uk }ken
is the sequence of adaptive finite element approximations, then
there exist constants v > 0 and £ € (0, 1) depending only on
the shape regularity constant and the marking parameter 0
such that

lu— Uk”iQ ar ’YOSC;%(Uk,ﬂ) < C(#7Tx — #%)_23|U|§,*.
Consequently,

IA = M| < C (#Tk — #To) " 2%|uf3...




0 Numerical experiments



TFW model for helium atoms

Find (A, u) € R x H}(€) such that ||u||2 , = 2 and

1 2 2
oy 2y [ P

5
+=Crru P4+ ve(P)u = Au inQ,
10 Ix] o x—yl 377" (V)

u = 0 on 99,
where Q = (—5.0,5.0)°.

convergence of energy for helium atom reduction of the a posteriori error estimator
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Figure: Left: Convergence curves of energy for the helium atom.
Right: Reduction of the a posteriori error estimators.



TFW-GHN model for an aluminum cluster

Find (A, u) € R x H}(€) such that ||u||2 , = 172 and

1 ©Juy)lPdy
——Au4 VEMNy 4y | T
10 pseu a |x—yl

5 .
+ ECTFU7/3 + ch(UZ)U Au inQ,
u = 0 on 9%,

where Q = (—25.0,25.0)3.

convergence of energy for aluminum cluster

—6— linear elements
1 —#— quadratic elements|

reduction of the a posteriori error estimator

—=o&— linear elements

~ - — slope=-1/3
—— quadratic elements|
— — slope=-2/3

energy (a.u.)
error
/

22

-24

26 = p = s w0l =
10 10 10 10 10 10

10° 10°

o' 10°
number of degrees of freedom number of degrees of freedom

Figure: Left: Convergence curves of energy for the aluminium cluster
in FCC lattice. Right: Reduction of the a posteriori error estimators.



Aluminium clusters in face-center-cubic (FCC) lattice

TFW model for simulating 172 atoms in FCC lattice.

ANVARNVAN
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Left: A contour plot of electron density on interior slice z = 0.
Right: The corresponding adaptive mesh.



Thank You!
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