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The local-jump diffusion model Definition

Setup

1 (Ω,F ,P): complete probability space;

2 (Wt ): Wiener process (i.e. continuous process with independent and stationary

increments such that Wt ∼ N (0, t));

3 (Zt ): Lévy process (i.e. cádlág independent and stationary increments s.t. Z0 = 0)

without “Gaussian component" and with “Lévy density" h : R\{0} → R+:

E exp(iuZt ) = exp

(
t

 
iub +

Z
R\{0}

(eiuz − 1− iuz1{|z|≤1})h(z)dz

!)
.

4 W and Z are independent;



The local-jump diffusion model Definition

Local jump-diffusion model

1 Assume Z to be of bounded variation without drift (i.e. Zt =
P

s≤t ∆Zs);

2 Fix deterministic functions:

b(x) : R→ R, σ(x) : R→ R, γ(x , z) : R× R\{0} → R, s.t . γ(x , 0) = 0;

3 The Model:

X x
t = x +

Z t

0
b(X x

s )ds +

Z t

0
σ(X x

s )dWs +
X
s≤t

γ(X x
s− ,∆Zs).

4 Existence and uniqueness of (X x
t ) are guaranteed under standard linear growth

and Lipschitz conditions on the coefficients b, σ, and γ;

5 More general process:

X x
t = x +

Z t

0
b(X x

s )ds +

Z t

0
σ(X x

s )dWs +

Z t

0

Z
|z|≤1

γ(X x
s− , z)µ̄Z (ds, dz),

where µ̄Z := µZ − EµZ is the compensated jump measure of Z :

µZ ((u, v ]× [c, d ]) := # {t ∈ (u, v ] : ∆Zt ∈ [c, d ]} , (0 < u < v , c < d).
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The local-jump diffusion model Properties

Properties

1 ∆X x
t := X x

t − X x
t− = γ(X x

t− ,∆Zt );

2 (X x
t ) is a Homogeneous Markov Process:

P
`

X x
T ∈ [c, d ]

˛̨
X x

s , s ≤ t
´

= P
`

X x
T ∈ [c, d ]

˛̨
X x

t
´
, (t ≤ T );

P
`

X x
T ∈ [c, d ]

˛̨
X x

t = y
´

= P
`

X x
T +h ∈ [c, d ]

˛̨
X x

t+h = y
´
, (t ≤ T ; h > 0).

3 Dynkin’s Formula:

E
ˆ
f (X x

t )
˜

= f (x) +

Z t

0
E[Lf (X x

s )]ds,

for f ∈ C2
b , where L is the so-called Generator Operator of X :

(Lf )(y) = b(x)f ′(y) +
σ2(y)

2
f ′′(y) +

Z
R\{0}

(f (y + γ(y , z))− f (y))h(z)dz.

4 In particular, Lf (x) = limt→0
E[f (Xx

t )]−f (x)

t ⇐⇒ E[f (X x
t )] = f (x) + tLf (x) + o(t);

5 If f , Lf , . . . , Lnf := L(Ln−1f ) are Cb
2 , then

E[f (X x
t )] = f (x) +

nX
k=1

tk

k !
Lk f (x) +

tn+1

n!

Z 1

0
(1− α)nE[Ln+1f (X x

αt )]dα.
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The problem Overview

Short-time asymptotics for the transition distributions

1 Objective 1

Fix x ∈ R and y > 0. Study the rate of convergence of P(X x
t ≥ x + y) to 0 as

t → 0:

P(X x
t ≥ x + y) = A1(y ; x)t + A2(y ; x)

t2

2
+ · · ·+ An(y ; x)

tn

n!
+ o(tn+1).

2 Objective 2

Study the asymptotic behavior of transition density pt (z; x) = d
dz P(X x

t ≤ z) (when

it exists) in short-time;

pt (z) = a1(z; x)t + a2(z; x)
t2

2
+ · · ·+ an(y ; x)

tn

n!
+ o(tn+1).
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The problem Applications

Applications

1 Non-parametric estimation methods for σ, γ, b based on high-frequency

observations X∆,X2∆, . . . ,Xn∆ of X (i.e. when time-span ∆);

1
#{Xk∆ ∈ (x − δ, x + δ)}

X
Xk∆∈(x−δ,x+δ)

1{X(k+1)∆≥y+x} −→ A1(y ; x |γ, h)∆ + o(∆).

2 Numerical valuation of moments E[Φ(X x
T )]:

Let Ft (x ; Φ) := E[Φ(X x
t )] and eFt (x ; Φ) be an “explicit" approximation in short-time;

Then, for m ∈ N and ∆ := T/m,

FT (x ; Φ) = E[E[Φ(X x
T )|X x

∆]] = E[FT−∆(X x
∆; Φ)] ≈ eF∆(x ; eΦ),

where eΦ(y) := FT−∆(y ; Φ), which in turn is approximated as before, replacing T

by T −∆. Convergence is attained whenever F̃t is a second-order approximation.
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The problem Applications

Literature

• Léandre (1987):

For z 6= x and σ ≡ 0 (Pure-jump case),

lim
t→0

1
t

pt (z; x) = − d
dz

Z
{ζ:γ(x,ζ)≥z}

h(ζ)dζ =: g(z − x ; x) (“Lévy density" of (X x
t ))

In particular, we expect, for y > 0,

lim
t→0

1
t
P(X x

t ≥ x + y) = lim
t→0

1
t

Z ∞
x+y

pt (z; x)dz =

Z ∞
y

g(u; x)du.

• Ishikawa (1994) and Picard (1996):

Let z > x . Note that

supp(h) ∩ {ζ : γ(x , ζ) ≥ z} = ∅ =⇒ lim
t→0

1
t

pt (z; x) = 0.

In that case, pt (z; x) ∼ tκgκ(z; x), where κ is the minimal number of jumps

needed to reach z from x and gκ(z; x) 6= 0.
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1
t

pt (z; x) = 0.

In that case, pt (z; x) ∼ tκgκ(z; x), where κ is the minimal number of jumps

needed to reach z from x and gκ(z; x) 6= 0.
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Literature. Cont...

• Rüschendorf & Woerner (2002):

For a “general Lévy process” (Xt ),

P(Xt ≥ z) = A1(z)t + A2(z)
t2

2
+ · · ·+ An(z)

tn

n!
+ O(tn+1); (z > 0) (1)

pt (z) = a1(z)t + a2(z)
t2

2
+ · · ·+ an(z)

tn

n!
+ O(tn+1); (z 6= 0) (2)

• F-L & Houdré (2009):

1 Provide a formal proof of expansions (1)-(2);
2 Introduce a new approach based on a “regularization" method of the function

f (u) = 1u≥z ;
3 Found explicit general expressions for the coefficients.



The problem Earlier literature

Literature. Cont...

• Rüschendorf & Woerner (2002):

For a “general Lévy process” (Xt ),

P(Xt ≥ z) = A1(z)t + A2(z)
t2

2
+ · · ·+ An(z)

tn

n!
+ O(tn+1); (z > 0) (1)

pt (z) = a1(z)t + a2(z)
t2

2
+ · · ·+ an(z)

tn

n!
+ O(tn+1); (z 6= 0) (2)

• F-L & Houdré (2009):

1 Provide a formal proof of expansions (1)-(2);
2 Introduce a new approach based on a “regularization" method of the function

f (u) = 1u≥z ;
3 Found explicit general expressions for the coefficients.



The problem Earlier literature

Literature. Cont...

• Rüschendorf & Woerner (2002):

For a “general Lévy process” (Xt ),

P(Xt ≥ z) = A1(z)t + A2(z)
t2

2
+ · · ·+ An(z)

tn

n!
+ O(tn+1); (z > 0) (1)

pt (z) = a1(z)t + a2(z)
t2

2
+ · · ·+ an(z)

tn

n!
+ O(tn+1); (z 6= 0) (2)

• F-L & Houdré (2009):

1 Provide a formal proof of expansions (1)-(2);
2 Introduce a new approach based on a “regularization" method of the function

f (u) = 1u≥z ;
3 Found explicit general expressions for the coefficients.



The problem Earlier literature

Small-time expansions for Lévy tail distributions

1 Key Assumption: For all ε > 0 and k ≥ 0, the Lévy density h of X is smooth s.t.

sup
|x|≥ε

|h(k)(x)| <∞;

2 Theorem: [F-L & Houdré, SPA 2009]

For any x0 > 0 & n ≥ 0, there exists a t0 > 0 s.t. ∀ 0 < t < t0 & ∀ x ≥ x0,

P(Xt ≥ x) = A1(x)t + A2(x)
t2

2
+ · · ·+ An(x)

tn

n!
+ Ox0 (tn+1).

3 The coefficients:
• A1(x) = limt→0

1
t P(Xt ≥ x) =

R∞
x h(u)du;

• A2(x) = limt→0
2
t

n
1
t P(Xt ≥ x)− A1(x)

o
= −2

Z
|v|≥ε

h(v)dv
Z ∞

x
h(u)du +

Z
|u|≥ε

Z
|v|≥ε

1{u+v≥x}h(u)h(v)dudv

− σ2h′(x) + 2bεh(x)− 2
Z
|u|≤ε

Z 1

0
h′(x − βu)(1− β)dβu2h(u)du.
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The main results Expansions for the transition distributions

Assumptions

1 Z has a C∞(R\{0}) non-zero Lévy density h such that, for every ε > 0 and n ≥ 0,

(i)
Z

(1 ∧ |ζ|)h(ζ)dζ <∞, and (ii) sup
|ζ|>ε

|h(n)(ζ)| <∞.

2 For any x , ζ ∈ R, γ(x , 0) = 0, γ(·, ·) ∈ C∞, and

sup
x

˛̨̨̨
∂ iγ(x , ζ)

∂x i

˛̨̨̨
≤ Ci (ζ

2 ∧ 1),

˛̨̨̨
1 +

∂γ(x , ζ)

∂x

˛̨̨̨
≥ δ, for some Ci <∞, δ > 0.

3 For fix ε > 0, let φε ∈ C∞(R) s.t. 1|ζ|≥ε ≤ φε(ζ) ≤ 1|ζ|≥ε/2. Let

gε(y ; x) := − ∂

∂y

Z ∞
{ζ:γ(x,ζ)≥y}

h(ζ)φε(ζ)dζ, (y > 0).

Then, for some ε0 > 0 and all ε < ε0,

sup
u∈R,y>0

˛̨̨̨
∂n+mgε(y ; u)

∂yn∂um

˛̨̨̨
<∞,

Z ∞
δ′

sup
u∈(x−δ,x+δ)

˛̨̨̨
∂mgε(y ; u)

∂um

˛̨̨̨
dy <∞.
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The main results Expansions for the transition distributions

Second-order expansion for the transition tail distributions

Theorem (F-L & Ouyang, 2011)

For any x ∈ R and y > 0,

P(X x
t ≥ x + y) = tA1(x ; y) +

t2

2
A2(x ; y) + o(t2), as t → 0,

where A1(x ; y) admits the representation:

A1(x ; y) :=

Z
{γ(x,ζ)≥y}

h(ζ)dζ.

Remarks:

1 Leading term depends only on the jump component;

2 A1(x ; y) can be interpreted as the intensity of jumps ∆X x
s that exceed y when

X x
s− ≈ x ;
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The main results Expansions for the transition distributions

Theorem (F-L & Ouyang, 2011)

Let hε(ζ) = φε(ζ)h(ζ) and h̄ε(ζ) = (1− φε(ζ))h(ζ). Then, there exists a ε0 > 0

small-enough such that for all 0 < ε < ε0, A2 admit the following representations:

A2(x ; y) := D(x ; y) + J1(x ; y) + J2(x ; y),

where

D(x ; y) = b(x)

„
∂A1(x ; y)

∂x
− 2

∂A1(x ; y)

∂y

«
+
σ2(x)

2

„
∂2A1(x ; y)

∂x2 − 2
∂2A1(x ; y)

∂x∂y
+ 2

∂2A1(x ; y)

∂y2

«
,

J1(x ; y) =

Z Z `
1{γ(x+γ(x,ζ̄),ζ)+γ(x,ζ̄)≥y} − 1{γ(x,ζ)≥y}

´
hε(ζ)dζh̄ε(ζ̄)d ζ̄

+

Z Z `
1{γ(x,ζ)+γ(x,ζ̄)≥y} − 1{γ(x,ζ)≥y}

´
hε(ζ)dζh̄ε(ζ̄)d ζ̄,

J2(x ; y) =

Z Z
1{γ(x+γ(x,ζ1),ζ2)+γ(x,ζ1)≥y}hε(ζ1)hε(ζ2)dζ1dζ2

− 2
Z Z

1{γ(x,ζ1)≥y}hε(ζ1)hε(ζ2)dζ1dζ2.
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Some consequences

1 State-free jumps (i.e. γ(x ; ζ) := γ(ζ)):

A1(x ; y) =

Z
{γ(ζ)≥y}

h(ζ)dζ =:

Z ∞
y

g(ζ)dζ

A2(x ; y) = 2b(x)g(y)− σ2(x)g′(y)

+ 2
Z Z `

1{γ(ζ)+γ(ζ̄)≥y} − 1{γ(ζ)≥y}
´

hε(ζ)dζh̄ε(ζ̄)d ζ̄

+

Z Z `
1{γ(ζ2)+γ(ζ1)≥y} − 21{γ(ζ1)≥y}

´
hε(ζ1)hε(ζ2)dζ1dζ2

2 • b(x) > 0 increases the tail probability P(X x
t ≥ x + y) by b(x)g(y).

• σ(x) 6= 0 increases (resp. decreases) the tail probability P(X x
t ≥ x + y) by

|σ2(x)g′(y)| when g′(y) < 0 (resp. g′(y) > 0).

3 Note that if {ζ : γ(ζ) ≥ y} ∩ supp(h) = ∅, but

{(ζ1, ζ2) : γ(ζ1) + γ(ζ2) ≥ y} ∩ supp(h)2 6= ∅, then A1 = 0 and A2 6= 0.
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The main results Expansions for the transition densities

Second-order expansion for the transition densities

Theorem (F-L & Ouyang, 2011)

In addition to the previous conditions assume that b(x), σ2(x) ∈ C∞b and σ(x) ≥ δ for

some δ > 0. Then,

pt (x + y ; x) = ta1(x ; y) +
t2

2
a2(x ; y) + O(t3), as t → 0. (3)

There exists a ε0 > 0 small-enough such that for all 0 < ε < ε0, A1 and A2 admit the

following representations:

a1(x ; y) := − ∂

∂y
A1(x ; y), a2(x ; y) := − ∂

∂y
A2(x ; y).
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Outline of Proof

Some needed notation

1 Zt (ε) =
P

s≤t φε(∆Zs)∆Zs (“big" jumps) and Z ′t (ε) =
P

s≤t (1− φε(∆Zs))∆Zs

(“small jumps").

2 Zt (ε) =
PNε

t
i=1 Jεi , with (Nε

t ) Poisson with intensity λε :=
R
φε(z)h(z)dz and

Jεi
i.i.d.∼ hε(z)/λε.

3 Define the following processes for a set π := {s1, . . . , sn} ⊂ R+:

Xt (ε, ∅, x) := x +

Z t

0
b(Xu(ε, ∅, x))du +

Z t

0
σ (Xu(ε, ∅, x)) dWu

+
X

0<u≤t

γ
`
Xu−(ε, ∅, x),∆Z ′u(ε)

´
;

Xt (ε, π, x) := x +

Z t

0
b(Xu(ε, π, x))du +

Z t

0
σ (Xu(ε, π, x)) dWu

+
X

0<u≤t

γ(Xu−(ε, π, x),∆Z ′u(ε)) +
X
i:si≤t

γ(Xs−i
(ε, π, x), Jεi ).

4 Lεf (y) := σ2(y)
2 f ′′(y) + b(y)f ′(y) +

R
(f (y + γ(y , ζ))− f (y)) h̄ε(ζ)dζ.
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Key steps

1. Condition on the number of “big jumps" by time t :

P(X x
t ≥ x + y) = e−λεt

∞X
n=0

P( X x
t ≥ x + y

˛̨
Nε

t = n)
(λεt)n

n!
.

2. Note that
• P

`
X x

t ≥ x + y
˛̨
Nεt = 0

´
= P (Xt (ε, ∅, x) ≥ x + y);

• P
`

X x
t ≥ x + y

˛̨
Nεt = 1

´
= 1

t

R t
0 P (Xt (ε, {s}, x) ≥ x + y) ds;

• P
`

X x
t ≥ x + y

˛̨
Nεt = 2

´
= 2

t2

R t
0

R t
s1

P (Xt (ε, {s1, s2}, x) ≥ x + y) ds2ds1;
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Rüschendorf & Woerner’s Approach

1 Consider the Lévy-Itô decomposition:

Xt = X cp,ε
t| {z }

Comp. Poiss. of jumps > ε

+ bεt + σ Bt + lim
δ↘0

“
X (δ,ε)

t − EX (δ,ε)
t

”
| {z }

X̄ (ε)
t := Drift + Brownian + Small-jumps

.

2 Conditioning on the number of jumps of X cp,ε by time t ,

P(Xt ≥ x) = e−λεt
nX

k=0

(λεt)k

k !
+ O(tn+1);

3 Using estimates by Léandre (1987), argue that for fixed n, x0 > 0, and δ > 0, there

exists t0 := t0(δ) > 0 and ε small enough s.t., for all k ≥ 0 and x ≥ x0,˛̨̨̨
˛P(

kX
i=1

ξεi + X̄ (ε)
t ≥ x)− P(

kX
i=1

ξεi ≥ x)

˛̨̨̨
˛ ≤ δ + O(tn+1).
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nX

k=0

P

 
kX

i=1

ξεi + X̄ (ε)
t ≥ x

!
(λεt)k

k !
+ O(tn+1);

3 Using estimates by Léandre (1987), argue that for fixed n, x0 > 0, and δ > 0, there

exists t0 := t0(δ) > 0 and ε small enough s.t., for all k ≥ 0 and x ≥ x0,˛̨̨̨
˛P(

kX
i=1

ξεi + X̄ (ε)
t ≥ x)− P(

kX
i=1

ξεi ≥ x)

˛̨̨̨
˛ ≤ δ + O(tn+1).
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Rüschendorf & Woerner’s Approach

1 Consider the Lévy-Itô decomposition:

Xt =

NtX
i=1

ξεi| {z }
Comp. Poiss. of jumps > ε

+ bεt + σ Bt + lim
δ↘0

“
X (δ,ε)

t − EX (δ,ε)
t

”
| {z }

X̄ (ε)
t := Drift + Brownian + Small-jumps

.

2 Conditioning on the number of jumps of X cp,ε by time t ,

P(Xt ≥ x) = e−λεt
nX

k=0

P

 
kX

i=1

ξεi ≥ x

!
(λεt)k

k !
+ O(tn+1) + O(δ);

for any 0 < t < t0(δ).

3 Using estimates by Léandre (1987), argue that for fixed n, x0 > 0, and δ > 0, there

exists t0 := t0(δ) > 0 and ε small enough s.t., for all k ≥ 0 and x ≥ x0,˛̨̨̨
˛P(

kX
i=1

ξεi + X̄ (ε)
t ≥ x)− P(

kX
i=1

ξεi ≥ x)

˛̨̨̨
˛ ≤ δ + O(tn+1).
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