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@ The local-jump diffusion model



The local-jump diffusion model Definition
Setup

© (2, F,P): complete probability space;

® (W:): Wiener process (i.e. continuous process with independent and stationary
increments such that W; ~ N(0, t));

® (Z): Lévy process (i.e. cadlag independent and stationary increments s.t. Z, = 0)
without “Gaussian component” and with “Lévy density" h: R\{0} — R.:

Eexp(iuzZ;) = exp {t <iub +/ (e —1— iuz1{z§1})h(z)dz> } :
R\{0}

® W and Z are independent;
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@ Assume Z to be of bounded variation without drift (i.e. Zi = > _, AZs);
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Local jump-diffusion model

@ Assume Z to be of bounded variation without drift (i.e. Zi = > _, AZs);
® Fix deterministic functions:
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@ Existence and uniqueness of (X) are guaranteed under standard linear growth
and Lipschitz conditions on the coefficients b, o, and ~;



The local-jump diffusion model Definition

Local jump-diffusion model

@ Assume Z to be of bounded variation without drift (i.e. Zi = > _, AZs);
® Fix deterministic functions:

b(x):R—R, o(x):R—R, ~(x,2):RxR\{0} >R, st ~(x,0)=0;
® The Model:

ot
X,X:x+/ b(XSX)ds+/ o(X)dWs + > y(X, AZ).
JO .

s<t

@ Existence and uniqueness of (X) are guaranteed under standard linear growth
and Lipschitz conditions on the coefficients b, o, and ~;

® More general process:

X,7x+/bXX ds+/ dWs+// i, (ds, dz),
\z\<1

where [i, := u, — Ep, is the compensated jump measure of Z:

u,((u, vl x [c,d]) :==#{te (u,v]: AZ € [c,d]}, O<u<v,c<d).
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Properties

O AXY =X — XL =~(XL,AZ);



Properties
O AXY =X — XL =~(XL,AZ);
® (X{) is a Homogeneous Markov Process:
P(Xfelcdl[ XS, s<t) =P (X7 e[c,d|X), (t<T)
P(XFelcd| X =y) =P (Xfn€lc.d| Xn=y), (t<T;h>0).



Properties
O AXS =X — X =~v(X,AZ);
® (X{) is a Homogeneous Markov Process:
P (X7 € e, d]| X5, s<t) =P (X7 €[c,d]| X), (t<T);
]P)(X¥ € [C7d]|XfX Z}/) :]P(X;Jrh € [C7d]|Xfih :y)7 (tS T, h> 0)
® Dynkin’s Formula:
t
E [f(X{)] = f(x)+/ E[Lf(XS)]ds,
0

for f € CZ, where L is the so-called Generator Operator of X:

2
(LA(y) = bLOF (y) + 7 é” f'(y) + /R\{O}(f(y +9(y,2)) - f(y))h(z)dz.
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Properties
0 AX =X = X© = (X<, DZ);
® (X{) is a Homogeneous Markov Process:
P(Xfelcd| XS, s<t)=P(Xfelc,d|X), (t<T)
P(XFelcd| X =y) =P (Xfn€lc.d| Xn=y), (t<T;h>0).
® Dynkin’s Formula:
t
E [f(X{)] = f(x)+/ E[Lf(XS)]ds,
0

for f € CZ, where L is the so-called Generator Operator of X:

2
(L) = b ) + L0 0)+ [y +0.2) — ()h)dz,
R\{0}

© In particular, Lf(x) = lim,_o X0 o RIf(X0)] = f(x) + LF(x) + o(t);
@ Iff,Lf,... L"f:= L(L"""f) are CZ, then

tn+1

OGO = 100 + 3 2100 + 0 (1 - e xzotde.
k=1



Outline

(2] The problem



The problem

Short-time asymptotics for the transition distributions
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The problem Overview

Short-time asymptotics for the transition distributions

© Objective 1
Fix x € R and y > 0. Study the rate of convergence of P(X{ > x + y) to 0 as
t—0:

N £ "
P(X; >x+y)= A1(y;x)t+A2(y;x)§ +~.+An(y;x)ﬁ + o(t™™).



The problem Overview

Short-time asymptotics for the transition distributions

© Objective 1
Fix x € R and y > 0. Study the rate of convergence of P(X{ > x + y) to 0 as
t—0:

N £ "
P(X' > X +y) = Ay )t + Aayi X) 5 + oo+ Anlyi X)L+ o(t™).

® Obijective 2
Study the asymptotic behavior of transition density p(z; x) = LP(X} < z) (when
it exists) in short-time;
t2 tn n+1
pi(2) = ai(z; X))t + ax(z; x)E + -+ an(y; x)m +o(t").
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Applications

©@ Non-parametric estimation methods for o, v, b based on high-frequency
observations Xa, Xoa, ..., Xaa of X (i.e. when time-span A);

1
Z 1{X(k na=y+x} — A (yv X|"/7 h)A + O(A)
#{Xka € (x —0,x +0)} Xen €(—b,x+6) ’



e
Applications

©@ Non-parametric estimation methods for o, v, b based on high-frequency
observations Xa, Xoa, ..., Xaa of X (i.e. when time-span A);

1
Z 1{X(k na=y+x} — A (yv X|’Y1 h)A + O(A)
#Xea € (X=0x+0)}, o= s

® Numerical valuation of moments E[®(X7)]:
Let Fi(x; ) := E[®(X{)] and ﬁ,(x; ®) be an “explicit" approximation in short-time;
Then,forme Nand A :=T/m,

Fr(x; ®) = E[E[®(XF)|XA]] = E[Fr_a(XX; ®)] = Fa(x; ®),

where $(y) := Fr_a(y; ®), which in turn is approximated as before, replacing T
by T — A. Convergence is attained whenever F; is a second-order approximation.
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The problem Applications

Literature

e Léandre (1987):
For z # x and o = 0 (Pure-jump case),

im p(zix) = - &

h(¢)d¢ =: g(z — x;x)  (“Lévy density" of (X{))
(0 A2 oz

In particular, we expect, for y > 0,

tIimO }P(X,X >x+y)= I|m / pi(z; x)dz —/ g(u; x)du.



The problem Applications

Literature

e Léandre (1987):
For z # x and o = 0 (Pure-jump case),

im p(zix) = - &

h(¢)d¢ =: g(z — x;x)  (“Lévy density" of (X{))
0 92 Jicnozn

In particular, we expect, for y > 0,
tlimo }P(X,X >Xx+y)= I|m / pi(z; x)dz —/ g(u; x)du.

e [shikawa (1994) and Picard (1996):
Let z > x. Note that

supp(h) 1 {C (6, Q) 2 2 =0 = lim pi(zx) = 0.

In that case, pi(z; x) ~ t"g.(z; x), where & is the minimal number of jumps
needed to reach z from x and g.(z; x) # 0.
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Literature. Cont...

e Rischendorf & Woerner (2002):
For a “general Lévy process” (Xi),

P(X; > 2) = Ay(2)t + Ao(2) "

2 n
t n+1y,
5ot A2 O™ (2> 0)

p(2) = a(2)t + az(Z)g ot an(Z)an! +O(t"); (2#0)

(1)
()



The problem Earlier literature

Literature. Cont...

e Rischendorf & Woerner (2002):
For a “general Lévy process” (Xi),

P(X: > z) = Ai(2)t + AQ(Z)g + A,,(z),:—n! +0(t"™"); (z>0)

p(2) = a(2)t + az(z)§ Fera@ b oy (2£0)

e F-L & Houdré (2009):

@ Provide a formal proof of expansions (1)-(2);

® Introduce a new approach based on a “regularization" method of the function
f(u) =1y>z;

® Found explicit general expressions for the coefficients.
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Small-time expansions for Lévy tail distributions

@ Key Assumption: For alle > 0 and k > 0, the Lévy density h of X is smooth s.t.

sup |h%(x)| < oo;
[x|>e
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Small-time expansions for Lévy tail distributions
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sup |h%(x)| < oo;
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® Theorem: [F-L & Houdré, SPA 2009]
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The problem Earlier literature

Small-time expansions for Lévy tail distributions

@ Key Assumption: For alle > 0 and k > 0, the Lévy density h of X is smooth s.t.
sup | (x)] < oo;
|x|>e
® Theorem: [F-L & Houdré, SPA 2009]
Forany xo >0& n>0,thereexistsatfy >0st. VO<t<lh &V x> X,
t? t" -~
P(X; > x) = Ai(x)t + Ag(x)E + An(x)m + Oy (1").
® The coefficients:
CA1( ) |Im[4,ot X{>X f h
o Ap(x) =limio 2 {1P(X; > x) — Ar( x)}

:_2/ h(v)dv/ h(u)du+/ / 1y vsxy h(U) (V) dudy
vI>e x e Jvise 1FE

_UZh/(x)+2b5h(x)—2/H< /01 H (x — Bu)(1 — B)dAuPh(u)du
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Assumptions

© Z has a C*°(R\{0}) non-zero Lévy density h such that, for every e > 0 and n > 0,

(i) / (1 A [C))AQ)AC < oo, and (i) sup [A7()] < oo,

[¢|>e
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The main results Expansions for the transition distributions

Assumptions

© Z has a C*°(R\{0}) non-zero Lévy density h such that, for every e > 0 and n > 0,
6) [ (1 AIDAIAC < o0, and (i) sup [K(Q)] < oc.
[¢|>e

® Forany x,¢ € R, v(x,0) =0, 7(-,-) € C*>, and

9y(x, ) < G A1), 1+M >4,  forsome Ci < 00,8 > 0.
ox! ox

sup
x
(3] For fix e > 0, let ¢g S COO(R) s.t. 1\C|25 < ¢5(C) < 1|C\ZE/2' Let

a oo

- h(¢)¢<(¢)dC, > 0).
3 oo (Q)ee(€)dC (y>0)

ge(yix) :=

Then, for some gg > 0 and all £ < &g,

9"Mge (v u) / =
— | < 00, Su
8y"aum S ue(x—éF,)x-M)

0"g:(y; u)

sup oum

UER,y>0

dy < co.
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Second-order expansion for the transition tail distributions

Theorem (F-L & Ouyang, 2011)
Foranyx e Randy > 0,

. t*
P(XY > x+y) = tAi(x; y) + EAg(x; y)+o(ff), as t—0,

where A¢(x; y) admits the representation:

Ai(x;y) = / h(¢)d¢.
{v(x,$)=y}




The main results Expansions for the transition distributions

Second-order expansion for the transition tail distributions

Theorem (F-L & Ouyang, 2011)
Foranyx e Randy > 0,

. t*
P(XY > x+y) = tAi(x; y) + EAg(x; y)+o(ff), as t—0,

where A¢(x; y) admits the representation:

Ai(x;y) = / h(¢)d¢.
{rv(x.Q)>y}

Remarks:
@ Leading term depends only on the jump component;

® Ai(x;y) can be interpreted as the intensity of jumps AXJ that exceed y when
X = x;
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Ax(X;y) = DX y) + Ti(x:y) + Je(X: Y),
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where

D(x;y)
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Expansions for the transition distributions
Theorem (F-L & Ouyang, 2011)

Let h-(¢) = ¢-(¢)h(¢) and h=(¢) = (1 — #-(¢))h(C). Then, there exists a sy > 0
small-enough such that for all 0 < £ < &9, A2 admit the following representations:

Ax(X;y) = DX y) + Ti(x:y) + Je(X: Y),

where
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Expansions for the transition distributions
Theorem (F-L & Ouyang, 2011)

Let h-(¢) = ¢-(¢)h(¢) and h-(¢) = (1 — #-(¢))h(C). Then, there exists aco > 0
small-enough such that for all 0 < £ < &9, A2 admit the following representations:

Ax(X;y) = DX y) + Ti(x:y) + Je(X: Y),

where

D(x:y) = b(x) (8A1Z§))§;}/) _23/\18(;;}’))

N o?(x) (82A1 (x:y) 282A1 (x;y)

2 .
: +23 A1(X,Y)>7

ox? oxdy y?
»71(’“}’)://(1{w(xﬂ(x,c‘),ow(xf)zy}—1{w(x,r;)zy}) h-(¢)d¢h({)d
+//(1{w(x,o+w(x,f)zy}*1{v(x,02y})hs(C)dC/_k(f)dC_,

J2(x: ¥)




Expansions for the transition distributions
Theorem (F-L & Ouyang, 2011)

Let h-(¢) = ¢-(¢)h(¢) and h-(¢) = (1 — #-(¢))h(C). Then, there exists aco > 0
small-enough such that for all 0 < £ < &9, A2 admit the following representations:

Ax(X;y) = DX y) + Ti(x:y) + Je(X: Y),

where

D(x;y) = b(x) (8A1 (x:y) 8A1 (x; y))

ox ay
a?(x) {PAi(x;y) 3 282A1 (x;y) N 282A1 (x;¥)
2 ox? ox0oy oy? '

»71(’(?)’)://(1{v(x+w(x,c‘),<)+w(x,z)zy}—1{w(x,r;)zy}) h-(¢)d¢he(C)d<
+//(1{w(x,o+w(x,f)>y} —14002y1) he(¢)d¢h()dC,
Jo(X;y) = //Hw (et (0,61), )t (x,¢) >y e () e (G2) dG e

~2 [ [1000enh(@)h(@)dode.




Some consequences



The main results Expansions for the transition distributions

Some consequences

© State-free jumps (i.e. v(x; ¢) := v(¢)):
Ai(x;y)

Aa(x: y)



The main results Expansions for the transition distributions

Some consequences

© State-free jumps (i.e. v(x; ¢) := v(¢)):
A(xiy) = hoydc = [ g(0)dc
167 /{w(c)zy} (© /y (©

Ax(x: y)
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Some consequences

@ State-free jumps (i.e. v(x;¢) :=~v(¢)):
Ai(x;y) = h(¢)d¢ =: b d
(X ¥) /{ R / 9(¢)ac
Ax(x;y) = 2b(x)g(y) — o*(x)g'(¥)
+2//(1{v(c)+w(<‘)zy}—1{w<<>zy})he(C)dCEe(f)df

+ / / (V) ivenzyy — 21 iaezyy) he(Ci)he(C2)d¢idée
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Some consequences

@ State-free jumps (i.e. v(x;¢) :=~v(¢)):
Ai(xy) = h(¢)d¢ =: b d
(X ¥) /{7( LS / 9(¢)ac
Ao(x; y) = 2b(x)g(y) — o*(x)d'(¥)
+2// (O i4©D2yr — Via©2yy) he(€)dCh(C)dC
+ / / (Vactvcnzyy — 212y ) he(Ci)he(C2)dGidé

® ¢ b(x) > 0 increases the tail probability P(X} > x + y) by b(x)g(y).
e o(x) # 0 increases (resp. decreases) the tail probability P(X > x + y) by
l0%(x)g'(v)| when g’(y) < 0 (resp. g'(y) > 0).



The main results Expansions for the transition distributions

Some consequences

@ State-free jumps (i.e. v(x;¢) :=~v(¢)):
Ai(xy) = h(¢)d¢ =: b d
(X ¥) /{7( LS / 9(¢)ac
Ao(x; y) = 2b(x)g(y) — o*(x)d'(¥)
+2// (O i4©D2yr — Via©2yy) he(€)dCh(C)dC
+ / / (Vactvcnzyy — 212y ) he(Ci)he(C2)dGidé

® ¢ b(x) > 0 increases the tail probability P(X} > x + y) by b(x)g(y).
e o(x) # 0 increases (resp. decreases) the tail probability P(X > x + y) by
|0%(x)g'(y)| when g’(y) < O (resp. g'(y) > 0).

® Note that if {¢ : v(¢) > y} nsupp(h) = 0, but
{(¢1,¢) (&) +7(¢2) > y} Nsupp(h)? # 0, then Ay = 0 and A # 0.



The main results Expansions for the transition densities

Second-order expansion for the transition densities

Theorem (F-L & Ouyang, 2011)

In addition to the previous conditions assume that b(x), o?(x) € Cg° and o(x) > & for
some 6 > 0. Then,

2
(X + yi X) = tas (x; y) + %ag(x; Y)+ O, as t—0. 3)

There exists a ey > 0 small-enough such that for all 0 < e < 9, Ay and A, admit the
following representations:

ai(x;y) = ,%A (x;y), a(x;y) = fagyAg(x;y).
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® Define the following processes for a set m := {sy,...,8,} C Ry:
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Some needed notation

O Zi(c) = Yosct 9 (AZs)AZs (big" jumps) and Z{ () = >, (1 — ¢-(AZs))AZs
(“small jumps").

D Zi(c) = Z, ‘1 Jr, with (Nf) Poisson with intensity A := [ ¢.(z)h(z)dz and
Ji R b (2) /A
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Some needed notation

0 Zi(e) = Yooy $=(AZ)AZs ("big" jumps) and Z{(e) = 3=, ,(1 — ¢-(AZs))AZs

(“small jumps").

D Zi(c) = Z, ‘1 Jr, with (Nf) Poisson with intensity A := [ ¢.(z)h(z)dz and
J; " he(2) /A
® Define the following processes for a set m := {sy,...,8,} C Ry:

t t
Xi(g,0,x) := x + / b(Xu(e, 0, x))du + / o (Xu(e, 0, x)) dW,
+ ) 7 (X (e.0,%), AZ)(e)) ;

o<u<t
t t
Xi(e, 7, X) = X + / b(Xu(e, 7, X))du + / o (Xo(e, 7, X)) AW,

+ ) AKX (e x), AZy()) + Y V(X (2.7, %), JF)-

o<u<t i:si <t

© L.A(y) == T (y) + bY)F () + [ (F(y + 2y, O)) — () Be(¢)dC.
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P (X(e,5,%) 2 X +y) =E[P(Xi(e,8,%) = X + y| Fs )]
= E[F(Xs(e,0,2) +1(2,9) 2 X+ V)], x_(conn)]
= E[Ho(Xs- (¢, 0, x))] = E[Ho(Xs(e, 0, x))],
where
Ho(2) := Ho(z X, y) := P (Xi-s(e, 0, 2) + (2, J7) =2 x + y) = E[H (Xi-s(, 0, 2))],

with Hy(u) == Hi(u; x, y,2) =P (y(z,J5) > x +y — u).



Key steps

5. Apply Dynkin’s formula:

Ho(z) = E[Hi(Xi—s(,0, 2))]

P (Xi(e,8,x) > x + y)



Key steps

5. Apply Dynkin’s formula:

Ho(2) = E[Hi1(Xi—s(g,0,2))] = Hi(z; X, y,2) + LcHi(zZ; X, ¥, 2)(t — S) + O(tz);

Hy o(zix,y) Hy 1(zix,y)

P(Xi(e,8,%) =2 x + )



Key steps

5. Apply Dynkin’s formula:

Ho(2) = E[Hh (Xi—s(e,0,2)] = Hi(2; X, ¥, 2) + L-Hh (2: X,y 2)(t = 8) + O(£);
Hi o(zix,y) Hy 1(zix,y)

IED()(T(Ev S, X) > X +y) = E[HO(XS(€7®7X))]




Key steps

5. Apply Dynkin’s formula:

Ho(2) = E[Hi(Xi—_s(e,0,2))] = Hi(z; X, ¥, 2) + LeHi (z; x, ¥, 2)(t — 8) + O();
Hy o(2:,y) Hy 1 (2:%,Y)
P(Xi(e,s,x) = x +y) =E[Ho(Xs(e, 0, x))]
= E[Hi0(Xs(c,0,X))] +E [H1.1(Xs(e, 0, x)] (t — ) + O(%)




Key steps

5. Apply Dynkin’s formula:

Ho(2) = E[Hi(Xi—_s(e,0,2))] = Hi(z; X, ¥, 2) + LeHi (z; x, ¥, 2)(t — 8) + O();
Hy o(2:,y) Hy 1 (2:%,Y)
P(Xi(e,s,x) = x +y) = E[Ho(Xs(e, 0, x))]
= E[Hi0(Xs(c,0,X))] +E [H1.1(Xs(e, 0, x)] (t — ) + O(%)
= Hyo(X; X, ¥) + L-Hi o(x; X, y)s + Hi1(x; X, y)(t — 8) + O(£%).




Key steps

5. Apply Dynkin’s formula:

Ho(2) = E[Hi(Xi—_s(e,0,2))] = Hi(z; X, ¥, 2) + LeHi (z; x, ¥, 2)(t — 8) + O();
Hy o(2:,y) Hy 1 (2:%,Y)
P(Xi(e,s,x) = x +y) = E[Ho(Xs(e, 0, x))]
= E[Hi0(Xs(c,0,X))] +E [H1.1(Xs(e, 0, x)] (t — ) + O(%)
= Hyo(X; X, ¥) + L-Hi o(x; X, y)s + Hi1(x; X, y)(t — 8) + O(£%).

6. Putting all together:



Key steps

5. Apply Dynkin’s formula:

Ho(2) = E[Hi(Xi—_s(e,0,2))] = Hi(z; X, ¥, 2) + LeHi (z; x, ¥, 2)(t — 8) + O();
Hy o(2:,y) Hy 1 (2:%,Y)
P(Xi(e,s,x) = x +y) = E[Ho(Xs(e, 0, x))]
= E[Hi0(Xs(c,0,X))] +E [H1.1(Xs(e, 0, x)] (t — ) + O(%)
= Hyo(X; X, ¥) + L-Hi o(x; X, y)s + Hi1(x; X, y)(t — 8) + O(£%).

6. Putting all together:

P(X{>x+y|Nf=1) 1/IP>(Xt Ashx)>x+y)ds



Key steps

5. Apply Dynkin’s formula:

Ho(2) = E[Hi(Xi—_s(e,0,2))] = Hi(z; X, ¥, 2) + LeHi (z; x, ¥, 2)(t — 8) + O();
Hy o(z:x,) Hy 1(z:x,)
P(Xi(e,s,x) = x +y) = E[Ho(Xs(e, 0, x))]
= E[H10(Xs(e,0, X))] +E[Hi1(Xs(e,0,))] (t — 5) + O(?)
= Hyo(X; X, ¥) + L-Hi o(x; X, y)s + Hi1(x; X, y)(t — 8) + O(£%).

6. Putting all together:
P(X{>x+y|Nf=1) = 1/IP>(Xt Ashx)>x+y)ds

= Hio(X; X, y) + §[LeH1,o(X; X, ¥) + Hia(x; x,y)] + O(£).



Key steps

5. Apply Dynkin’s formula:

Ho(2) = E[Hi(Xi—_s(e,0,2))] = Hi(z; X, ¥, 2) + LeHi (z; x, ¥, 2)(t — 8) + O();
Hy o(z:x,) Hy 1(z:x,)
P(Xi(e,s,x) = x +y) = E[Ho(Xs(e, 0, x))]
= E[H10(Xs(e,0, X))] +E[Hi1(Xs(e,0,))] (t — 5) + O(?)
= Hyo(X; X, ¥) + L-Hi o(x; X, y)s + Hi1(x; X, y)(t — 8) + O(£%).

6. Putting all together:
P(X‘>x+y|Nf=1) = 1/IP>(Xt Ashx)>x+y)ds
= Hio(x; X, y) + E[Lef‘/uo(x: X, ¥) + Hii(x; x, )] + O(£%).

Note Hio(x; x,¥) = P(7(x, ) = ¥) = A" [, ), (Q)6-(C)dC.



Key steps

5. Apply Dynkin’s formula:

Ho(2) = E[Hi(Xi—_s(e,0,2))] = Hi(z; X, ¥, 2) + LeHi (z; x, ¥, 2)(t — 8) + O();
Hy o(z:x,) Hy 1(z:x,)
P(Xi(e,s,x) = x +y) = E[Ho(Xs(e, 0, x))]
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6. Putting all together:
P(X‘>x+y|Nf=1) = 1/]P’(Xt Ashx)>x+y)ds
= Hio(x; X, y) + E[Lef‘/uo(x: X, ¥) + Hii(x; x, )] + O(£%).

Note Hr o(x; X, ¥) = P(v(x,J5) > y) = A" [, o=, H(C)6=(Q)dC.
7. One can similarly proceed with P ( X} > x + y| Nf = 2).
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X = S& wbttoB+lm (X7 -EXY).
i=1 N0
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® Conditioning on the number of jumps of X%= by time t,

n k k
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® Using estimates by Léandre (1987), argue that for fixed n, x, > 0, and § > 0, there
exists t := fp(d) > 0 and e small enough s.t., for all kK > 0 and x > Xxo,

<5+ 0(t").

k k
PO+ X2 > x) ~ PS¢ > x)
i=1

i=1




Ruschendorf & Woerner's Approach

© Consider the Lévy-Itd decomposition:

X = > & +b.t+0 B+ lim (X9 —EX*)) .
— o\t t
1=
x(€)
Comp. Poiss. of jumps > & X;~/:= Drift + Brownian + Small-jumps

® Conditioning on the number of jumps of X%¢ by time t,

P(X; > X) —eAS’ZP<Z§, >x> 1)"

forany 0 < t < t(9).

n+1)+ o( )

® Using estimates by Léandre (1987), argue that for fixed n, x, > 0, and § > 0, there
exists t := fp(d) > 0 and e small enough s.t., for all kK > 0 and x > Xxo,

k k
PO + X > %)~ P> € > x)| <a+ 0™,

i=1 i=1
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