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Let {Py : 0 € ©}, © C R? or perhaps more general, be a family of
probability measures on R, and let II be a probability measure on
O, the prior distribution of 8. Let X; be i.i.d. with law 6y € ©, 60,
unknown. In finite dimensional problems, under fairly general
assumptions, the posterior distribution of # given the data Xj;,

i =1,...,n, concentrates about the true value 6, at the rate n=1/2,
relative to any norm, for example as a consequence of the

Bernstein-von Mises theorem. For infinite dimensional parameters,

it is known that the posterior could even be inconsistent (e.g.,
Diaconis and Freedman (1986)). Ghosal, Gosh and van der Vaart
(2000), among others, developed techniques that allow to obtain

best rates of concentration of the posterior in Hellinger metric in
density estimation, assuming the prior is chosen adequately (not
too large a support, enough mass on Kullback-Leibler divergence
neighborhoods of the true value). In particular, van der Vaart and
Zanten (2008) applied this theory to Gaussian process priors.




With the aim of obtaining rates of concentration in the stronger
supremum norm distance, we replaced the entropy properties of the
support of the prior by approximation theoretic properties related
to wavelets, that are satisfied by Holder (and Besov) balls, while
keeping the second condition about enough mass on
Kullback-Leibler neighborhoods. This allows for relatively more
transparent proofs that use concrete tests based on wavelets and to
get rates in sup norm. However, our rates in sup norm may not be
optimal, in fact we obtain a continuous transition of rates, from
optimal in L"-norms, 1 < r < 2, to steadily lower for L" as r grows
from 2 to co. Question: is this is the best one can do?

On the other hand, in non-parametric GGaussian regression the
minimax rate of contraction in the sup norm (in all the L™ norms

simultaneously) obtains for certain diagonal priors.

Our proofs use Borell and Talagrand’s inequalities and small balls
probabilities. Here is a more detailed description.




1. Rate of posterior contraction in sup norm in
non-parametric Gaussian regression with conjugate prior.
Consider the problem of estimating a function observed in

Gaussian white noise: given a noise level 1/4/n,n € N, we observe
1
VN
for f = fo € L3(|0,1]), where B is Brownian motion on [0, 1]. What

dY "™ (t) = f(t)dt + —=dB(t), t€0,1], (1)

we observe is fol h(t)dY (™ (t) for h the elements of an orthonormal

basis of L2([0,1]), hence, for any h € Lo. One wishes to estimate fj

based on this observation. Assuming fy € C“([0, 1]) for some

a > 0, we take a Cohen-Daubechies-Vial wavelet basis of regularity
r > « (a modification of a Daubechies wavelet basis to fit the
interval). Then, observing Y (") is equivalent to observing its action
on the basis:
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with the variables g, ggr all i.i.d. N(0,1). So,

Y = (yr, yex) € Lo, where yy, is N (0, 1/n) and ye is N(Og,1/n),
all independent. fo becomes the vector 6y = (67,69, )! of the
coefficients of its wavelet expansion, that is 67 = (fo, ¢x) and

07, = (fo, dex), and any prior II on Ly maps onto a prior, still
denoted by II, on the parameter space {0 : 0 = (65, 0.)" € l2}.




Take the prior

oo 2¢

=L ng¢k+zzr93k¢€k

(=0 k=1
in Lo(]0,1]), with the ¢’s i.i.d. N(0,1) and with

o =1,y = £7127¢Ca+ ) yp 5 .

(or IIT =L (gk, \ /,Lnggk)t in ¢, for the wavelet coefficients of f). The

posterior ITY = TI(-|Y (™) is then the law of # given the observed
process Y (™) and, just as in one dimension, it is also Gaussian,

with mean and covariance

6(Y) = En(0]Y"™) = 3(S + I/n) Y™ = S(S+ I/n) " (g yer)’

(6)
Y™ =2y + 1)L, (7)

where Y is the covariance of II, in our case, diagonal.




In one dimension, Y™ =6 + g/\/nis N(6,1/n) and 6 is N(0, ut)
independent of g, and it is well known and easy to see that the
posterior distribution of 8 given Y (™) = y is

N( LY I )
p+1/n"nu+1)

The equations (6) are just this in Hilbert space.




Theorem 1. Let 0 < o < r and let II be the Gaussian prior on
L5([0,1]) defined by (4) based on a Cohen-Daubechies-Vial wavelet
basis of L*([0,1]) of smoothness at least r. Let fo € C*(]0,1]), let

<log n) Oé/(QQ/,—I—l)
En = )
n

and suppose we observe dYO(n) (t) = fo(t)dt + dB(t)//n. Then,
there exists C < oo and My < oo depending only on the wavelet

basis, o and || folla.co such that, for every My < M < oo, and for
alln € N,

Byl (f N F = folleo > Mgn\y(}”)) < exp(—C2(M — My)?logn).
(8)

This is a result on the rate of posterior concentration about the

true parameter fy in the sup norm. Some consequences follow:




The posterior mean given Yo(n) is a formal Bayes estimator of fj
and equals

N oo 2¢

En(f|Y,") = > i 1/ Uedr + ) Z + 1/ Yertber  (9)

k=1 EOkl

with yr = (fo, o) + gr/v/n and yer = (fo, Yer) + gex /1.

Corollary 1. Under the same conditions and notation as in
Theorem 1,

Pr ([ Bu(F1YS™) = folleo > 2Mey ) =0

from some n onwards, in fact, at least for all n such that
exp(—C?(M — My)?logn) < 1/2.

Theorem 1 is thus best possible as its consequence for the Bayes
estimator Fri(f|Yy) is.




Not surprisingly, the proof of the theorem follows easily by the
Borel-Sudakov-Tirelson exponential inequality and a simple
estimate of the supremum of a Gaussian sequence, and that of the

corollary uses also Anderson’s inequality.




2. Density estimation. Let P be a class of bounded continuous
probability densities on [0, 1], and let X1,..., X, be a random
sample drawn from some unknown probability density pg with joint
law P)'. Suppose one is given a prior probability distribution II

defined on some o-algebra B of P. The posterior is the random

probability measure defined on B by

fB 1= 1p dH<p)

(B|X1,..., Xn) = B e B.

JIL=, p(X;)dI(p)

We describe our results on two general examples.

2.1. Uniform wavelet series. Suppose an apriori upper bound
on the Holder norm ||pg||a.cc is available, so that the prior can be

chosen to have bounded support in C*([0, 1]).




An example is obtained by uniformly distributing wavelet
coefficients on a Holder ball. Let {¢g, ¥k} be a N-regular
Cohen-Daubechies-Vial-wavelet basis for L?([0,1]), let us be
i.i.d. U(—B, B) random variables, and define, for a < N, the

random wavelet series

Ua() = Y uordr(@) + Y Y 27 2wy (2), (11)
k

=Jo k

which has trajectories in C*([0,1]) C L"([0,1]),1 < r < 0o, almost
surely since C*([0,1]) = Bg, ,,([0,1]) has a definition in terms of
the coefficients of wavelet expansions,

I loe = 5P k()] +5up 22| Bea(£)]




Since ||Uyllco < C(B, a, 1) and since the exponential map has
bounded derivatives on bounded subsets of R, the same applies to
the random density

GUO‘ (x)

p () :

whose induced law on C(|0, 1]) we denote by I1¢.

Proposition 1. Let X;,..., X, be i.i.d. on |0,1] with density pg
satisfying || 1log polla.co < B. Let 1 <r < o0,

r =max(2,r),r* = min(r,2), and suppose o« > 1—1/r*. Then there
exist finite positive constants M,n = n(a,r) such that, as n — oo,

a—1/241/7

1 {p e P llp - poll, > Mn~ 55" (logn)| X1,..., X, |} =7 0.
(12)




For 1 < r < 2, the concentration rate n~ 2a+1 (logn)" is best
possible up to the log term, but not necessarily for o > 2.

2.2. (Gaussian process priors. A variety of Gaussian process
priors have been considered in the nonparametric Bayes literature
recently, mainly by van der Vaart and coauthors. For simplicity, we
restrict consideration to integrated Brownian motions.

Definition 1. Let B(t) = By,2(t), t € [0,1], be a
(sample-continuous version of ) standard Brownian motion. For
a>1,ae{n—1/2:n¢e N}, settz’ng{oz}:oz—[ |, |a] being the
integer part of a,, B, is defined as the |al-fold integral

Ba(t) //] // s)dsdty - dta)

([ ]—1)./“_5) LB(s)ds, t € [0,1],

where for |a] = 1 the multiple integral is understood to be fot B(s)ds.




We would like to define our prior on densities as the probability law

of the random process
B,

Jy eBa(Mat

(Lenk, 1991) but we must make two corrections: First, since

Bc(f)(O) = 0 a.s., k < [a], would impose unwanted conditions on the

(13)

value at zero of the density and its derivatives, we should release
B, at zero, i.e., take B, := ngoio Zt* /k! + B, where Z,, are

i.i.d. N(0,1) variables independent of B, (see van der Vaart and
Zanten (2008)). In order to deal with bounded densities, we
introduce a second modification to (13), and define our prior (on
the Borel sets of C([0,1])) as

=L |Balloo < ¢ (14)
fo eBa®dt

where c is a fixed arbitrary positive constant.




Proposition 2. Let 1 <r < o0,

¥ = max(r,2),a € {n —1/2,n € N} and assume a) pg € C*([0,1]),
and b) po is bounded and bounded away from zero, say,

2|l log pol|lco < ¢ < 00. Let IT be the prior defined by (14) where « is
as in a) and c is as in b). Then, if X; are i.i.d. with common law

Py of density pgy, there exists M < oo s.t.

a—1/241/F

1T {p eP:lp—pollr > Mn~ 271 (logn)/2Hor==1|X;, ... ,Xn}

tends to zero in P} -probability as n — oo.




The result in Proposition 2 extrapolates to fractional multiple
integrals of Brownian motion (Riemann-Liouville processes) of any
real valued index o > 1/2, and it also extends to the related

fractional Brownian motion processes.

The properties of these Gaussian processes that make them
suitable for these results are the following (only stated for

integrated Brownian motion).

One is that B, has its trajectories a.s. in C®°1/2 the space of
bounded continuous functions with [«| bounded derivatives and
with the [a]-th derivative with modulus of continuity

o=l (log t_l)l/ 2 and that Borell’s concentration inequality applies

for the norm in this space; we also need the more refined inequality
about concentration in sup-norm-e-neighborhoods of RKHS balls

-in the case of released at zero integrated B.M., for each «, the
RKHS is precisely the Sobolev space HT1/2-.




The second property we use is that the small ball estimate

Pr{||By — w|joc <&} > e %) p.(e) =0 V) as e — 0,

holds for all w € C* (Li and Linde, 1999).

These properties, suitably modified, are inherited by the processes
defining the priors.




2.3. A general result. The previous propositions are
consequences of more general results, and the properties of
(Gaussian processes just mentioned are used for checking their

conditions. Here is one of the two general results we have. Will
only consider T'= [0,1] (T = R is also possible). We need

Condition 1. Let T = [0,1]. The sequence of operators

Ki(z,y) =2 K(2z,27y);z,y € T,7 > 0 is called an admissible
approzimating sequence if K(x,y) = K(x —y) is a standard

convolution kernel of bounded p-variation for some p > 1 or if

K(x,y) =), ¢x(z)dr(y) is the projection kernel of a
Cohen-Daubechies-Vial (CDV) wavelet basis (boundary corrected

Daubechies wavelets) -or a Daubechies wavelet basis if T = R-.




Theorem 2. Let P be a set of probability densities on |0,1], and
let 11,, be priors defined on some o-algebra of P for which the maps
p — p(x) are measurable for all x € [0,1]. Let X; be i.i.d. with law
Py and density pg € P. Let 1 <r < oo and let e, — 0 as n — oo be

a sequence of positive numbers such that \/ne, — oo as n — oo. Let

5y = en(ne2)2 "2, (15)

2

for some v, >1Vn. Let J, be any sequence satisfying 2’» < cne?

for some fired 0 < ¢ < 0o, and let K; be an admissible

approrimator sequence. Let P, be a sequence of subsets of
{peP: K, () —plr < CK)o}. (16)

where C(K) is a constant that depends only on the operator kernel

K. Assume there exists C' > 0 such that, for every n large enough,

1) IL,(P\ P,) < e~ (CHdnen g




2
2) 11, {p cP: —Pologpﬂ0 <&k, B (log p%) <

Let po € L"([0,1]) s.t. || Kz, (po) — pollr = O(0n). If 6, = 0 as
n — 00, then there exists M < oo such that

I, {peP:|p—polr>Mé|X1,....,Xn} =0 asn— o0 (17)
in P} -probability.
If we also impose that pg is bounded and that
IL,(p€P:|ple >B|X1,...,X,) =0

as n — oo in PY-probability for some B < oo, then, for 1 < r < oo,

: 11 :
we can improve the rate to 9,, = 8n(n€%) 27 TV27y,, assuming

en = O(yn(nep) /7271,




Note that the rates interpolate between 6,, = &, for r =1 (or, in
the bounded case, for r = 2) and 6,, = \/ne? for r = oo (slower
than e,, as /ne, — 00).

Condition 2) handles the denominator in

1L, {p cP: Hp_pOH'r > M(Sn‘XlaaXn}

_ Jip=poli. >0, H?—l po (X3 )AL (p)

fP 1= 1p0 )dH ()

in the sense that, basically by Chebyshev’s inequality (Ghosal,
Ghosh and van der Vaart, 2000), if II is supported by the set in
condition 2), then one has, for all ¢ > 0,

- P (1 2 1
pPr | | (X)) (p) < e~ (FoInen L < .
0 {/leo( ) (p)—e }_6277,8,%




The numerator can be handled with the existence of ‘tests’
-indicator functions- ¢,, = ¢, (X1, ..., Xn;po) such that

lim P}'¢, = 0 and sup P"(1—¢,) < 2¢~ (CHd)ne,
" PEPn:|lp—poll-=>Mdn

(for n large enough). Van der Vaart et al. used tests specific for the

Hellinger distance derived from some abstract tests proved to exist
by LeCam and by Birgé by means of entropy conditions. Our tests

have the form
GOn = I(”ﬁn _pOHT > M(Sn}v

where p,, is a kernel or wavelet type density estimator. Then, the
proofs of the above inequalities are obtained via Talagrand’s
inequality and moment bounds for ||(P, — P)K(z,-)|,, 1 <r < oo,
together with control of bias term ||P"p,, — p||» = || K, p — p||-,

p = po and p € P,, using (16).




In particular, P must satisfy some good theoretic approximation
properties, like the C'* or the Besov spaces.

The different rates for different r come from the estimation of the
po-variance of (K; * f)(X) (or with the dominating convolution
kernel ®; in the wavelet case), f € L®, s conjugate of r,

K;(z,y) = 27 K(2/x,2y), using Young’s inequalities: for pg € L",

we can only get
(Epo (5 # [)*)2 < |lpoll2/ 2|1 K * fllos < C27/27120),
but for 1 < r < 2 and po bounded, hence in L5/(572),

Epy (Kj*f)? < llpolls/(s—2) I K% flls < llpolls/cs—2) 1K [T £115 = const.

For r = 00, (Ep, K;(z — X)2)V/2 < C(K)||po]| 5727/,




Regarding the use of small balls probabilities in the verification of
condition 2) of the theorem, first we observe that if ||wg||co < ¢/2
and € < ¢/2,

6_¢w0 (5)
Pr{|Ballec < c}’

Pr{||Ba — wolloo| < &]||Balloo < ¢} =

next, that setting I(w) = e"/ fol e" (t)dt, that with elementary
computations, if wg = logpg (so, po = I(wg)) and p = [(w) with
|w||oo < ¢, then

2
_Pylog L < R(e)Jw — woll%, Py (1og ﬁ) < R(e)|lw — wol%

Po Po

hence, for any € s.t. R71/2e < ¢/2, if w = B, (w),




2
H{pe P —Polog£ <e? Py (log£> < 52}
Po Po

> Pr {||Ba — wollee] < B™Y%||| Baloo < c} — C(c)e b0 (@),

With e,, = 1/n®/(22+1) 50 that en /e = ne?, we get the last
2

quantity bounded by e~¢"¢», which verifies Condition 2) in the
general theorem, and modulo many details, yields Proposition 2.

Research to appear in Ann. Statist., [11].
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