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Background

Non-local Fokker-Planck type equation

-

p individual/particle density, mass |, p = 1 conserved
Orp = 0x(p Ozlalp) + W p+V])

a: (non-linear) diffusion

W(x) = W(—x): even interaction potential

V. external (confining) potential

# inelastic material — W ~ |z|'*¢, aggregation

# collective behaviour, swarming/flocking — W ~ e*lzl e+
attractive and repulsive/attractive

L’ chemotaxis W ~ log |z| 2D: aggregation despite diffusion J
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Non-local interaction equations

Non-local interaction equation

-

measure solutions, mass |, p = 1 conserved

2 [ ( _;OO W’(x—ﬁ)p(ﬁ,t)di)] ,

1D: consider u(z) 2 of the distribution function
u(z) = inf {w ceR; [*_pdr> z}, for z € 0, 1]

Oyu(z / W' (u u(z)) dg,

2[Li, Toscani], [Carrillo, Di Francesco, Figalli, Laurent, Slepcev]
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Non-local interaction equations

Conservation of (the centre of) mass

Non-local interaction equation

o) = [ W) - e i

Conservation of (the centre of) mass fo Uin(2) dz:

d
7 dz—//W' )) dédz =0,

Normalisation

1 1
/ u(z,t)dz = / Uin(2) dz = 0 t>0,
\— 0 0



Non-local repulsion-aggregation
A Smooth Double-Well Potential

-

Actin filaments with or without cross-linking proteins?

W double-well potential

local maximum at x = 0 : G:=—=W"0)>0
local minimum at x = 2z¢: «a:= W"(2xq) >0

4[Kang, Perthame, Primi, Stevens, Velazquez]

Banff 26.1.2012 — p. 5/41



Non-local repulsion-aggregation

Morse potential, Doubly-singular potential
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Non-local repulsion-aggregation

Overview

-

Underlying (immodest) question:

# What is the relation between i)
, I) the shape and properties of interaction
potential 17/, and iii) the initial data?
Outline:
# Smooth Double-Well Potentials (— Gaél Raoul)
#® Morse Potentials

#® Douby-Singular Double-Well Potentials

o |
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Smooth Double-Well Potential

An explicit example

-

evenly smoothed modulus |z|. on the interval (—¢,¢) fore > 0
Wox) = 2°—|z|l., Wl(x)=2x—sign_(z), W/(z)=2-26.(0)
where we assume

1
sign_(0) =0 and sign (+e) = +1 0:(0) ~ .

2K.F., G. Raoul, M3AS (2010)

o |
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Smooth Double-Well Potential

rNumeric:s: W, = 2* — |z|. with e = 0.4

Weak repulsion: Four initial humps converge to two Diracs
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Smooth Double-Well Potential

rNumeric:s: W, = 2% — |z|. with e = 0.18

More repulsion: Four initial humps converge to four Diracs
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Smooth Double-Well Potential

rNumeric:s: W, = 2% — |z|. with e = 0.18

More repulsion: Three initial humps converge to three Diracs
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Smooth Double-Well Potential

rNumeric:s: W, = 2% — |z|. with e = 0.03

-

Strong repulsion: Convergence to multiple Diracs

u(z)
p(x)




Non-local interaction equation
Thm: Stationary States

-

#® 1V analytic = the stationary states are “discrete” sums of
Diracs: p(z) = > ., pidu,(z), Dy pi = 1, p; > 0,
or E(Z) — Zz y Ui g, Iy = [qu Pjs ngi pj)1 ‘[z’ = Pi-

® W e (% = accumulating Diracs have no spectral gap.

A sum of Diracs u = ), u;1;, with |I;| = p; is stationary state
Iff

]
—

Z W (u = V'(u), i

LProof: Ol = fo W (u(é) — u;)dé — V'(u;) on z € I J
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Non-local interaction equation
Thm: Linear stability steady state p=>_" | p;du,

=

-

# linear stability under small provided

0 < m,; — ZW”(UJ' — uz)p] -+ V”(ui) Vi = 1, ey N

g=1

# linear stability under of the w;, If the matrix
M = diag (m;) — (p:W" (u; — u;))

has a positive spectrum
iff V' = 0 then on the hyperspace {(w;) : > ", w; = 0}

o |
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Non-local interaction equation

Thm: Local nonlinear stability without exchange of mass

W,V € C** = Linearly stable stationary state p = >_"" | p;d,,
are locally non-linear stable w.r.t. Wasserstein W, i.e.

[u(0) —tfle <e = lut) —tfle < C(1+1")e ™,

T
Proof: Consider the vector w := (’U@"vfllvv xE flnv) , then

d —diag (m;) O(1)

= 2 ) @+ o)),

LStabiIity In higher dimensions via atomisation [CDFLS] J
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Singular interaction potential

An explicit example

-

formal: local repulsion — Dirac = quadratic diffusion

Singular locally repulsive example potential: W (z) = z*—|z]

Unigue bounded solution for smooth enough initial data

Unique stationary state: p = [ 1 1

N
N

on supp(p):
0=W'"xp= /R 2(z — y)dp(y) — /R sign(z — y)dp(y)
=2:r:—/_$ dp(y)+/oodp(y) =2x+1—2/_x dp(y)

o |
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Singular repulsion

Arbitrary many stable Diracs: an explicit example

-

Construct stable stationary states with n € N Dirac masses:
u = Zf?:l UZ’]I[Z. with ’[z‘ = 0 and maXi{(uiH — UZ)} >e >0

0= ijng(uj —u;) = —2u; + ij — ij
j=1

1< 71>1
using >_7_, pj=1and >\, u;p; =0
For all n € N, obtain many stationary states

_PiEhm o o2
2 n

(Ui+1 — Uz)

LStabmty m; — Z?:l ijé/(Uj — uz) =2 — % >0=¢ec> % J
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Singular repulsion

Weak limit towards continuous stationary state, ¢ € C

-

up = -2 — —Landu, = =2 — Isince p; < 2 forn — oo.

/R p(x)dp(z) = zn: p(ui) pi = zn: / u+2 plus) d

1=1 i=1 Y Wi

Theorem: W, —- W = —|z

, V strictly convex = p.—p

LBioIogy: Reorientation of filament network. J
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Morse potentlal

lz|
WeL,L,(x) = —FLie 't 4+ Loe~ Ly With Ly > L, 0 < F < 1 O

Uniform initial support within [—3, 3]

Single aggregate as (numerically) stable stationary state®
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Morse potentlal

lz|
WeL,L,(x) = —FLie 't 4+ Loe~ Ly With Ly > L, 0 < F < 1 O

Uniform initial support within [—3.5, 3.5]

Two aggregates as (numerically) stable stationary state
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Morse potentlal

lz|
WeL,L,(x) = —FLie 't 4+ Loe~ Ly With Ly > L, 0 < F < 1 O

Uniform initial support within [—5.5,5.5]

Three aggregates as (numerically) stable stationary state
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4[Dolak, Schmeiser, 2005]
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Doubly-singular Double-Well Potential
lecewise linear
- B

A relative strength of repulsion and attraction
r > 0: range of repulsion
c € (r,00]: cut-off

/

—|l, z| <,
Wr,)\,c(w) = < )\|CE| — ’I“()\ + 1), r < |LE| < ¢,
\ 07 ‘ZC‘ > C,

disadvantage: by now existence [Carrillo, Ferreira, Precioso]
advantage: , of pattern

o |
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Discrete Stochastic M odel

Randon Walk on discrete lattice

-

Discrete Stochastic Model: does not see singular potential.

N agents on lattice, choose randomly N to move at time step.
p;(k): average relative occupancy of site i at the kth time step.

pi(k +1) — pi(k) = Ppi1(k)Ri—1(k) + pip1(k)Lita (k)
—pi(k) {Ri(k) + Li(k)}],

R;(k),L;(k): step-to-right, step-to-left transition probabilities

pilk+1) —pi(k)  PA (pz(k)Rz(k) — pi—1(k)Ri—1 (k)
T T A

Pi+1(k)Lz‘+1(k) — Pz(k)Lz(k)
- : 2 )
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Discrete Stochastic M odel

Continuum Expansion

-

I =[vi— A/2,2;+ AJ2) and T, = [(k — 5)7, (k + 35)7]:

// (x,t) do dt =~ A p(x;, ty).
Tk

Formal Taylor expansion

8pgl; Y +O(1) = _PTA 8833 {p(az,t)(R(x, t) — L(a, t))}
+(9(PTA )

with assumption
PA
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Discrete Stochastic M odel

Transition Probabilities

r(k)= Y W/(Aj—Ai)pi(k) >0,
AW (Aj—A7)>0
(k)= Y, WA — A0 p(k) <O,
jAUW! (Aj—A7)<0
Ri(k) = —r(k), Li(k) S
0 = Ti\K), 0 - = AUDE
W] W]
1 . .
X jtijelL

o



Discrete Stochastic M odel

Formal Continuum Limit

-

0 K 0 oo
=i ([ We-ontena) .

— 00

Alternative Transition Probabilities

1
Ri(k) = o () LR H (k) + 1)),
1
Li(k) = =y (k) + ()} 1= H (k) + (k) )|

Fast Simulation Transition Probabilities
Ri(k) = H (ri(k) + Li(k) ).

L Li(k) = —[1 _ H(m(k) +Z7;(k))] o



Doubly singular double-well
ﬁWr,,\(:c) mit » = 0.4 und X\ = 0.5,0.9,1.0,1.1,2.0 (a)-(e)

-

Aggregates on islands, spaced with
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Doubly singular double-well

Energie Evolution: single realisation and average

Scaled inverse energy function Ei, (k) = % with
E(k) = 5073252, pi(k)pi (K)W (Ai — Aj):

@25 ©) 15

A=0.5 A=0.5
Ein Ein 1}
1 0.5¢
© @ 1
A=2 A=2
Ein E
0.5 0.5
wa AN 0

0 time k 500 0 time k 500

-



Doubly singular double-well
Large Initial Support and Cut-Off

-

Wircforr=04,A=05,c=1.2.
Uniformly distributed initial mass with support [—5, 5].

Continuum Model:
15 1

Y E

o5 0 5 9% X 140
X



Doubly singular double-well
Large Initial Support and Cut-Off

Wiaeforr=0.4,\=0.5c=1.2. Initial support [—5, 5.

Two Realisations of Stochastic Model:

20 1.5
P Ein
1
10} T
0 ’ . , 0
X
20 T T - 1.5
p Ein
1
10r
‘ 0.5}
L ;

5 25 0 2.5 5 0 time K 500
X



M or se Potential

Continuum model: Slow-Fast Time Evolution

WF,Ll,LQ with ' = 0.9, Ll = (.25 and L2 = (.1.
Uniform initial support is within [—3, 3.
(@)

4.5 4.5 4.5

P P P
THRIPEI T

-3 0 3 -3 0 3 3 0 3

(b) X X X
1 1
Ein W2
R
0 B
0 t 2500 0 t 2500

(a) Densities p(z,t) at the three times ¢t = 520, 2170, 2500.

b) Time evolution of - E 5h) ) and the Wasserstein W, norm.
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M or se Potential

Stochastic Model: Slow-Fast Time Evolution

simulation1  Simulation 2
5 5
k=200 k=200
I )
0—3 o 3 0—3 o 3
X X
5 5
=1000 k=1000
W M | M
0—3 (0] 3 0—3 (0] 3
5 5
k=10000 =10000
| W
O MN
0—3 o 3 -3 (o] 3
X
1
n
O.5fy 6 soo ssoo 0.5 o
o 5000 10000 o 5000 = 10000

time k time k

Lp at the three time steps £ = 200, £ = 1000, and k& = 10000. J
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Non-uniqueness of aggregates

Non-local Stochastic M odels

Double-well potential,
Initial data with three smoothed aggregates

o
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Non-local Stochastic M odels

Non-uniqueness of aggregates

-

Same double-well potential, same random walk “diffusion®

Initial data with four smoothed aggregates
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Non-local Stochastic M odels

Increasing variance of random walk

-

Low variance: 8 aggregates
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Non-local Stochastic M odels

Increasing variance of random walk

Medium variance: about 7 aggregates

u(z)

p(x)

I

-



Non-local Stochastic M odels

Increasing variance of random walk

High variance: 1 aggregate
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Non-local Stochastic M odels

Stationary States with Diffusion

-

Steady State Equation: Dp' = —CpW' % p.
Example: W (z) = ga? + dz*

o(z) = p(py)e~ BB@=1) + (6057 6+8) (@—p1)’)

where = [p(z — p1)?p(X) de.

LBimodaIity criterium: —3 = 6%
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Non-local Stochastic M odels

Stationary States with Nonlinear Diffusion

-

Steady State Equation: Dp' = —CpW' % p.
What with: W (x) = 2 — |z|.?

Nonlocal ODE:

T T+E€
h'o=k— ;/ ") dy

has non-small periodic oscillation,
but not the localised limit problem:

h' =k —Te"
| J
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Non-local Stochastic M odels

Stationary States with Nonlinear Diffusion

Steady State Equation: Dp"p" = —CpW' % p.
Example: W(z) = 8z* (or W(x) = «alz| + (2?)

Profile of Stationary State

{x— |.L|j.r"L

Banff 26.1.2012 — n. 40/41



Non-local interaction equations

Conclusions

-

# smooth double-well potentials feature multiple,
non-unique Dirac-type stationary pattern

#® complicated relation between 1V and stationary pattern

# singular repulsion of interaction potential at O has
smoothing effect on fewer stationary pattern

#® doubly-singular interaction potential offer predictable
aggregates on islands.

#® good agreement of continuum and stochastic model

- THANK YOU! -
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