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Introduction

What is flocking?

Nature gives many examples of flocking behavior.

There are two characteristics in a flock:

e the distance between individuals remains bounded (bounded
distance),

@ they all move in the same direction (alignment).
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A model with asymmetric interactions
©0000

The Vicsek model

Discrete Vicsek model ('95)
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A model with asymmetric interactions
00®00

The Cucker-Smale model

Cucker and Smale proposed a simple model:
@ no noise (e = 0),
@ no constraint on the velocity (|w;| # 1),

@ the mean velocity (£2;) is simply a sum.
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A model with asymmetric interactions
00®00

The Cucker-Smale model

Cucker and Smale proposed a simple model:
@ no noise (e = 0),
@ no constraint on the velocity (|w;| # 1),

@ the mean velocity (Q;) is simply a sum.

Cucker-Smale model '07

dX,' dV,
= Vi, = Z qbl_j i 5 (1)

dt

where oo > 0 and ¢j; is the influence of agent j on agent i:

i = ¢(Ixj — xil).

with ¢(-) a positive decreasing function (ex: ¢(r) = 177).
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A model with asymmetric interactions
[elelelel ]

Flocking for the C-S model

Def. {x(t), vi(t)}1<i<n converges to a flock if we have:

Sébastien Motsch (CSCAMM) Models of flocking with asymmetric interactions 25 January 2012 9/ 19



A model with asymmetric interactions
[elelelel ]

Flocking for the C-S model

Def. {x(t), vi(t)}1<i<n converges to a flock if we have:

dx (t) = max;; [x;(t) — x;(t)]
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A model with asymmetric interactions
[elelelel ]

Flocking for the C-S model

Def. {x(t), vi(t)}1<i<n converges to a flock if we have:

dx(t) = max;j|x;(t) = x;(t)] < C bounded distance
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A model with asymmetric interactions
[elelelel ]

Flocking for the C-S model

Def. {x(t), vi(t)}1<i<n converges to a flock if we have:

dx(t) = max;j|x;(t) = x;(t)] < C bounded distance
dy(t) = maxi |v;(t) — vi(t)]
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A model with asymmetric interactions
[elelelel ]

Flocking for the C-S model

Def. {x(t), vi(t)}1<i<n converges to a flock if we have:

dx(t) = max;j|x;(t) = x;(t)] < C bounded distance
dy(t) = max;j |v;(t) — vi(t)] =% 0 alignment
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A model with asymmetric interactions
[elelelel ]

Flocking for the C-S model

Def. {x(t), vi(t)}1<i<n converges to a flock if we have:

dx(t) = max;j|x;(t) = x;(t)] < C bounded distance
dy(t) = max;j |v;(t) — vi(t)] ZF 0 alignment

Flocking for the C-S model

Thm. If the influence function ¢ decays slowly enough:

/0 " 4(r) dr = +o0,

then the C-S model converges to a flock.

Ref. Cucker-Smale ('07), Ha-Tadmor ('08),
Carrillo-Fornasier-Rosado-Toscani ('09), Ha-Liu ('09).
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A model with asymmetric interactions
°

Drawbacks of the C-S model

o
Y w

group G

In the “small” group Gi alone:

d,
L Z(bu i)

Sébastien Motsch (CSCAMM) Models of flocking with asymmetric interactions 25 January 2012~ 10/ 19



A model with asymmetric interactions
°

Drawbacks of the C-S model
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A model with asymmetric interactions
°

Drawbacks of the C-S model
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J “n large distance Y (V. ‘;
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Y W s
group Gy group G

In the “small” group G; with the “large” group Gy:

dv; « Nl o M
1
e ?1 Gjj(vj —vi) = Nﬁ,\b?l Pij(vj — vi)
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A model with asymmetric interactions
°

Drawbacks of the C-S model

-~ AN
T e
J “n large distance Y (V. ‘;
-
Y W s
group Gy group G

In the “small” group G; with the “large” group Gy:

dv; Qo Nt Ve « i
1
e JZ; Gjj(vj —vi) = M;%(VJ —v;) = 0!
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A model with asymmetric interactions
[ 1o}

We propose the following dynamical system:

dX,' dV,'
=vj, = i Vi), 2
e Mzm v, @)

with ¢ = ¢(|x; — x;|) and o > 0.

The influence of the agent j on agent i is weighted by the total
influence, "), ¢, exerted on agent i.
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A model with asymmetric interactions
[ 1o}

We propose the following dynamical system:

dX,' dV,'

N L mz% —v), @

with ¢ = ¢(|x; — x;|) and o > 0.

The influence of the agent j on agent i is weighted by the total
influence, "), ¢, exerted on agent i.

Remark. If ¢;; = ¢g = the C-S dynamics.
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A model with asymmetric interactions
[ 1o}

We propose the following dynamical system:

dX,' dV,'

N L mz% —v), @

with ¢ = ¢(|x; — x;|) and o > 0.

The influence of the agent j on agent i is weighted by the total
influence, "), ¢, exerted on agent i.

Remark. If ¢;; =~ ¢9 = the C-S dynamics. Otherwise the model
better captures strongly “non-homogeneous” scenario.
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A model with asymmetric interactions
oe

Asymmetric interactions

The model can be written as:

dX,'
ey \[-7
dt ’

dV,'
dt

=« *vi)v

N
> iy

Jj=1

Sébastien Motsch (CSCAMM)

Models of flocking with asymmetric interactions

25 January 2012~ 12/ 19



A model with asymmetric interactions
oe

Asymmetric interactions

The model can be written as:

N
dX,' dv,
de " B g i
ith: i — X
Wl aj = N@(‘XJ X ‘) >0 Zaij:l'
> k=1 Pk = xil) 7
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A model with asymmetric interactions
oe

Asymmetric interactions

The model can be written as:

dX,' dv,-
i i az ajj(vj — i),
j=1
ith: j — Xi
with = el oy
> k=1 Xk — xil) T

The model lacks the symmetry property:

Non-symmetric interaction

a,-j 7& aj,-
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A model with asymmetric interactions
oe

Asymmetric interactions

The model can be written as:

N
dX,' dv,-
dt = Vi, dt = Oéz a,-j(vj — V,'),
j=1
ith: i — Xj
with = el oy
> k=1 Xk — xil) T

The model lacks the symmetry property:

Non-symmetric interaction

a,-j 7& aj,-

The total momentum (V=4 >_; v;) is not preserved in the model!
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Flocking for the new model

Outline

© Flocking for the new model
@ /> approach
@ Condition for flocking
@ Extension
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Flocking for the new model
®00

(°>° approach

Trick: v; = a ) _; a;(v; —v;)
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Flocking for the new model
®00

(°>° approach

Trick: v; =a( Vv; — v;) withv;=3:a;v;
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Flocking for the new model
®00

(°>° approach

Trick: v; = a( v, — V,') with v; = Zj ajjv;
Take p, g such that: Ve
" o . . V
dy = |vp — vg| N — .4
p— Vg “r.
E \o \:q/’f
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Flocking for the new model
®00

(°>° approach

Trick: v; =a( Vv; — v;) withv;=3:a;v;
Take p, g such that: vy, e
« v
dv = |vp — vg| Y V.l
p— Vg “{Vp
.\. \’.(1;"
Then,
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Flocking for the new model
®00

(°>° approach

Trick: v; = a( v, — V,') with v; = Zj ajjv;
Take p, g such that: Ve
<« . v
dy =|vp—v N _ . Ve
|4 ’ P q‘ .\.11. \/.(1}’4
Then,
d 5 ) )
a|"p—"q| = 2(Vp — Vg, Vp — Vgq)
< 20‘|"P_"q|(‘vpqu‘*"’p*"q‘)go-
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Flocking for the new model
®00

(°>° approach

Trick: v; = a( v, — V,') with v; = Zj ajjv;
Take p, g such that: Ve
<« . v
dy = |vp — vg| N — .4
P q N
LN, Voo
Then,

2(vp — Vg, Vp — Vq)

|
<
T

|

<
D

I

< 2alv, - "q|(‘vp —Vg| — |vp — "qDS 0.

Vp = Vg = E  ApVj — Vg = E :apj("j_"q)
J J
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Flocking for the new model
®00

(°>° approach

Trick: v; = a( v, — V,') with v; = Zj ajjv;
Take p, g such that: Ve
Py o . . V
dy = |vp—v Ly v
’ P q‘ .\.11 . \/.(1}’4
Then,
—[vp — vq] = 2(Vp — Vg, Vp — Vgq)

< 2alv, - "q|(‘vp —Vg| — |vp — "qDS 0.

Vp—Vq = Zapj"j — Vg = Zapj("j —Vq)
J J
= Z apjdqi (VJ' - Vi)
i

Sébastien Motsch (CSCAMM) Models of flocking with asymmetric interactions 25 January 2012~ 14/ 19



Flocking for the new model
®00

(°>° approach

Trick: v; = a( v, — V,') with v; = Zj ajjv;
Take p, g such that: Ve
Py o . . V
dy = |vp—v Ly v
’ P q‘ .\.11 . \/.(1}’4
Then,
—[vp — vq] = 2(Vp — Vg, Vp — Vgq)

< 2alv, - "q|(‘vp —Vg| — |vp — "qDS 0.

Vp = Vg = E  ApVj — Vg = E :apj("j_"q)
J J
= D agagi(vi—vi) =) uiwS;.
i

iJ
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Flocking for the new model
oeo

Lemma

Lemma. Let S be an antisymmetric matrix bounded by M, u, w
be two positive vectors (u;, w; > 0) satisfying >, uj = >, w; = 1.
Then,

1> Sjuiwg| < M

i
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Flocking for the new model
oeo

Lemma

Lemma. Let S be an antisymmetric matrix bounded by M, u, w
be two positive vectors (u;, w; > 0) satisfying >, uj = >, w; = 1.
Then, for every 6 > 0,
1Y Siuiwi| < M (1= X*(0)6),
i
where A\(6) denotes the number of “active entries”

ANO):=#{j/uj>6and w; >0 }.
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Flocking for the new model
oeo

Lemma

Lemma. Let S be an antisymmetric matrix bounded by M, u, w
be two positive vectors (u;, w; > 0) satisfying >, uj = >, w; = 1.
Then, for every 6 > 0,

1> Sjuiws| < M (1—X%(0)6)
ij
where A\(6) denotes the number of “active entries”

ANO):=#{j/uj>6and w; >0 }.

Illustration.

g5 &R AP
N G AN
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Flocking for the new model
oeo

Lemma

Lemma. Let S be an antisymmetric matrix bounded by M, u, w
be two positive vectors (u;, w; > 0) satisfying >, uj = >, w; = 1.
Then, for every 6 > 0,

1> Sjuiws| < M (1—X%(0)6)
ij

where A\(6) denotes the number of “active entries”

ANO):=#{j/uj>6and w; >0 }.

Illustration.
A ()

ﬁ?@ N
4&@%%
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ooe
Proposition

Fix & > 0. Then the diameters dx(t) and dy(t) satisfy,

%dx(t)gdv(t) , %dv(t)g—a/\z(e)é?zdv(t).

where \() = # {j / apj > 0 for any p}.
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ooe
Proposition

Fix & > 0. Then the diameters dx(t) and dy(t) satisfy,

%dx(t)gdv(t) , %dv(t)g—a/\z(e)é?zdv(t).

where \() = # {j / apj > 0 for any p}.

Proof. Applying the lemma with |Sj;| < |v, — vg] yields:
[Vp — Vgl < |vp —vg|(1 = N*(0)6?),

Sébastien Motsch (CSCAMM) Models of flocking with asymmetric interactions 25 January 2012~ 16/ 19



ooe
Proposition

Fix & > 0. Then the diameters dx(t) and dy(t) satisfy,

%dx(t)gdv(t) , %dv(t)g—a/\z(e)é?zdv(t).

where \() = # {j / apj > 0 for any p}.

Proof. Applying the lemma with |Sj;| < |v, — vg] yields:
[Vp — Vgl < |vp —vg|(1 = N*(0)6?),

Therefore,

IN

2avp — Vq|(‘vp —Vg| — |vp — "q’)

—2alvp — vg|A*(0)6%|v, — vgl.

2
E‘VP — vg|

A
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ooe
Proposition

Fix & > 0. Then the diameters dx(t) and dy(t) satisfy,

%dx(t)gdv(t) , %dv(t)g—a/\z(e)é?zdv(t).

where \() = # {j / apj > 0 for any p}.

Proof. Applying the lemma with |Sj;| < |v, — vg] yields:
[Vp — Vgl < |vp —vg|(1 = N*(0)6?),

Therefore,

2 _ _
E“’p_"q‘ < 20‘|"p_"q|(“’p*"q‘ - "’p*"q’)
< —2alv, — vg|\2(0)603|v, — vg.

O

To conclude we need to find an appropriate 6 for which we can
count the number of “active entries” A(0).
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Theorem [M, Tadmor,2011]

If the influence function ¢ decays slowly enough:

|0 dr =+,
0

then the dynamics converges to a flock.
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Theorem [M, Tadmor,2011]

If the influence function ¢ decays slowly enough:

|0 dr =+,
0

then the dynamics converges to a flock.

Proof. 1) Take 6 = 2%) We have: a; = fof%_k > b)) g
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Theorem [M, Tadmor,2011]

If the influence function ¢ decays slowly enough:

|0 dr =+,
0

then the dynamics converges to a flock.

Proof. 1) Take 6 = %. We have: aj = % > ¢(,C\IIX) =0.
Thus, A(0) = N.
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Theorem [M, Tadmor,2011]

If the influence function ¢ decays slowly enough:

|0 dr =+,
0

then the dynamics converges to a flock.

Proof. 1) Take 6 = %. We have: ajj = Zfij%,-k > ‘75(;/,)() =0.

Thus, A(6) = N. Applying the proposition gives:

dx(t) <dv(t) ,  dy(t) < —ag®(dx(t)) dv(t).
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Theorem [M, Tadmor,2011]

If the influence function ¢ decays slowly enough:

|0 dr =+,
0

then the dynamics converges to a flock.

Proof. 1) Take 6 = %. We have: ajj = Zfij%,-k > ‘75(;/,)() =0.
Thus, A(6) = N. Applying the proposition gives:

dx(t) <dv(t) ,  dy(t) < —ag®(dx(t)) dv(t).

2) Using &(dx, dv)(t) := dy(t) + a [{X(D ¢2(s) ds [Ha-Liu]:
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Theorem [M, Tadmor,2011]

If the influence function ¢ decays slowly enough:

|0 dr =+,
0

then the dynamics converges to a flock.

Proof. 1) Take 6 = %. We have: ajj = Zfij%,-k > ‘75(;/,)() =0.
Thus, A(6) = N. Applying the proposition gives:

dx(t) <dv(t) ,  dy(t) < —ag®(dx(t)) dv(t).

2) Using &(dx, dv)(t) := dy(t) + a [{X(D ¢2(s) ds [Ha-Liu]:

& decreasing in time
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Theorem [M, Tadmor,2011]

If the influence function ¢ decays slowly enough:

|0 dr =+,
0

then the dynamics converges to a flock.

Proof. 1) Take 6 = %. We have: ajj = Zfij%,-k > ‘75(;/,)() =0.
Thus, A(6) = N. Applying the proposition gives:

dx(t) <dv(t) ,  dy(t) < —ag®(dx(t)) dv(t).
2) Using &(dx, dv)(t) := dy(t) + a [{X(D ¢2(s) ds [Ha-Liu]:

€ decreasing in time = dx(t) bounded
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Theorem [M, Tadmor,2011]

If the influence function ¢ decays slowly enough:

|0 dr =+,
0

then the dynamics converges to a flock.

Proof. 1) Take 6 = %. We have: ajj = Zfij%,-k > ‘75(;/,)() =0.
Thus, A(6) = N. Applying the proposition gives:

dx(t) <dv(t) ,  dy(t) < —ag®(dx(t)) dv(t).
2) Using &(dx, dv)(t) := dy(t) + a [{X(D ¢2(s) ds [Ha-Liu]:

€ decreasing in time = dx(t) bounded
= dy(t) — 0 expo. fast.
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Flocking for the new model
)

Extension

@ Applications to other models
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Flocking for the new model
)

Extension

@ Applications to other models
e models with /eader(s)

e Cucker-Smale model
e Consensus model...
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Flocking for the new model
)

Extension

@ Applications to other models
e models with /eader(s)

e Cucker-Smale model
e Consensus model...

@ Kinetic and macroscopic equations
e Kinetic equation: 8;f + v - Vf + V,(Ff) = 0.
e Fluid equation:

Otp + Vi - (pu) =0
Dr(pu) + V- (pu @ u) = S(u).
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Conclusion

Conclusion & Perspectives

Summary
@ Introduction of a asymmetric model of flocking
= lack of conservation and “emergence” of a flock
@ Use of a £°° approach to study its asymptotic behavior

=- Explicit condition on ¢ for the emergence of flocking
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Conclusion

Conclusion & Perspectives

Summary
@ Introduction of a asymmetric model of flocking
= lack of conservation and “emergence” of a flock
@ Use of a £°° approach to study its asymptotic behavior

=- Explicit condition on ¢ for the emergence of flocking

Perspectives
@ Existence and uniqueness for the kinetic equation
joint work with E. Boissard
@ Study the dynamics when ¢ has only a compact support

joint work with E. Tadmor
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