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What might a “random surface” look like ?

And what does it mean?

Physicists: Liouville Quantum Gravity

= 2d generalisation of Feynmann path integrals...

→ string theory etc.



Physics:

Knizhnik–Polyakov–Zamolodchikov 1980s

Duplantier and collaborators 1980s and 1990s

Mathematics:

Schramm 2006, Benjamini 2010, Duplantier-Sheffield 2010, Le

Gall 2011, Miermont 2011, Miller-Sheffield 2014+,...



Conformal parametrisation

Isothermal coordinates: Surface can be parametrised by D ⊂ C.

Conformal structure described by Riemann tensor:

ρ(z) ≥ 0, z ∈ D.





Postulate: Riemaniann metric in domain D ⊂ R2 given by

ρ(z) = exp(γh(z));

where h(z) = GFF,
γ ≥ 0 a parameter (equivalent to central charge or κ).

Problem: not well-defined (but nevermind).



KPZ relation.

Knizhnik–Polyakov–Zamolodchikov ( 6= Khardar–Parisi–Zhang)

Connection between Euclidean vs. Liouville geometries.

Fix A ⊂ D. Then

s =
γ2

4
∆2 + (1−

γ2

4
)∆.

Here s/∆ = Euclidean/Liouville scaling exponents of A: eg

Leb(Aε) ≈ ε2s.

Roughly,

dimEucl(A) = 2− 2s.



What can be done rigorously?

We still don’t know how to define the random surface.

Two approaches:

– Discrete via planar maps. [Le Gall, Miermont, etc.]

– continuum via Gaussian Free Field.



Want ρ(z) = exp(γh(z)), where h(z) = GFF

Cov(h(z), h(w)) = GD(z, w)

where GD = Green function in D.

Note: GD(z, w) ∼ − log |z −w| so h cannot be defined pointwise.

Metric yet undefined, but can define volume measure and Liou-

ville BM.

View h as (random) distribution

Let hε(z) = circle average.



Liouville Quantum Gravity measure.

Theorem. Duplantier–Sheffield (2010). Let γ ≥ 0.

µγ(dz) = lim
ε→0

εγ
2/2 × eγhε(z)dz

exists a.s. (weakly).

• µγ non zero iff γ < 2.

• No atoms, a.s.

Furthermore, ad-hoc version of KPZ formula.

Rhodes–Vargas: simpler approach (Gaussian Multiplicative Chaos).

Universality: choice of regularisation is irrelevant.



Intuitively, µγ = volume measure

(but still don’t know how to define metric).

Strong belief: γ =
√

8/3 is Brownian map, via circle packing

theorem.

Other values of γ should correspond to random planar maps

weighted by some statistical physics model.
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Liouville Brownian motion.

Main idea:

Can construct a canonical notion of Brownian motion in Liouville

quantum gravity.

Conjecture: this is the scaling limit of SRW on (weighted) ran-

dom planar maps.



We use:

Theorem. (Lévy 1940s).

Planar Brownian motion is conformally invariant.





Let f : D → D′ be conformal. Let (Wt, t ≥ 0) be BM in D.

Itô’s formula: Zt = f(Wt) = Bψ(t) where B is a BM in D′, and

ψ(t) =
∫ t

0
|f ′(Ws)|2ds.

ψ(t) = clock process

Note: |f ′(w)|2 = infinitesimal volume.



Set

φε(t) =
∫ t

0
εγ

2/2eγhε(Bs)ds

Then define

Zε(t) = B(φε(t)
−1).

Theorem. (B. 2013; GRV 2013) Let γ < 2. Then

Zε(t)→ Z(t) = Liouville Brownian motion

a.s. uniformly as ε→ 0.

Proof: GMC, or results of Dembo–Peres–Rosen–Zeitouni.



Furthermore:

• Z is a.s. continuous.

• Z does not stay stuck.

• GRV: define process from all starting points. Then Z is Feller.

• Liouville measure µγ is invariant (on R2 for a massive GFF).

Question: how much geometry is encoded in Z ?



Thick Points of the GFF.

Say that z ∈ D is an α-thick point if

lim
ε→0

hε(z)

log(1/ε)
= α.

Theorem. (Hu, Miller, Peres 2010).

dimEucl(Tα) = (2− α2/2) ∨ 0.



Liouville BM spends all its time in γ-thick points:

Theorem (B. 2013).

dim{t : Zt ∈ Tα} ≤
2− α2/2

2− α2/2 + (α− γ)2



α

dimension

α = 2α = γ

1

In particular,

Leb({t : Zt /∈ Tγ}) = 0, a.s.



Theorem (Jackson, 2014+). The upper bound was sharp:

dim{t : Zt ∈ Tα} =
2− α2/2

2− α2/2 + (α− γ)2



Heat kernel

Theorem (GRV 2013). Heat kernel pγt (x, y) is well-defined for all

x, y, t, and continuous.

Belief: as t→ 0,

p
γ
t (x, y) ≈

C

t
exp

(
−

dγ(x, y)
β

β−1

Ct
1

β−1

)

Theorem (Rhodes Vargas 2013). The spectral dimension is a.s.

equal to 2:

dS := lim
t→0
−2

log pγt (x, x)

log t
= 2



See also Maillard–Rhodes-Vargas–Zeitouni (2014): off-diagonal

bounds on p
γ
t (x, y), consistent with prediction.

More recently: Andrades–Kajino (2014) proved upper bound:

p
γ
t (x, y) ≤

C

t
log(t−1) exp

(
−

dγ(x, y)
β

β−1

Ct
1

β−1

)
for all β > (γ + 2)2/2.



Heat kernel KPZ
(BGRV, 2014)

Problem: how to define scaling exponents intrinsically?

• Duplantier–Sheffield: expected box counting dimension
(covering with Euclidean balls of given quantum mass δ)

• Rhodes–Vargas: measure-based notion, also covered with Eu-
clidean balls.

• David–Bauer: suggested Liouville heat kernel pγt (x, y).

Introduce Mellin transform: for s > 0,

Mγ
s (x, y) =

∫ ∞
0

t−spγt (x, y)dt



We expect

Mγ
s (x, y) ≈ d(x, y)−βs

So can formulate KPZ. Define capacity:

Cγs (A) = sup
{( ∫

A×A
Mγ
s (x, y)µ(dx)µ(dy)

)−1}
and dimension:

dimγ(A) = inf{s ≥ 0;Cγs (A) = 0}

→ geometrically intrinsic



Theorem (BGRV 2014)

Let A ⊂ R2 be a fixed bounded subset. Then a.s.,

dim0(A) =
(
1 +

γ2

4

)
dimγ(A)−

γ2

4
dimγ(A)2.

(KPZ formula).


