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Sparse Random CSPs

heuristic implementation of the definition in terms of pure state
decomposition (see Eq. 4). Generalizing the results of ref. 16, it is
possible to show that the two calculations provide identical results.
However, the first one is technically simpler and under much better
control. As mentioned above we obtain, for all k ! 4 a value of "d(k)
larger than the one quoted in refs. 6 and 11.

Further we determined the distribution of cluster sizes wn, thus
unveiling a third ‘‘condensation’’ phase transition at "c(k) ! "d(k)
(strict inequality holds for k ! 4 in SAT and q ! 4 in coloring, see
below). For " ! "c(k) the weights wn concentrate on a logarithmic
scale [namely, "log wn is #(N) with #(N1/2) fluctuations]. Roughly
speaking, the measure is evenly split among an exponential number
of clusters.

For " $ "c(k) [and ! "s(k)] the measure is carried by a
subexponential number of clusters. More precisely, the ordered
sequence {wn} converges to a well known Poisson-Dirichlet process
{w*n}, first recognized in the spin glass context by Ruelle (26). This
is defined by w*n % xn/&xn, where xn $ 0 are the points of a Poisson
process with rate x"1"m(") and m(") ! (0, 1). This picture is known
in spin glass theory as one-step replica symmetry breaking (1RSB)
and has been proven in ref. 27 for some special models. The Parisi
1RSB parameter m(") is monotonically decreasing from 1 to 0
when " increases from "c(k) to "s(k) (see Fig. 3).

Remarkably, the condensation phase transition is also linked to
an appropriate notion of correlation decay. If i(1), . . . , i(n) ! [N]
are uniformly random variable indices, then, for " ! "c(k) and any
fixed n:

! !
'xi!(

"#)xi)1* . . . xi)n** $ #)xi)1** . . . #)xi)n**"3 0 [5]

as N3 +. Conversely, the quantity on the left side of Eq. 5 remains
positive for " $ "c(k). It is easy to understand that this condition
is even weaker than the extremality one (compare Eq. 3) in that we
probe correlations of finite subsets of the variables. In the next two
sections we discuss the calculation of "d and "c.

Dynamic Phase Transition and Gibbs Measure Extremality. A rigorous
calculation of "d(k) along any of the two definitions provided above
(compare Eqs. 3 and 4) remains an open problem. Each of the two

approaches has, however, an heuristic implementation that we shall
now describe. It can be proved that the two calculations yield equal
results as further discussed in the last section.

The approach based on the extremality condition in Eq. 3 relies
on an easy-to-state assumption and typically provides a more
precise estimate. We begin by observing that, because of the
Markov structure of #!, it is sufficient for Eq. 3 to hold that the
same condition is verified by the correlation between xi and the set
of variables at distance exactly ! from i, that we shall keep denoting
as x!. The idea is then to consider a large yet finite neighborhood
of i. Given !" ! !, the factor graph neighborhood of radius !" around
i converges in distribution to the radius-!" neighborhood of the root
in a well defined random tree factor graph T.

For coloring of random regular graphs, the correct limiting
tree model T is coloring on the infinite l-regular tree. For random
k-SAT, T is defined by the following construction. Start from the
root variable node and connect it to l new function nodes
(clauses), l being a Poisson random variable of mean k". Connect
each of these function nodes with k " 1 new variables and repeat.
The resulting tree is infinite with nonvanishing probability if " $
1/k(k" 1). Associate a formula to this graph in the usual way,
with each variable occurrence being negated independently with
probability 1/2.

The basic assumption within the first approach is that the
extremality condition in Eq. 3 can be checked on the correlation
between the root and generation-! variables in the tree model. On
the tree, #! is defined to be a translation invariant Gibbs measure
(17) associated to the infinite factor graphj T (which provides a
specification). The correlation between the root and generation-!
variables can be computed through a recursive procedure (defining
a sequence of distributions P" !, see Eq. 15 below). The recursion can
be efficiently implemented numerically yielding the values pre-
sented in Table 1 for k (resp. q) % 4, 5, 6. For large k (resp. q) one
can formally expand the equations on P! and obtain:

"d)k* %
2k

k # log k,log log k & 'd & O$ log log k
log k % & [6]

ld)q* % q- log q & log log q & 'd & o)1*. [7]

with 'd % 1 (under a technical assumption of the structure of P!).
The second approach to the determination of "d(k) is based on

the ‘‘cavity method’’ (6, 25). It begins by assuming a decomposition
in pure states of the form 4 with two crucial properties: (i) if we
denote by Wn the size of the nth cluster (and hence wn % Wn/& Wn),
then the number of clusters of size Wn % eNs grows approximately
as eN&(s); (ii) for each single-cluster measure #n!, a correlation
decay condition of the form 3 holds.

The approach aims at determining the rate function &(s), com-
plexity: the result is expressed in terms of the solution of a
distributional fixed point equation. For the sake of simplicity we

jMore precisely #! is obtained as a limit of free boundary measures.

!d,+ !d !c !s
Fig. 2. Pictorial representation of the different phase transitions in the set of solutions of a rCSP. At "d,, some clusters appear, but for "d,, ! " ! "d they comprise
only an exponentially small fraction of solutions. For "d ! " ! "c the solutions are split among about eN&" clusters of size eNs". If "c ! " ! "s the set of solutions
is dominated by a few large clusters (with strongly fluctuating weights), and above "s the problem does not admit solutions any more.
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Fig. 3. The Parisi 1RSB parameter m(") as a function of the constraint density
". In the Inset, the complexity &(s) as a function of the cluster entropy for " %
"s(k) " 0.1 [the slope at &(s) % 0 is "m(")]. Both curves have been computed
from the large k expansion.
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Many sparse random CSPs are in by the 1-step replica symmetry
breaking universality class of Parisi-Mezard such as k-SAT,
independent set, coloring.

There is a detailed but non-rigorous theory for their structure and
thresholds. A great deal of progress in studying these models
rigorously. However, much of the conjectured picture remains
unproved, in particular the exact threshold values.
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Rigorous Bounds

For sparse CSPs with RSB, threshold behavior long in question
rigorous bounds on the SAT–UNSAT transition include:

• random graph coloring Bollobás ’88,

Achlioptas–Naor ’04, Coja-Oghlan–Vilenchik ’13

• random k-NAE-SAT Achlioptas–Moore ’02,

Coja-Oghlan–Zdeborová ’12, Coja-Oghlan–Panagiotou ’12

• random k-SAT Kirousis–Kranakis–Krizanc–Stamatiou ’97,

Achlioptas–Peres ’03, Coja-Oghlan–Panagiotou ’13, Coja-Oghlan ’14

• random regular graph independent set Bollobás ’81, McKay ’87,

Frieze–Luczak ’92, Frieze–Suen ’94, Wormald ’95
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Coja-Oghlan–Zdeborová ’12, Coja-Oghlan–Panagiotou ’12

• random k-SAT Kirousis–Kranakis–Krizanc–Stamatiou ’97,

Achlioptas–Peres ’03, Coja-Oghlan–Panagiotou ’13, Coja-Oghlan ’14

• random regular graph independent set Bollobás ’81, McKay ’87,

Frieze–Luczak ’92, Frieze–Suen ’94, Wormald ’95



Rigorous Bounds

For sparse CSPs with RSB, threshold behavior long in question
rigorous bounds on the SAT–UNSAT transition include:

• random graph coloring Bollobás ’88,

Achlioptas–Naor ’04, Coja-Oghlan–Vilenchik ’13

• random k-NAE-SAT Achlioptas–Moore ’02,
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Maximal independent sets in random graphs

Let A ≡ An ≡ maximum size of an independent set
in a random graph Gn on n vertices

Gn,d
random d-regular

Gn,d/n
sparse Erdős–Rényi

Gn,p
dense Erdős–Rényi

An asymptotics?

An/n −→α??
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Previous work

Solved much earlier on dense Erdős–Rényi graphs Gn,p:

An ∼ 2 logn
log[1/(1−p)] [Grimmett–McDiarmid ’75]

Sparse case much harder — numerous partial results on Gn,d
Bollobás ’81, McKay ’87, Frieze– Luczak ’92, Frieze–Suen ’94, Wormald ’95

give An/n ≈ 2(log d)/d but not sharp

For many years, existence of α? with An = nα? + o(n) unknown,
even though well known that An has only O(n1/2) fluctuations

Existence on Gn,d, Gn,d/n proved by Bayati–Gamarnik–Tetali ’10

— super-additivity argument; no information about
value of α? or fluctuations of An
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Main result

Theorem (DSS).
The maximum independent set size An in the
random d-regular graph Gn,d has O(1) fluctuations around

nα? − c? log n
for explicit α? = α?(d) and c? = c?(d), provided d ≥ d0.
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Explicit constants
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First moment upper bound

Let Znα be the number of independent sets of size nα in Gn.

Gn = Gn,d/n:

P(Znα > 0) ≤ EZnα =
(
n
nα

)
(1− d/n)nα(nα−1)/2

= exp{n[H(α)− dα2/2] +O(log n)}
H(α) ≈ α log(1/α)

α1

H(α)− dα2/2 (d = 100)

Exponent crosses zero at
α1 ≈ 2(log d)/d:

An ≤ nα1[1 + o(1)] on Gn,d/n

Similarly α1 ≈ 2(logd)/d on Gn,d

Not sharp: α1 > α?
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≤ P(Z > 0) ≤ EZ

For max-is on sparse graph ensembles, basic
second moment approach fails to locate sharp threshold:
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Non-rigidity in independent set on Gn,d

Independent set ←→ 0/1 configuration (1 ≡ occupied)

Number of 1’s neighboring a 0? On average 2 log d

Probability for a 0 to have a single neighboring 1? ←→

P
(
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= 1
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= d
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1− 2 log d
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)d−1
≈ 2 log d

d2

Typical independent set has at least 2n/d
2

nearby solutions
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Breaking the condensation barrier

Until rather recently, best satisfiability lower bounds remained
below condensation threshold αc

heuristic implementation of the definition in terms of pure state
decomposition (see Eq. 4). Generalizing the results of ref. 16, it is
possible to show that the two calculations provide identical results.
However, the first one is technically simpler and under much better
control. As mentioned above we obtain, for all k ! 4 a value of "d(k)
larger than the one quoted in refs. 6 and 11.

Further we determined the distribution of cluster sizes wn, thus
unveiling a third ‘‘condensation’’ phase transition at "c(k) ! "d(k)
(strict inequality holds for k ! 4 in SAT and q ! 4 in coloring, see
below). For " ! "c(k) the weights wn concentrate on a logarithmic
scale [namely, "log wn is #(N) with #(N1/2) fluctuations]. Roughly
speaking, the measure is evenly split among an exponential number
of clusters.

For " $ "c(k) [and ! "s(k)] the measure is carried by a
subexponential number of clusters. More precisely, the ordered
sequence {wn} converges to a well known Poisson-Dirichlet process
{w*n}, first recognized in the spin glass context by Ruelle (26). This
is defined by w*n % xn/&xn, where xn $ 0 are the points of a Poisson
process with rate x"1"m(") and m(") ! (0, 1). This picture is known
in spin glass theory as one-step replica symmetry breaking (1RSB)
and has been proven in ref. 27 for some special models. The Parisi
1RSB parameter m(") is monotonically decreasing from 1 to 0
when " increases from "c(k) to "s(k) (see Fig. 3).

Remarkably, the condensation phase transition is also linked to
an appropriate notion of correlation decay. If i(1), . . . , i(n) ! [N]
are uniformly random variable indices, then, for " ! "c(k) and any
fixed n:

! !
'xi!(

"#)xi)1* . . . xi)n** $ #)xi)1** . . . #)xi)n**"3 0 [5]

as N3 +. Conversely, the quantity on the left side of Eq. 5 remains
positive for " $ "c(k). It is easy to understand that this condition
is even weaker than the extremality one (compare Eq. 3) in that we
probe correlations of finite subsets of the variables. In the next two
sections we discuss the calculation of "d and "c.

Dynamic Phase Transition and Gibbs Measure Extremality. A rigorous
calculation of "d(k) along any of the two definitions provided above
(compare Eqs. 3 and 4) remains an open problem. Each of the two

approaches has, however, an heuristic implementation that we shall
now describe. It can be proved that the two calculations yield equal
results as further discussed in the last section.

The approach based on the extremality condition in Eq. 3 relies
on an easy-to-state assumption and typically provides a more
precise estimate. We begin by observing that, because of the
Markov structure of #!, it is sufficient for Eq. 3 to hold that the
same condition is verified by the correlation between xi and the set
of variables at distance exactly ! from i, that we shall keep denoting
as x!. The idea is then to consider a large yet finite neighborhood
of i. Given !" ! !, the factor graph neighborhood of radius !" around
i converges in distribution to the radius-!" neighborhood of the root
in a well defined random tree factor graph T.

For coloring of random regular graphs, the correct limiting
tree model T is coloring on the infinite l-regular tree. For random
k-SAT, T is defined by the following construction. Start from the
root variable node and connect it to l new function nodes
(clauses), l being a Poisson random variable of mean k". Connect
each of these function nodes with k " 1 new variables and repeat.
The resulting tree is infinite with nonvanishing probability if " $
1/k(k" 1). Associate a formula to this graph in the usual way,
with each variable occurrence being negated independently with
probability 1/2.

The basic assumption within the first approach is that the
extremality condition in Eq. 3 can be checked on the correlation
between the root and generation-! variables in the tree model. On
the tree, #! is defined to be a translation invariant Gibbs measure
(17) associated to the infinite factor graphj T (which provides a
specification). The correlation between the root and generation-!
variables can be computed through a recursive procedure (defining
a sequence of distributions P" !, see Eq. 15 below). The recursion can
be efficiently implemented numerically yielding the values pre-
sented in Table 1 for k (resp. q) % 4, 5, 6. For large k (resp. q) one
can formally expand the equations on P! and obtain:

"d)k* %
2k

k # log k,log log k & 'd & O$ log log k
log k % & [6]

ld)q* % q- log q & log log q & 'd & o)1*. [7]

with 'd % 1 (under a technical assumption of the structure of P!).
The second approach to the determination of "d(k) is based on

the ‘‘cavity method’’ (6, 25). It begins by assuming a decomposition
in pure states of the form 4 with two crucial properties: (i) if we
denote by Wn the size of the nth cluster (and hence wn % Wn/& Wn),
then the number of clusters of size Wn % eNs grows approximately
as eN&(s); (ii) for each single-cluster measure #n!, a correlation
decay condition of the form 3 holds.

The approach aims at determining the rate function &(s), com-
plexity: the result is expressed in terms of the solution of a
distributional fixed point equation. For the sake of simplicity we

jMore precisely #! is obtained as a limit of free boundary measures.
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Fig. 2. Pictorial representation of the different phase transitions in the set of solutions of a rCSP. At "d,, some clusters appear, but for "d,, ! " ! "d they comprise
only an exponentially small fraction of solutions. For "d ! " ! "c the solutions are split among about eN&" clusters of size eNs". If "c ! " ! "s the set of solutions
is dominated by a few large clusters (with strongly fluctuating weights), and above "s the problem does not admit solutions any more.
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Breaking the condensation barrier

Until rather recently, best satisfiability lower bounds remained
below condensation threshold αc

heuristic implementation of the definition in terms of pure state
decomposition (see Eq. 4). Generalizing the results of ref. 16, it is
possible to show that the two calculations provide identical results.
However, the first one is technically simpler and under much better
control. As mentioned above we obtain, for all k ! 4 a value of "d(k)
larger than the one quoted in refs. 6 and 11.

Further we determined the distribution of cluster sizes wn, thus
unveiling a third ‘‘condensation’’ phase transition at "c(k) ! "d(k)
(strict inequality holds for k ! 4 in SAT and q ! 4 in coloring, see
below). For " ! "c(k) the weights wn concentrate on a logarithmic
scale [namely, "log wn is #(N) with #(N1/2) fluctuations]. Roughly
speaking, the measure is evenly split among an exponential number
of clusters.

For " $ "c(k) [and ! "s(k)] the measure is carried by a
subexponential number of clusters. More precisely, the ordered
sequence {wn} converges to a well known Poisson-Dirichlet process
{w*n}, first recognized in the spin glass context by Ruelle (26). This
is defined by w*n % xn/&xn, where xn $ 0 are the points of a Poisson
process with rate x"1"m(") and m(") ! (0, 1). This picture is known
in spin glass theory as one-step replica symmetry breaking (1RSB)
and has been proven in ref. 27 for some special models. The Parisi
1RSB parameter m(") is monotonically decreasing from 1 to 0
when " increases from "c(k) to "s(k) (see Fig. 3).

Remarkably, the condensation phase transition is also linked to
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are uniformly random variable indices, then, for " ! "c(k) and any
fixed n:
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as N3 +. Conversely, the quantity on the left side of Eq. 5 remains
positive for " $ "c(k). It is easy to understand that this condition
is even weaker than the extremality one (compare Eq. 3) in that we
probe correlations of finite subsets of the variables. In the next two
sections we discuss the calculation of "d and "c.
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(compare Eqs. 3 and 4) remains an open problem. Each of the two

approaches has, however, an heuristic implementation that we shall
now describe. It can be proved that the two calculations yield equal
results as further discussed in the last section.

The approach based on the extremality condition in Eq. 3 relies
on an easy-to-state assumption and typically provides a more
precise estimate. We begin by observing that, because of the
Markov structure of #!, it is sufficient for Eq. 3 to hold that the
same condition is verified by the correlation between xi and the set
of variables at distance exactly ! from i, that we shall keep denoting
as x!. The idea is then to consider a large yet finite neighborhood
of i. Given !" ! !, the factor graph neighborhood of radius !" around
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k-SAT, T is defined by the following construction. Start from the
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each of these function nodes with k " 1 new variables and repeat.
The resulting tree is infinite with nonvanishing probability if " $
1/k(k" 1). Associate a formula to this graph in the usual way,
with each variable occurrence being negated independently with
probability 1/2.

The basic assumption within the first approach is that the
extremality condition in Eq. 3 can be checked on the correlation
between the root and generation-! variables in the tree model. On
the tree, #! is defined to be a translation invariant Gibbs measure
(17) associated to the infinite factor graphj T (which provides a
specification). The correlation between the root and generation-!
variables can be computed through a recursive procedure (defining
a sequence of distributions P" !, see Eq. 15 below). The recursion can
be efficiently implemented numerically yielding the values pre-
sented in Table 1 for k (resp. q) % 4, 5, 6. For large k (resp. q) one
can formally expand the equations on P! and obtain:
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the ‘‘cavity method’’ (6, 25). It begins by assuming a decomposition
in pure states of the form 4 with two crucial properties: (i) if we
denote by Wn the size of the nth cluster (and hence wn % Wn/& Wn),
then the number of clusters of size Wn % eNs grows approximately
as eN&(s); (ii) for each single-cluster measure #n!, a correlation
decay condition of the form 3 holds.

The approach aims at determining the rate function &(s), com-
plexity: the result is expressed in terms of the solution of a
distributional fixed point equation. For the sake of simplicity we

jMore precisely #! is obtained as a limit of free boundary measures.
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heuristic implementation of the definition in terms of pure state
decomposition (see Eq. 4). Generalizing the results of ref. 16, it is
possible to show that the two calculations provide identical results.
However, the first one is technically simpler and under much better
control. As mentioned above we obtain, for all k ! 4 a value of "d(k)
larger than the one quoted in refs. 6 and 11.

Further we determined the distribution of cluster sizes wn, thus
unveiling a third ‘‘condensation’’ phase transition at "c(k) ! "d(k)
(strict inequality holds for k ! 4 in SAT and q ! 4 in coloring, see
below). For " ! "c(k) the weights wn concentrate on a logarithmic
scale [namely, "log wn is #(N) with #(N1/2) fluctuations]. Roughly
speaking, the measure is evenly split among an exponential number
of clusters.

For " $ "c(k) [and ! "s(k)] the measure is carried by a
subexponential number of clusters. More precisely, the ordered
sequence {wn} converges to a well known Poisson-Dirichlet process
{w*n}, first recognized in the spin glass context by Ruelle (26). This
is defined by w*n % xn/&xn, where xn $ 0 are the points of a Poisson
process with rate x"1"m(") and m(") ! (0, 1). This picture is known
in spin glass theory as one-step replica symmetry breaking (1RSB)
and has been proven in ref. 27 for some special models. The Parisi
1RSB parameter m(") is monotonically decreasing from 1 to 0
when " increases from "c(k) to "s(k) (see Fig. 3).

Remarkably, the condensation phase transition is also linked to
an appropriate notion of correlation decay. If i(1), . . . , i(n) ! [N]
are uniformly random variable indices, then, for " ! "c(k) and any
fixed n:
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as N3 +. Conversely, the quantity on the left side of Eq. 5 remains
positive for " $ "c(k). It is easy to understand that this condition
is even weaker than the extremality one (compare Eq. 3) in that we
probe correlations of finite subsets of the variables. In the next two
sections we discuss the calculation of "d and "c.

Dynamic Phase Transition and Gibbs Measure Extremality. A rigorous
calculation of "d(k) along any of the two definitions provided above
(compare Eqs. 3 and 4) remains an open problem. Each of the two

approaches has, however, an heuristic implementation that we shall
now describe. It can be proved that the two calculations yield equal
results as further discussed in the last section.

The approach based on the extremality condition in Eq. 3 relies
on an easy-to-state assumption and typically provides a more
precise estimate. We begin by observing that, because of the
Markov structure of #!, it is sufficient for Eq. 3 to hold that the
same condition is verified by the correlation between xi and the set
of variables at distance exactly ! from i, that we shall keep denoting
as x!. The idea is then to consider a large yet finite neighborhood
of i. Given !" ! !, the factor graph neighborhood of radius !" around
i converges in distribution to the radius-!" neighborhood of the root
in a well defined random tree factor graph T.

For coloring of random regular graphs, the correct limiting
tree model T is coloring on the infinite l-regular tree. For random
k-SAT, T is defined by the following construction. Start from the
root variable node and connect it to l new function nodes
(clauses), l being a Poisson random variable of mean k". Connect
each of these function nodes with k " 1 new variables and repeat.
The resulting tree is infinite with nonvanishing probability if " $
1/k(k" 1). Associate a formula to this graph in the usual way,
with each variable occurrence being negated independently with
probability 1/2.

The basic assumption within the first approach is that the
extremality condition in Eq. 3 can be checked on the correlation
between the root and generation-! variables in the tree model. On
the tree, #! is defined to be a translation invariant Gibbs measure
(17) associated to the infinite factor graphj T (which provides a
specification). The correlation between the root and generation-!
variables can be computed through a recursive procedure (defining
a sequence of distributions P" !, see Eq. 15 below). The recursion can
be efficiently implemented numerically yielding the values pre-
sented in Table 1 for k (resp. q) % 4, 5, 6. For large k (resp. q) one
can formally expand the equations on P! and obtain:
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k # log k,log log k & 'd & O$ log log k
log k % & [6]

ld)q* % q- log q & log log q & 'd & o)1*. [7]

with 'd % 1 (under a technical assumption of the structure of P!).
The second approach to the determination of "d(k) is based on

the ‘‘cavity method’’ (6, 25). It begins by assuming a decomposition
in pure states of the form 4 with two crucial properties: (i) if we
denote by Wn the size of the nth cluster (and hence wn % Wn/& Wn),
then the number of clusters of size Wn % eNs grows approximately
as eN&(s); (ii) for each single-cluster measure #n!, a correlation
decay condition of the form 3 holds.

The approach aims at determining the rate function &(s), com-
plexity: the result is expressed in terms of the solution of a
distributional fixed point equation. For the sake of simplicity we

jMore precisely #! is obtained as a limit of free boundary measures.
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heuristic implementation of the definition in terms of pure state
decomposition (see Eq. 4). Generalizing the results of ref. 16, it is
possible to show that the two calculations provide identical results.
However, the first one is technically simpler and under much better
control. As mentioned above we obtain, for all k ! 4 a value of "d(k)
larger than the one quoted in refs. 6 and 11.

Further we determined the distribution of cluster sizes wn, thus
unveiling a third ‘‘condensation’’ phase transition at "c(k) ! "d(k)
(strict inequality holds for k ! 4 in SAT and q ! 4 in coloring, see
below). For " ! "c(k) the weights wn concentrate on a logarithmic
scale [namely, "log wn is #(N) with #(N1/2) fluctuations]. Roughly
speaking, the measure is evenly split among an exponential number
of clusters.

For " $ "c(k) [and ! "s(k)] the measure is carried by a
subexponential number of clusters. More precisely, the ordered
sequence {wn} converges to a well known Poisson-Dirichlet process
{w*n}, first recognized in the spin glass context by Ruelle (26). This
is defined by w*n % xn/&xn, where xn $ 0 are the points of a Poisson
process with rate x"1"m(") and m(") ! (0, 1). This picture is known
in spin glass theory as one-step replica symmetry breaking (1RSB)
and has been proven in ref. 27 for some special models. The Parisi
1RSB parameter m(") is monotonically decreasing from 1 to 0
when " increases from "c(k) to "s(k) (see Fig. 3).

Remarkably, the condensation phase transition is also linked to
an appropriate notion of correlation decay. If i(1), . . . , i(n) ! [N]
are uniformly random variable indices, then, for " ! "c(k) and any
fixed n:
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"#)xi)1* . . . xi)n** $ #)xi)1** . . . #)xi)n**"3 0 [5]

as N3 +. Conversely, the quantity on the left side of Eq. 5 remains
positive for " $ "c(k). It is easy to understand that this condition
is even weaker than the extremality one (compare Eq. 3) in that we
probe correlations of finite subsets of the variables. In the next two
sections we discuss the calculation of "d and "c.

Dynamic Phase Transition and Gibbs Measure Extremality. A rigorous
calculation of "d(k) along any of the two definitions provided above
(compare Eqs. 3 and 4) remains an open problem. Each of the two

approaches has, however, an heuristic implementation that we shall
now describe. It can be proved that the two calculations yield equal
results as further discussed in the last section.

The approach based on the extremality condition in Eq. 3 relies
on an easy-to-state assumption and typically provides a more
precise estimate. We begin by observing that, because of the
Markov structure of #!, it is sufficient for Eq. 3 to hold that the
same condition is verified by the correlation between xi and the set
of variables at distance exactly ! from i, that we shall keep denoting
as x!. The idea is then to consider a large yet finite neighborhood
of i. Given !" ! !, the factor graph neighborhood of radius !" around
i converges in distribution to the radius-!" neighborhood of the root
in a well defined random tree factor graph T.

For coloring of random regular graphs, the correct limiting
tree model T is coloring on the infinite l-regular tree. For random
k-SAT, T is defined by the following construction. Start from the
root variable node and connect it to l new function nodes
(clauses), l being a Poisson random variable of mean k". Connect
each of these function nodes with k " 1 new variables and repeat.
The resulting tree is infinite with nonvanishing probability if " $
1/k(k" 1). Associate a formula to this graph in the usual way,
with each variable occurrence being negated independently with
probability 1/2.

The basic assumption within the first approach is that the
extremality condition in Eq. 3 can be checked on the correlation
between the root and generation-! variables in the tree model. On
the tree, #! is defined to be a translation invariant Gibbs measure
(17) associated to the infinite factor graphj T (which provides a
specification). The correlation between the root and generation-!
variables can be computed through a recursive procedure (defining
a sequence of distributions P" !, see Eq. 15 below). The recursion can
be efficiently implemented numerically yielding the values pre-
sented in Table 1 for k (resp. q) % 4, 5, 6. For large k (resp. q) one
can formally expand the equations on P! and obtain:
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the ‘‘cavity method’’ (6, 25). It begins by assuming a decomposition
in pure states of the form 4 with two crucial properties: (i) if we
denote by Wn the size of the nth cluster (and hence wn % Wn/& Wn),
then the number of clusters of size Wn % eNs grows approximately
as eN&(s); (ii) for each single-cluster measure #n!, a correlation
decay condition of the form 3 holds.

The approach aims at determining the rate function &(s), com-
plexity: the result is expressed in terms of the solution of a
distributional fixed point equation. For the sake of simplicity we

jMore precisely #! is obtained as a limit of free boundary measures.
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heuristic implementation of the definition in terms of pure state
decomposition (see Eq. 4). Generalizing the results of ref. 16, it is
possible to show that the two calculations provide identical results.
However, the first one is technically simpler and under much better
control. As mentioned above we obtain, for all k ! 4 a value of "d(k)
larger than the one quoted in refs. 6 and 11.

Further we determined the distribution of cluster sizes wn, thus
unveiling a third ‘‘condensation’’ phase transition at "c(k) ! "d(k)
(strict inequality holds for k ! 4 in SAT and q ! 4 in coloring, see
below). For " ! "c(k) the weights wn concentrate on a logarithmic
scale [namely, "log wn is #(N) with #(N1/2) fluctuations]. Roughly
speaking, the measure is evenly split among an exponential number
of clusters.

For " $ "c(k) [and ! "s(k)] the measure is carried by a
subexponential number of clusters. More precisely, the ordered
sequence {wn} converges to a well known Poisson-Dirichlet process
{w*n}, first recognized in the spin glass context by Ruelle (26). This
is defined by w*n % xn/&xn, where xn $ 0 are the points of a Poisson
process with rate x"1"m(") and m(") ! (0, 1). This picture is known
in spin glass theory as one-step replica symmetry breaking (1RSB)
and has been proven in ref. 27 for some special models. The Parisi
1RSB parameter m(") is monotonically decreasing from 1 to 0
when " increases from "c(k) to "s(k) (see Fig. 3).

Remarkably, the condensation phase transition is also linked to
an appropriate notion of correlation decay. If i(1), . . . , i(n) ! [N]
are uniformly random variable indices, then, for " ! "c(k) and any
fixed n:

! !
'xi!(

"#)xi)1* . . . xi)n** $ #)xi)1** . . . #)xi)n**"3 0 [5]

as N3 +. Conversely, the quantity on the left side of Eq. 5 remains
positive for " $ "c(k). It is easy to understand that this condition
is even weaker than the extremality one (compare Eq. 3) in that we
probe correlations of finite subsets of the variables. In the next two
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(compare Eqs. 3 and 4) remains an open problem. Each of the two

approaches has, however, an heuristic implementation that we shall
now describe. It can be proved that the two calculations yield equal
results as further discussed in the last section.

The approach based on the extremality condition in Eq. 3 relies
on an easy-to-state assumption and typically provides a more
precise estimate. We begin by observing that, because of the
Markov structure of #!, it is sufficient for Eq. 3 to hold that the
same condition is verified by the correlation between xi and the set
of variables at distance exactly ! from i, that we shall keep denoting
as x!. The idea is then to consider a large yet finite neighborhood
of i. Given !" ! !, the factor graph neighborhood of radius !" around
i converges in distribution to the radius-!" neighborhood of the root
in a well defined random tree factor graph T.

For coloring of random regular graphs, the correct limiting
tree model T is coloring on the infinite l-regular tree. For random
k-SAT, T is defined by the following construction. Start from the
root variable node and connect it to l new function nodes
(clauses), l being a Poisson random variable of mean k". Connect
each of these function nodes with k " 1 new variables and repeat.
The resulting tree is infinite with nonvanishing probability if " $
1/k(k" 1). Associate a formula to this graph in the usual way,
with each variable occurrence being negated independently with
probability 1/2.

The basic assumption within the first approach is that the
extremality condition in Eq. 3 can be checked on the correlation
between the root and generation-! variables in the tree model. On
the tree, #! is defined to be a translation invariant Gibbs measure
(17) associated to the infinite factor graphj T (which provides a
specification). The correlation between the root and generation-!
variables can be computed through a recursive procedure (defining
a sequence of distributions P" !, see Eq. 15 below). The recursion can
be efficiently implemented numerically yielding the values pre-
sented in Table 1 for k (resp. q) % 4, 5, 6. For large k (resp. q) one
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the ‘‘cavity method’’ (6, 25). It begins by assuming a decomposition
in pure states of the form 4 with two crucial properties: (i) if we
denote by Wn the size of the nth cluster (and hence wn % Wn/& Wn),
then the number of clusters of size Wn % eNs grows approximately
as eN&(s); (ii) for each single-cluster measure #n!, a correlation
decay condition of the form 3 holds.

The approach aims at determining the rate function &(s), com-
plexity: the result is expressed in terms of the solution of a
distributional fixed point equation. For the sake of simplicity we

jMore precisely #! is obtained as a limit of free boundary measures.
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Fig. 2. Pictorial representation of the different phase transitions in the set of solutions of a rCSP. At "d,, some clusters appear, but for "d,, ! " ! "d they comprise
only an exponentially small fraction of solutions. For "d ! " ! "c the solutions are split among about eN&" clusters of size eNs". If "c ! " ! "s the set of solutions
is dominated by a few large clusters (with strongly fluctuating weights), and above "s the problem does not admit solutions any more.
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are free.
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Until rather recently, best satisfiability lower bounds remained
below condensation threshold αc
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Whitening algorithm

Approach: Set variables which can be changed to free. Parisi ’02,
Maneva–Mossel–Wainwright ’07

Maneva–Sinclair ’08, Achlioptas–Ricci-Tersenghi ’09

Idea behind survey propagation.

We determine the exact threshold α? by finding a projection
which takes entire clusters to single points

Whitening algorithm:

WHILE there exists any 0 with a single neighboring 1 0←→ 1

DO set both to f and declare them matched f⇐⇒ f

Set any 0 with no neighboring 1’s to f.
Observation:

Configurations resulting from this procedure can be described by a
graphical model.
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Graphical model for clusters

After discarding non-maximal configurations,
mostly left with 0/1/f configurations where

a. 1’s can only neighbor 0’s;
b. f’s occur in matched pairs;
c. 0’s must have at least two neighboring 1’s

Znα ≡ partition function of graphical model
with nα ≤ #1’s + #f-pairs

Sharp threshold for Znα gives max-is sharp threshold
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Outline of our approach

1. Correspondence between max-is threshold
and threshold of simplified 0/1/f graphical model for clusters

2. Sharp threshold in graphical model for clusters

←− E[Z2
nα] � (EZnα)2

∣∣∣ EZnα � 1 −→
Gn,d converges locally to d-regular tree:
Bethe variational principle — relation between
(i) local neighborhood profiles optimizing first moment and
(ii) fixed points of tree recursions
— gives formula for α?, c?
Second moment handled by analysis of paired spin model
Most of work, 30+ pages here

3. Variance decomposition to prove O(1) fluctuations of An
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Thank you!
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