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Conclusions:

Motivation/inspiration:

3) Slip with                is possible
        e) In natural situations
        f ) Is a useful model

4) No-slip BCs violates                (or something, sometimes)

       g) In natural problems
        h) So                 slip is better  

1) Mechanics (apparent) paradoxes are interesting
        a) friction and b) dynamics
2) Make a good robot               good simulation
       c)  deal with these things, or  
       d)  do something worse Chapter 0. 1
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Value system (in this talk):

1) Don’t violate                , 
                         symmetries of space, 
                         etc.
 
2) Approximate constitutive laws are OK
     (like                     etc).

3) The model should have a high-precision meaning.

4) No concern for computation speed.

5) 2D for simpler  pictures etc.
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Coulomb/DaVinci/Amonton friction equation:

168 Chapter 3. FBDs 3.4. Contact: Sliding, friction, and rolling
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Figure 3.58: Two bodies in contact. The
forces between them satisfy the law of
action and re-action. It is often conve-
nient to decompose the force of interac-
tion into a part tangent to the surface
of interaction and a part perpendicu-
lar to the surface of interaction.

see an equation in print, we are too-easily tempted into believing it is ‘true.’
So a common mistake amongst beginning engineers is to use contact consti-
tutive equations with confidence, as if accurate. Rather, all contact simple
equations only a rough approximation at best.

Friction
When two objects are in contact and one is sliding with respect to the other,
we call the force which resists this sliding friction. Frictional contact is usu-
ally assumed to be either ‘lubricated’ or ‘dry.’ When bodies are in lubricated
contact they are not in real contact at all, a thin layer of liquid or gas separates
them. Most of the metal to metal contact in a car engine is so lubricated. The
contact of the car tires with the road is ‘dry’ unless the car is ‘hydroplaning’
on worn-smooth tires on a very wet road. The friction forces in lubricated
contact are very small compared forces of unlubricated contact. There is no
quick way to estimate these small lubricated slip forces. The accurate estima-
tion of lubricated friction forces requires use of lubrication theory, a part of
fluid mechanics. For many purposes lubricated friction forces are neglected.
We now drop discussion of lubricated friction forces because they are often
negligible and because estimating them is a more advanced topic.

Dry friction forces are not small and thus cannot be sensibly neglected
in mechanics problems involving sliding contact. The simplest model for
friction forces is called Coulomb’s law of friction or just Coulomb friction.
But, use of even this law is full of subtleties.

‘Smooth’ and ‘Rough’ are common misnomers for low-friction
and high-friction
As a simplification when we think friction is not important we sometimes
neglect it by setting . In many books this neglect is named
“perfectly smooth”. Smooth surfaces separated by a little fluid (say water
between your feet and the bathroom tile, or oil between pieces of a bear-
ing) do slide easily by each other. And even without a lubricant sometimes
slipping can be reduced by smoothing a surface. But making a surface pro-
gressively smoother does not diminish the friction to zero. Rather, extremely
smooth surfaces sometimes have anomalously high friction (extremely clean
flat surfaces can even bond to each other). In general, there is no reliable
correlation between smoothness and low friction.

Similarly many books use the phrase “perfectly rough” to mean perfectly
high friction ( and ) and hence that no slip is allowed. This
is misleading twice over. First, as just stated, rougher surfaces do not reliably
have more friction than smooth ones. Second, even when slip can
proceed in some situations (see, for example, box 4.6 on page 220).

We use the phrase frictionless or negligible friction to mean that there
is no tangential force component. We use the phrase no slip to mean that
no tangential motion is allowed and that there is some unknown tangential
force. So
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We do not use the words smooth and rough in this book to indicate low
and high friction.

Coulomb friction
‘Coulomb’s’ law of friction is sometimes attributed to Amonton and some-
times to da Vinci. It summarized by the deceptively simple equation:

(3.4)

This equation, like many other simple equations, needs some descriptive
words to be useful. What is the direction of ? When does this equation
apply, or not?

The direction of the force on body A is in the opposite direction of the
slip velocity of A relative to B. By the principle of action and reaction we
deduce that the force on body B is in the opposite direction. This force is
also opposite to the relative slip velocity of B relative toA. That is, resists
relative motion between A and B.

The friction force is proportional to the normal force with the pro-
portionality constant . The constant is assumed to be independent of
the area of contact between bodies A and B. In the simplest renditions of
Coulomb’s law is assumed to be independent of slip distance, slip velocity,
time of contact, etc. When contacting bodies are not sliding the meaning of
the friction equation 3.4 changes. Friction still resists slip, it is the presence
of the friction force that prevents slip. But when there is no slip eqn. (3.4)
doesn’t describe the force, but rather an upper limit on the possible size of
the force. That is, the friction force must be less than or equal to in
magnitude during non-sliding contact.

(3.5)

All of the discussion above can be summarized with the following equations
for the friction force

The friction force
BBN

on A from B

Relative slip velocity.
⇥⇥�

A B

A B
during slip

on A from B

⇥⇥�

The magnitude of the
friction force

BBM

An upper bound on the
friction force

during stationary contact
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Figure 3.59: Coulomb friction. The re-
lation between friction force and rel-
ative slip rate is described by the dark
line. Since there is a jump from
to in the friction force when the
slip rate goes from negative to positive
the relation is not a proper mathematical
function between and . Instead the
relation is a curve in the plane.
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If you don’t like divide by zero etc:
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Figure 3.58: Two bodies in contact. The
forces between them satisfy the law of
action and re-action. It is often conve-
nient to decompose the force of interac-
tion into a part tangent to the surface
of interaction and a part perpendicu-
lar to the surface of interaction.

see an equation in print, we are too-easily tempted into believing it is ‘true.’
So a common mistake amongst beginning engineers is to use contact consti-
tutive equations with confidence, as if accurate. Rather, all contact simple
equations only a rough approximation at best.

Friction
When two objects are in contact and one is sliding with respect to the other,
we call the force which resists this sliding friction. Frictional contact is usu-
ally assumed to be either ‘lubricated’ or ‘dry.’ When bodies are in lubricated
contact they are not in real contact at all, a thin layer of liquid or gas separates
them. Most of the metal to metal contact in a car engine is so lubricated. The
contact of the car tires with the road is ‘dry’ unless the car is ‘hydroplaning’
on worn-smooth tires on a very wet road. The friction forces in lubricated
contact are very small compared forces of unlubricated contact. There is no
quick way to estimate these small lubricated slip forces. The accurate estima-
tion of lubricated friction forces requires use of lubrication theory, a part of
fluid mechanics. For many purposes lubricated friction forces are neglected.
We now drop discussion of lubricated friction forces because they are often
negligible and because estimating them is a more advanced topic.

Dry friction forces are not small and thus cannot be sensibly neglected
in mechanics problems involving sliding contact. The simplest model for
friction forces is called Coulomb’s law of friction or just Coulomb friction.
But, use of even this law is full of subtleties.

‘Smooth’ and ‘Rough’ are common misnomers for low-friction
and high-friction
As a simplification when we think friction is not important we sometimes
neglect it by setting . In many books this neglect is named
“perfectly smooth”. Smooth surfaces separated by a little fluid (say water
between your feet and the bathroom tile, or oil between pieces of a bear-
ing) do slide easily by each other. And even without a lubricant sometimes
slipping can be reduced by smoothing a surface. But making a surface pro-
gressively smoother does not diminish the friction to zero. Rather, extremely
smooth surfaces sometimes have anomalously high friction (extremely clean
flat surfaces can even bond to each other). In general, there is no reliable
correlation between smoothness and low friction.

Similarly many books use the phrase “perfectly rough” to mean perfectly
high friction ( and ) and hence that no slip is allowed. This
is misleading twice over. First, as just stated, rougher surfaces do not reliably
have more friction than smooth ones. Second, even when slip can
proceed in some situations (see, for example, box 4.6 on page 220).

We use the phrase frictionless or negligible friction to mean that there
is no tangential force component. We use the phrase no slip to mean that
no tangential motion is allowed and that there is some unknown tangential
force. So
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For two-dimensional problems where slip can only be in one direction (or the
opposite) this pair of functions describes the dark line in the friction graph of
fig. 3.59 in which is the speed of relative slip.

The simplest friction law, the one we use in this book, uses a single con-
stant coefficient of friction . Almost always and more
commonly . We do not distinguish the static coefficient from
the dynamic coefficient or . That is for our
purposes. We promote the use of this simplest law for a few reasons.

All friction laws used are quite approximate, no matter how complex.
Unless the distinction between static and dynamic coefficients of fric-
tion is essential to the engineering calculation, using doesn’t
add to the calculation’s usefulness.

The concept of a static coefficient of friction that is larger than a dy-
namic coefficient is, it turns out, not well defined if bodies have more
than one point of contact, which they often do have. (See page 1009.)

Students learning mechanics are often confused about friction. Because
the more complex friction laws are of questionable accuracy and use-
fulness anyway, it seems time is better spent understanding the simplest
friction laws.

See page 1011 for more discussion of the pros and cons of the Coulomb-
friction approximation.

In summary, the simple model of friction we use is:

Friction resists relative slipping motion. During slip the friction force
opposes relative motion and has magnitude . When there is
no slip the magnitude of the friction force cannot be determined from
the friction law but it cannot exceed , that is .

Friction angle
Sometimes people describe the friction coefficient with a friction angle
rather than the coefficient of friction (see fig. 3.61). The friction angle is
the angle between the net interaction force (normal force plus friction force)
and the normal to the sliding surface when slip is occurring. The relation
between the friction coefficient and the friction angle is

tan

The use of or to describe friction are equivalent. Which you use is a
matter of taste and convenience. Sometimes analytic formulas in problems
come out simpler looking with one or the other of and used to describe
the friction.
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Coulomb friction
A surface in  the space of
  force angle
  sliding velocity
  force magnitude

Single constitutive 
parameter:
  the friction angle   
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relation for friction

(Nothing special about
                     )

Chapter 0. 1

sin

if

if

sin if

sin if

tan

(PD control)

(Side force)

(horizontal acceleration of base)

Introduction to Statics and Dynamics,

c

Andy Ruina and Rudra Pratap 1994-2013.

Tuesday, February 18, 2014



Conclusions:
3) Slip with                is possible
        e) In natural situations:  3 examples & demo
        f ) Is a useful model

4) No-slip BCs violates                    (sometimes)

       g) In natural problems
        h) So                 slip is better  
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Dragging stick  (similar to Lynch/Mason 1995)
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Coulomb friction
A surface in  the space of
  sliding velocity   v
  sliding force       F
  normal force     N

Single constitutive parameter:   the friction angle   
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Constitutive 
relation for friction

Nothing special about             .   Surface becomes two
quarter planes       (                   )  
and one half plane (                    ). 
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Dragging stick  (cont’d)
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Nothing special  happens
when                .

Chapter 0. 1

sin

if

if

sin if

sin if

tan

(PD control)

(Side force)

(horizontal acceleration of base)

Introduction to Statics and Dynamics,

c

Andy Ruina and Rudra Pratap 1994-2013.

F= 0.5 W

N = 0

Tuesday, February 18, 2014



Dragging stick  (cont’d)
A Simple Problem - The Falling Pencil
Contact Models - Two Old, One New

Summary

Infinite non-slip friction model
Coulomb friction model
Infinite sliding friction model

A thought experiment

pencil

The normal force vanishes
G. Stiesberg Simulating Intermittent Contact

A Simple Problem - The Falling Pencil
Contact Models - Two Old, One New

Summary

Infinite non-slip friction model
Coulomb friction model
Infinite sliding friction model

A thought experiment

pencil

The tip slides up the groove wall
G. Stiesberg Simulating Intermittent Contact

A Simple Problem - The Falling Pencil
Contact Models - Two Old, One New

Summary

Infinite non-slip friction model
Coulomb friction model
Infinite sliding friction model

A thought experiment

pencil

then slides over the top of the groove wall
G. Stiesberg Simulating Intermittent Contact

A Simple Problem - The Falling Pencil
Contact Models - Two Old, One New

Summary

Infinite non-slip friction model
Coulomb friction model
Infinite sliding friction model

A thought experiment

pencil

then free-falls and collides with the next groove wall
G. Stiesberg Simulating Intermittent Contact

A micro-mechanism that implements                 . 
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Frictionless
       vertical
          gear teeth

No vertical force,
    some horizontal force,
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Infinite friction example 2:    A wheel

220 Chapter 4. Statics of one object 4.3. Equilibrium with frictional contact
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Figure 4.47: A chair with friction at the
feet.

Statically indeterminate problems
When there are two or more points of frictional contact and there is no slip
nor impending slip then static indeterminacy is likely.

Example: Chair with friction
If we assume Coulomb friction at the chair feet we know that

and

The equilibrium equations tell us (assuming for simplicity that acts in the middle
of the chair):

Putting these equations together we find that

and

4.6 Undriven wheels and two force bodies
One often hears whimsical reverence for the “invention of the
wheel.” Now, using elementary mechanics, we can gain some ap-
preciation for this revolutionary way of sliding things.

Without a wheel the force it takes to drag something is about
. Since ranges between about .1 for teflon, to about .6 for

stone on ground, to about 1 for rubber on pavement, you need to pull
with a force that is on the order of a half of the full weight of the
thing you are dragging.

You have seen how rolling on round logs cleverly take advantage
of the properties of two-force bodies (page 207). But that good idea
has the major deficiency of requiring that logs be repeatedly picked
up from behind and placed in front again.

The simplest wheel design uses a dry “journal” bearing consist-
ing of a non-rotating shaft protruding through a near close fitting
hole in the wheel. Here is shown part of a cart rolling to the right
with a wheel rotating steadily clockwise.
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To figure out the forces involved we draw a free body diagram of the
wheel. We neglect the wheels weight because it is generally much
smaller than the forces it mediates. To make the situation clear the
picture shows too-large a bearing hole .

Filename:tfigure-primitivewheelFBD

R

ı̂

!̂

NF

Fx

Fy

rC

G

!

The force of the axle on the wheel has a normal component and
a frictional component . The force of the ground on the wheel has
a part holding the cart up and a part along the ground which
will surely turn out to be negative for a cart moving to the right. If
we take the wheel dimensions to be known and also the vertical part
of the ground reaction force we have as unknowns and

. To find these we could use the friction equation for the sliding
bearing contact

force balance

sin cos cos sin

which could be reduced to 2 scalar equations by taking components
or dot products; and moment balance about C, which we calculate
with forces and perpendicular distances as

Of key interest is finding the force resisting motion . With some
mathematical manipulation we could solve the 4 scalar equations
above for any of and in terms of , and .
We follow a more intuitive approach instead.

As modeled, the wheel is a two-force body so the free body di-
agram shows equal and opposite collinear forces at the two contact
points.
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(continued...)
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Figure 4.47: A chair with friction at the
feet.

Statically indeterminate problems
When there are two or more points of frictional contact and there is no slip
nor impending slip then static indeterminacy is likely.

Example: Chair with friction
If we assume Coulomb friction at the chair feet we know that

and

The equilibrium equations tell us (assuming for simplicity that acts in the middle
of the chair):

Putting these equations together we find that

and

4.6 Undriven wheels and two force bodies
One often hears whimsical reverence for the “invention of the
wheel.” Now, using elementary mechanics, we can gain some ap-
preciation for this revolutionary way of sliding things.

Without a wheel the force it takes to drag something is about
. Since ranges between about .1 for teflon, to about .6 for

stone on ground, to about 1 for rubber on pavement, you need to pull
with a force that is on the order of a half of the full weight of the
thing you are dragging.

You have seen how rolling on round logs cleverly take advantage
of the properties of two-force bodies (page 207). But that good idea
has the major deficiency of requiring that logs be repeatedly picked
up from behind and placed in front again.

The simplest wheel design uses a dry “journal” bearing consist-
ing of a non-rotating shaft protruding through a near close fitting
hole in the wheel. Here is shown part of a cart rolling to the right
with a wheel rotating steadily clockwise.
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To figure out the forces involved we draw a free body diagram of the
wheel. We neglect the wheels weight because it is generally much
smaller than the forces it mediates. To make the situation clear the
picture shows too-large a bearing hole .
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The force of the axle on the wheel has a normal component and
a frictional component . The force of the ground on the wheel has
a part holding the cart up and a part along the ground which
will surely turn out to be negative for a cart moving to the right. If
we take the wheel dimensions to be known and also the vertical part
of the ground reaction force we have as unknowns and

. To find these we could use the friction equation for the sliding
bearing contact

force balance

sin cos cos sin

which could be reduced to 2 scalar equations by taking components
or dot products; and moment balance about C, which we calculate
with forces and perpendicular distances as

Of key interest is finding the force resisting motion . With some
mathematical manipulation we could solve the 4 scalar equations
above for any of and in terms of , and .
We follow a more intuitive approach instead.

As modeled, the wheel is a two-force body so the free body di-
agram shows equal and opposite collinear forces at the two contact
points.
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(continued...)
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Figure 4.47: A chair with friction at the
feet.

Statically indeterminate problems
When there are two or more points of frictional contact and there is no slip
nor impending slip then static indeterminacy is likely.

Example: Chair with friction
If we assume Coulomb friction at the chair feet we know that

and

The equilibrium equations tell us (assuming for simplicity that acts in the middle
of the chair):

Putting these equations together we find that

and

4.6 Undriven wheels and two force bodies
One often hears whimsical reverence for the “invention of the
wheel.” Now, using elementary mechanics, we can gain some ap-
preciation for this revolutionary way of sliding things.

Without a wheel the force it takes to drag something is about
. Since ranges between about .1 for teflon, to about .6 for

stone on ground, to about 1 for rubber on pavement, you need to pull
with a force that is on the order of a half of the full weight of the
thing you are dragging.

You have seen how rolling on round logs cleverly take advantage
of the properties of two-force bodies (page 207). But that good idea
has the major deficiency of requiring that logs be repeatedly picked
up from behind and placed in front again.

The simplest wheel design uses a dry “journal” bearing consist-
ing of a non-rotating shaft protruding through a near close fitting
hole in the wheel. Here is shown part of a cart rolling to the right
with a wheel rotating steadily clockwise.
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To figure out the forces involved we draw a free body diagram of the
wheel. We neglect the wheels weight because it is generally much
smaller than the forces it mediates. To make the situation clear the
picture shows too-large a bearing hole .
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R

ı̂

!̂

NF

Fx

Fy

rC

G

!

The force of the axle on the wheel has a normal component and
a frictional component . The force of the ground on the wheel has
a part holding the cart up and a part along the ground which
will surely turn out to be negative for a cart moving to the right. If
we take the wheel dimensions to be known and also the vertical part
of the ground reaction force we have as unknowns and

. To find these we could use the friction equation for the sliding
bearing contact

force balance

sin cos cos sin

which could be reduced to 2 scalar equations by taking components
or dot products; and moment balance about C, which we calculate
with forces and perpendicular distances as

Of key interest is finding the force resisting motion . With some
mathematical manipulation we could solve the 4 scalar equations
above for any of and in terms of , and .
We follow a more intuitive approach instead.

As modeled, the wheel is a two-force body so the free body di-
agram shows equal and opposite collinear forces at the two contact
points.
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(continued...)
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and no more. That is, all we can tell that both are within the friction limits and that
the horizontal forces cancel each other.

If a free body diagram shows two forces with a common line of action,
like the friction forces and on the chair above, the laws of statics
might only find their sum, but otherwise can’t untangle them.

Only if there is independent information, as would be the case if we knew
the chair was sliding to the right (which it clearly isn’t in this static example),
could we find the friction forces.

4.6 Undriven wheels and two force bodies (continued)
The friction angle describes the friction between the axle and
wheel (with tan ). The angle describes the effective fric-
tion of the wheel. This is not the friction angle for sliding between
the wheel and ground which is assumed to be larger (if not, the wheel
would skid and not roll), probably much larger. The specific resis-
tance or the coefficient of rolling resistance or the specific cost of
transport is eff tan . (If there was no wheel, and the cart or
whatever was just dragged, the specific resistance would be the fric-
tion between the cart and ground eff .)

Although we can solve for in terms of or let’s first con-
sider two extreme cases: one is a frictionless bearing and the other is
a bearing with infinite friction coefficient and .
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In the case that the wheel bearing has no friction we satisfyingly see
clearly that there is no ground resistance to motion. The case of in-
finite friction is perhaps surprising. Even with infinite friction we
have that

sin

Thus if the axle has a diameter of cm and the wheel of m then
sin is less than .1 no matter how bad the bearing material. For such
small values we can make the approximation eff tan sin
so that the effective coefficient of friction is .1 or less no matter what
the bearing friction.

The genius of the wheel design is that it makes the effective
friction less than no matter how bad the bearing friction.

Going back to the two-force body free body diagram we can see that

sin sin

sin sin

From this formula we can extract the limiting cases discussed previ-
ously ( and ). We can also plug in the small angle
approximations (sin tan and sin tan ) if the friction
coefficient is low to get

eff

The effective friction is the bearing friction attenuated by the radius

ratio. Or, we can use the trig identity sin tan to solve
the exact equation (*) for

eff

where the term in parenthesis is always less than one and close to
one if the sliding coefficient in the bearing is low.

Finally we combine the genius of the wheel with the genius of
the rolling log and invent a wheel with rolling logs inside, a ball
bearing wheel.

Filename:tfigure-ballbearing

Each ball is a two force body and thus only transmits radial loads.
It’s as if there were no friction on the bearing and we get a specific
resistance of zero, eff . Of course real ball bearings are not
perfectly smooth or perfectly rigid, so its good to keep small as
a back up plan even with ball bearings.

By this means some wheels have effective friction coefficients
as low as about .003. The force it takes to drag something on wheels
can be as little as one three hundredth the weight.
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A wheel
is not 
just a
lever.
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Infinite friction example 3:    A pulley
254 Chapter 4. Homework problems 4.3 Friction and equilibrium

Filename:pfigure-particle-12b
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Problem 4.3.18

4.3.19 A car is being towed. Unfortu-
nately all the wheels are locked and skid-
ding with friction coefficient . The tow
cable AB has a slope of .

a) In terms of some or all of
& , find the tension

in the tow cable AB.
b) Instead of an angle with slope ,

what should the cable angle be to
minimize the tension.
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Problem 4.3.19

4.3.20 A weight is steadily raised by
pulling with a force on a rope going
over a negligible-mass pulley on an unlu-
bricated journal bearing (no ball bearings).
For an ideal frictionless pulley .
Here, however, we have a friction coef-
ficient between the bearing and its axle
which is tan . [Hint: Finding the
location of the contact point D is part of
the problem.]

a) Find in terms of and
(or or sin or cos — whichever
is most convenient. For example
cos tan is more simply ex-
pressed as cos ), and

b) Evaluate in the special case that
kg m s

cm cm and
(so sin cos

).
c) Referring back to the general case,

for fixed , and what hap-
pens to as (does it go to

)?
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Problem 4.3.20

4.3.21 A reel of mass and outer radius
is connected by a horizontal string from

point across a pulley to a hanging object
of mass . The inner cylinder of the reel
has radius . The slope has angle .
There is no slip between the reel and the
slope. There is gravity.

a) Find the ratio of the masses so that
the system is at rest.

b) Find the corresponding tension in
the string, in terms of , , , and

.
c) Find the corresponding force on the

reel at its point of contact with the
slope, point , in terms of , ,

, and .
Harder Draw a careful sketch and find a

point where the lines of action of
the gravity force and string tension
intersect. For the reel to be in static
equilibrium, the line of action of
the reaction force at must pass
through this point. Using this in-
formation, what must the tangent of
the angle of the reaction force at

be, measured with respect to the
normal to the slope? Does this an-
swer agree with that you would ob-
tain from your answer in part(c)?

d) What is the relationship between
the angle of the reaction at ,
measured with respect to the normal
to the ground, and the mass ratio re-
quired for static equilibrium of the
reel?

e) What is the minimum coefficient of
friction at C needed to prevent
slip.

Check that for , your solution gives
and and for ,

it gives and .
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Problem 4.3.21

4.3.22 This problem is similar to prob-
lem 4.3.21. A reel of mass and outer
radius is connected by an inextensible
string from point across a pulley to a
hanging object of mass . The inner cylin-
der of the reel has radius . The
slope has angle . There is no slip between
the reel and the slope. There is gravity. In
terms of , , , and , find:

a) the ratio of the masses so that the
system is at rest,

b) the corresponding tension in the
string, and

c) the corresponding force on the reel
at its point of contact with the slope,
point .

d) What is the minimum coefficient of
friction at C needed to prevent
slip.

Check that for , your solution gives
and and for ,

it gives and
.The negative mass ratio is impossible

since mass cannot be negative and the neg-
ative normal force is impossible unless the
wall or the reel or both can ‘suck’ or they
can ‘stick’ to each other (that is, provide
some sort of suction, adhesion, or mag-
netic attraction).
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Problem 4.3.22

4.3.23 Assume a massless pulley is round
and has outer radius . It slides on a shaft
that has radius . Assume there is friction
between the shaft and the pulley with coef-
ficient of friction , and friction angle
defined by tan . Assume the two
ends of the line that are wrapped around
the pulley are parallel.
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For all    force at D is vertical

For       
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A small axle 
makes an efficient pulley
for arbitrarily large 
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For a dragging stick and for journal bearings (wheel 
and pulley), infinite friction slip seems a reasonable  
worst case (biggest friction) model.
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Conclusions:
3) Slip with                is possible
        e) In natural situations:  3 examples & demo
        f ) Is a useful model

4) No-slip BCs violates                    (sometimes)

       g) In natural problems
        h) So                 slip is better  
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A Simple Problem - The Falling Pencil
Contact Models - Two Old, One New

Summary

Falling pencil as inverted pendulum

Start nearly vertical at rest
Tip is in non-slip infinite
frictional contact with surface,
equivalent to a pin joint
constraint

y
x

l

!

G. Stiesberg Simulating Intermittent Contact

Simulation of a falling pencil (McGeer 1989)

(Usherwood video)
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Simulation of a falling pencil (cont’d)

Release constraint when normal force gets to zero.

A Simple Problem - The Falling Pencil
Contact Models - Two Old, One New

Summary

Constrained dynamics

Integrate the constrained EOM until the normal force
vanishes

fn
ft

!
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When the normal force vanishes, switch to free-body EOM

G. Stiesberg Simulating Intermittent Contact
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Simulation of a falling pencil (cont’d)
Released constraint when normal force went to zero.

Surprise!

Tip of pencil immediately accelerates through the floor.

Why?
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Simulation of a falling pencil (cont’d)

A Simple Problem - The Falling Pencil
Contact Models - Two Old, One New

Summary

Why did simulation fail?

A graphical proof that the tip must accelerate through the
floor:

JUST BEFORE LIFTOFF

mg

ft

JUST AFTER LIFTOFF

ft

mg

ft

G. Stiesberg Simulating Intermittent Contact

A Simple Problem - The Falling Pencil
Contact Models - Two Old, One New

Summary

Why did simulation fail?

Relaxing the constraint is equivalent to adding a tangential
force at the tip that causes it to accelerate through the
surface
Conclusion: infinite non-slip friction is not a physically
consistent contact model

G. Stiesberg Simulating Intermittent Contact
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Simulation of a falling pencil (cont’d)

Three choices:

  1) Allow slip (with infinite friction or whatever).

  2) Allow the ground to suck.

  3) Allow interpenetration.

A Simple Problem - The Falling Pencil
Contact Models - Two Old, One New

Summary

Infinite non-slip friction model
Coulomb friction model
Infinite sliding friction model

Infinite sliding friction model - Advantages

No need to check the
ratio of impulses upon
impact, collisions are
plastic
Normal and tangential
contact forces are
continuous
Zero parameters needed
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G. Stiesberg Simulating Intermittent Contact
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The root of all evil: 
Contact mass matrix relates 
          force and acceleration at contact point

FORCE

ACC
FORCE

ACC
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(mass matrix video)
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Coulomb friction
A surface in  the space of
  sliding velocity   v    (a)
  sliding force       F
  normal force     N

Single constitutive parameter:   the friction angle   
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Constitutive 
relation for friction

Nothing special about             .   Surface becomes two
quarter planes       (                   )  
and one half plane (                    ). 
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Conclusions:

Motivation/inspiration:

3) Slip with                is possible
        e) In natural situations (e.g., our robot sims)
        f ) Is a useful model

4) No-slip BCs violates                (or something else)

       g) In natural problems
        h) So                 slip is better  

1) Mechanics (apparent) paradoxes are interesting
        a) friction and b) dynamics
2) Make a good robot               good simulation
       c)  deal with these things, or  
       d)  do something worse Chapter 0. 1
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