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Introduction

Within the theory of C*-algebras, the crossed product construction is long

known as a nearly inexhaustible source of interesting examples. In
particular, certain crossed products are often natural test cases for the
Elliott classification program. Motivated by the increasing importance of
nuclear dimension in the Elliott program, the following question
constitutes the main theme of this talk:
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cocycle action. How does nuclear dimension behave with respect to
passing to the (twisted) crossed product? A ~» A Xq, G

Answering this question in full generality seems to be far out of reach at
the moment. However, by inventing the concept of Rokhlin dimension,
Hirshberg, Winter and Zacharias have paved the way towards very
satisfactory partial answers. This notion was initially defined for actions of
finite groups and integers, and was also adapted to actions of Z™.

We will discuss a generalization to cocycle actions of residually finite
groups:
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Rokhlin dimension

Definition

Let A be a separable C*-algebra and G a countable, discrete group and
H C G a subgroup with finite index. Let (o, w) : G ~ A be a cocycle
action. Let d € N be a natural number.
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Rokhlin dimension

Definition

Let A be a separable C*-algebra and G a countable, discrete group and
H C G a subgroup with finite index. Let (o, w) : G ~ A be a cocycle
action. Let d € N be a natural number. Then « has Rokhlin dimension d
with respect to H, written dimge (o, H) = d, if d is the smallest number
such that there exist equivariant c.p.c. order zero maps

o1 (C(G/H), G-shift) —s (Foo(A), acs) (1 =0,...,d)

with ©o(1) + -+ + q(1) = 1.
If no number satisfies this condition, we set dimg(a, H) := 0.

6
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Rokhlin dimension

Definition
Let A be a separable C*-algebra and G a countable, discrete and residually
finite group. Let 0 = (G,,),, be a residually finite approximation of G,

i.e. a decreasing and separating sequence of subgroups with finite index.
We define

dimpek (o, 0) = sup dimgek (o, Gp)
neN
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dimgek () = sup dimpek(a, H).
HCg,G




Rokhlin dimension

Definition
Let A be a separable C*-algebra and G a countable, discrete and residually
finite group. Let 0 = (G,,),, be a residually finite approximation of G,

i.e. a decreasing and separating sequence of subgroups with finite index.
We define

dimpek (o, 0) = sup dimgek (o, Gp)
neN
and

dimgek () = sup dimpek(a, H).
HCg,G

| A\

Remark
If G is finite or Z™, the second expression agrees with the previously
known definition. )
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As hinted before, the following permanence properties served as
motivation for introducing Rokhlin dimension:

Theorem (Hirshberg-Winter-Zacharias)

If a: G ~ A is a finite group action on a unital C*-algebra, we have

dim‘glllc (A).

(A x4 G) < dimf! | () - dimf,

nuc

Theorem (Hirshberg-Winter-Zacharias)
If A is a unital C*-algebra and a € Aut(A), we have

o kil
dim] ;.

(Axq Z) <2 dimf! (@) - dim}}

nuc

(A).

A\

Theorem (S)

If a: Z™ ~ A is an action on a unital C*-algebra, we have

(A).

|
dim] .

(Axo G) < 2™ dimfy, () - dimf)

nuc
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Here comes the main result of this talk. The following unifies (and in fact
improves some of ) the previous estimates:

Theorem (S-Wu-Zacharias)

Let G be a countable, discrete, residually finite group. Let o be a
residually finite approximation of G. Let A be any C*-algebra and
(a,w) : G ~ A a cocycle action. Then we have

dimfl (A x4, G) < asdim™ (0, G) - dlmR (a, 0) - dim Tl (A).

nuc (

The above constant denotes the asymptotic dimension of the so-called box
space of GG associated to o. We shall elaborate in the next part.

One particular instance of the above inequality is
dimf}o (A Xa G) < asdim™ (0,G) - dimf!, () - dim] (A),

where [I;G is a so-called standard box space of G.
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Box spaces

Definition (Roe, Khukhro)

Let G be a countable, discrete and residually finite group. Let 0 = (G, ),
be a residually finite approximation of G. Equip G with a right-invariant,
proper metric d. (e.g. right-invariant word-length metric.)

11/23
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Definition (Roe, Khukhro)

Let G be a countable, discrete and residually finite group. Let 0 = (G, ),
be a residually finite approximation of G. Equip G with a right-invariant,
proper metric d. (e.g. right-invariant word-length metric.)

The box space [1,G of G associated to o is the disjoint union

Ll,eny G/Gr, endowed with a metric dp such that this metric, when
restricted to some G/G,,, is induced by d under the quotient map

G —» G/Gy, and such that

distq, (G/Gn, G/Gy,) > max {diamg, (G/Gy,), diamg, (G/Gp)}

for all n,m € N.
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Box spaces

The previous definition implicitely contains a theorem stating that such a
metric space [J,G exists, and is independant (up to coarse equivalence) by
the choices of either d or dp.
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Box spaces

Remark
The previous definition implicitely contains a theorem stating that such a
metric space [J,G exists, and is independant (up to coarse equivalence) by
the choices of either d or dp.

| A

Definition
Let 0 = (Gy), be a residually finite approximation of G. We call o

dominating, if for all subgroups H C G with finite index, there is some n
such that G,, C H.

Definition

If o is dominating, we will call [0;G = [J,G a standard box space.
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of G. We would like to pick out one particular instance of this:
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Box spaces

It is known that the coarse structure of U,G encodes important features
of G. We would like to pick out one particular instance of this:

Theorem (Guentner)

U,G has property A if and only if G is amenable.

Theorem (Higson-Roe)

Finite asymptotic dimension implies property A.

Theorem (S-Wu-Zacharias)

Regardless of any choices, one has asdim([JsG) = min asdim(U,G).

So for what kind of groups do we have asdim(;G) < 0o?
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Box spaces

@ The box space of a finite group is always coarsely equivalent to a
one-point space, hence it has asymptotic dimension 0.

e asdim(O0,Z™) = m for any o.
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Box spaces

@ The box space of a finite group is always coarsely equivalent to a
one-point space, hence it has asymptotic dimension 0.

e asdim(O0,Z™) = m for any o.

Theorem (S-Wu-Zacharias)

Finitely generated, virtually nilpotent groups G satisfy asdim(;G) < oc.

This result has recently been slightly improved by Wu, in that

asdimt(0,Q) < 30 (G)

for every residually finite approximation o of G.
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When a box space [, G of a residually finite group has finite asymptotic
dimension, one might be tempted to think that this value encodes the
complexity of the group G in some sense with respect to o. This turns out
to be true, in that the value simultaniously keeps track of both large-scale
geometry and periodic behavior.
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When a box space [, G of a residually finite group has finite asymptotic
dimension, one might be tempted to think that this value encodes the
complexity of the group G in some sense with respect to o. This turns out
to be true, in that the value simultaniously keeps track of both large-scale
geometry and periodic behavior.

The usefulness for our main result comes from the fact that this gives rise
to decay functions with similar properties as found for Z.

Lemma (S-Wu-Zacharias)

Let G be a residually finite group and o = (G,,),, a residually finite
approximation. Then for every s € N, the statement asdim(0,G) < s is
equivalent to the following condition: For every ¢ > 0 and M TG, there
exists n and functions uY) : G — [0,1] for | = 0,...,s such that

o supp(u®) Nsupp(u®)h =0 for all 1 and h € G, \ {1}.
© > 0 hea, MV(gh) =1 forallg € G.

o Each uV) is (M, e)-flat with respect to left-translation,
ie @ — D (g- o < e foralll and g € M.
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Theorem (S-Wu-Zacharias)

For all (v, w) : G ~ A and o, we have

dimf} (A Xg G) < asdim™ (0, G) dim}!, (o, 0) - dim

s+1 d+1 7~+1

nuc ( nuc (AZ :
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Box spaces

Theorem (S-Wu-Zacharias)

For all (v, w) : G ~ A and o, we have

A Xg G) < asdim™(0,G) - dimf! | (a, 0) - dim nuC(A).
s+1 d+1 7~+1

dim

Il'LlC (

Proof (rough sketch of main theorem for actions)

Let FCCA Xq,w G and € > 0. We may pretend that F' consists of au, for
certain a € A and g € MCG. Choose n € N and decay functions
p© . 1) according to the Lemma. Define ) = supp(u¥)). Choose
Rokhlin towers ¢y, ..., pq: (C(G/Gy), G-shift) — (Fso(A), ao).
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Proof (rough sketch of main theorem for actions)

Let FCCA Xq,w G and € > 0. We may pretend that F' consists of au, for
certain a € A and g € MCG. Choose n € N and decay functions
p© . 1) according to the Lemma. Define ) = supp(u¥)). Choose
Rokhlin towers ¢y, ..., pq: (C(G/Gy), G-shift) — (Fso(A), ao).
Consider

Ax, G (A Xy G)so
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Mgo)(A) @ -+ © Mg (A)

16 /23



Box spaces

Proof (rough sketch continued)

Consider
Ax, G (A X G)so

% KE?: oLj

Mgo)(A) @ -+ © Mg (A)

17/23



Box spaces

Proof (rough sketch continued)

Consider
Ax, G (A X G)so

% KE?: oLj

Mgo)(A) @ -+ © Mg (A)

Here, the map 0, : A xo G — Mg (A) is the c.p.c. cutdown with decay
factor u®).
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Proof (rough sketch continued)

Consider
A Ao G (A Ha G)oo

% KE?: oLj

Mgo)(A) @ -+ © Mg (A)

Here, the map 0, : A xo G — Mg (A) is the c.p.c. cutdown with decay
factor V). Each 015 Mg (A) = (A xo G)oo is given by

o1,j(egn ® a) = ugp;j(X(ig})aup.

17/23



Box spaces

Proof (rough sketch continued)

Consider
A Ao G (A Ha G)oo

% KZ?: oLj

Mgo)(A) @ -+ © Mg (A)

Here, the map 0, : A xo G — Mg (A) is the c.p.c. cutdown with decay
factor V). Each 015 Mg (A) = (A xo G)oo is given by
o1,j(egn ® a) = ugp;j(X(ig})aup.
By lengthy computation, check that
@ Each oy ; is order zero.

@ If £ > 0 is chosen to be sufficiently small at the beginning, then the
above diagram is an arbitrarily good c.p. approximation of F'.
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Proof (rough sketch continued)

Consider
A Ao G (A Ha G)oo

% KZ?: oLj

Mgo)(A) @ -+ © Mg (A)

Here, the map 0, : A xo G — Mg (A) is the c.p.c. cutdown with decay
factor V). Each 015 Mg (A) = (A xo G)oo is given by
o1,j(egn ® a) = ugp;j(X(ig})aup.
By lengthy computation, check that
@ Each oy ; is order zero.

@ If £ > 0 is chosen to be sufficiently small at the beginning, then the
above diagram is an arbitrarily good c.p. approximation of F'.

We thus obtain dim!} (A x4 G) < (s +1)(d+ 1)(r + 1).

17/23
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Topological actions

Let G be a countable, discrete group and d € N. Let AyG C ¢}(G) be the
set of all probability measures of GG supported on at most d + 1 points. Let
AG = Jgen LaG be the set of all finitely supported probability measures.
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Topological actions

Let G be a countable, discrete group and d € N. Let AyG C ¢}(G) be the
set of all probability measures of GG supported on at most d + 1 points. Let
AG = Jgen LaG be the set of all finitely supported probability measures.
Note that there is a canonical G-action 8 on each of these spaces defined

by B4(1)(A) = p(g~' A) for all g € G.

Definition (one of many equivalent ones)

Let @ : G »~ X be an action on a compact metric space. Then « is
amenable if there exist approximately equivariant maps

(X,a) — (AG, B).

That is, there exists a net of continuous maps f) : X — AG such that
| fr(ag(z)) — By(fa(z))]h = 0as A — oo forall z € X and g € G.

19/23



Topological actions

Definition (Guentner-Willett-Yu)

Let @ : G »~ X be an action on a compact metric space and d € N. «a is
said to have amenability dimension at most d, written dim,m () < d, if
there exist approximately equivariant maps

(X, ) — (AaG, B).
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Topological actions

Definition (Guentner-Willett-Yu)

Let @ : G »~ X be an action on a compact metric space and d € N. «a is
said to have amenability dimension at most d, written dim,m () < d, if
there exist approximately equivariant maps

(X, ) — (AaG, B).

The amenability dimension dimgy, (<) is defined to be the smallest such d,
if it exists. Otherwise dimapy (o) := oo.

'

Theorem (Guentner-Willett-Yu)

For a free action oo : G ~ X, one has the estimate

o+l
dim? .

(C(X) % G) < dimf} () - dim™ (X).

A,
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Topological actions

For a topological dynamical system (X, a, G), denote by a : G ~ C(X)
the induced C*-algebraic action.
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Topological actions

For a topological dynamical system (X, a, G), denote by a : G ~ C(X)
the induced C*-algebraic action.

Is there a connection between dimay, (<) and dimgk(a)?

This can be answered as follows:

Theorem (S-Wu-Zacharias)

Let o be a residually finite approximation of G. If a: G ~ X s free, one
has the following estimates:

dlmRok(O_‘) < dimfl(a) < asdim™(0,G) - mROk(a o).

In particular, if asdim(0sG) < oo, then « has finite amenability dimension
if and only if & has finite Rokhlin dimension.

v
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Topological actions

Last year, the following result was obtained:

Ifa: Z™ ~ X is a free action on a compact metric space of finite covering
dimension, then dimpek (@) < oo. Hence dimp,(C(X) xq Z™) < 0.
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Topological actions

Last year, the following result was obtained:

Ifa: Z™ ~ X is a free action on a compact metric space of finite covering
dimension, then dimpk (@) < co. Hence dimp,o(C(X) Xq Z™) < 0.

Combining
@ methods developed for the above result (e.g. marker property)
@ detailed study of amenability dimension

@ some geometric group theory involving nilpotent groups

this extends to the following setting:

Theorem (S-Wu-Zacharias)

Let G be a finitely generated, nilpotent group. If a: G ~ X is a free
action on a compact metric space of finite covering dimension, then both
dimam(a) and dimpek (@) are finite. In particular, dimpy,.(C(X) X4 G) has
finite nuclear dimension. (In fact at most 3%1i(¢) . dim*1(X)% —1.)




Thank you for your attention!
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