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On a metal shell, the voltage (=potential) is constant.  Likewise inside. 

So the field inside is zero. 

Faraday observed in 1836: the same holds (nearly) for a metal mesh. 

This effect is used for shielding, e.g. in your microwave oven. 
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I got interested in this problem because of an analogy 
(see T. & Weideman, SIAM Review, last year). 
 

The trapezoidal quadrature rule is exponentially accurate for periodic 
analytic integrands.  Maybe the mathematics of the Faraday cage is 
analogous, and the shielding effect is exponential? 

In this analogy, trapezoidal rule quadrature points would correspond 
to cross-sections of wires of a Faraday cage. 

wires at 
equal voltage 
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{ƻΣ ǿƘŀǘΩǎ ǘƘŜ ǎǘŀƴŘŀǊŘ ŀƴŀƭȅǎƛǎ ƻŦ ǘƘŜ CŀǊŀŘŀȅ ŎŀƎŜ ŜŦŦŜŎǘΚ 
It must be in lots of physics and engineering books, right? 

 

²ǊƻƴƎΗ  LǘΩǎ ŀǎǘƻƴƛǎƘƛƴƎƭȅ ƘŀǊŘ ǘƻ ŦƛƴŘ ŀƴȅǘƘƛƴƎ ƻƴ ǘƘƛǎ ǎǳōƧŜŎǘΦ  ¢ƘŜǊŜ 
may be some literature somewhere, but we have found next to nothing. 

To be precise, we focus on the electrostatic case. 
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CŜȅƴƳŀƴΩǎ Lecture Notes gives one of the few treatments,  
appearing to confirm the intuition that the effect is exponential.  

Feynman and this intuition are wrong. 
The shielding is much weaker, just linear in the mesh spacing. 

ά 

έ 



Feynman starts from constant charge, not constant voltage, 
ŎƻƴǎƛŘŜǊƛƴƎ ǿƛǊŜǎ ƻŦ ƛƴŦƛƴƛǘŜǎƛƳŀƭ ǊŀŘƛǳǎΦ  .ǳǘ ǘƘŀǘΩǎ ƴƻǘ ǊƛƎƘǘΦ 
LǘΩǎ ǘƘŜ ǾƻƭǘŀƎŜ ǘƘŀǘ ƛǎ Ŏƻƴǎǘŀƴǘ ŀŎǊƻǎǎ ǿƛǊŜǎΣ ƴƻǘ ǘƘŜ ŎƘŀǊƎŜΦ 
And though a point charge makes sense, a point voltage does not. 

Boundary conditions for the Laplace equation 
must be applied on sets of positive capacity. 
The shielding must go away as the radius shrinks to zero. 

 

Maxwell (1873) saw this and correctly analyzed 
a planar model problem (treatise, §§203-205). 
If there was ever much follow-ǳǇ ƻŦ aŀȄǿŜƭƭΩǎ 
work, it seems to have been largely forgotten. 
(Jeffrey Rauch and Michael Taylor are among 
ǘƘƻǎŜ ǿƘƻ ƪƴƻǿ aŀȄǿŜƭƭΩǎ contribution.) 
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1.  Electrostatic Faraday cage: numerics and theorem 
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OUTLINE OF THE REMAINDER OF THIS TALK 

2.  Homogenized model via multiple scales analysis 

3.  Point charges model via constrained quadratic optimization 

Χ ŀƴŘ ŀǘ ǘƘŜ ŜƴŘΣ ŀ ǊŜǘǳǊƴ ǘƻ ǘƘŜ ǘǊŀǇŜȊƻƛŘŀƭ ǊǳƭŜ 



1. Electrostatic Faraday cage: 
numerics and theorem       
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LAPLACE PROBLEM 

external field  log(| zςzs|)  

ω zs 

Ŷ u = u0  on n disks of radius  r 

? 
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Boundary conditions 

u =u0 = unknown constant on the disks of radius  r  at the nth roots of unity 

u =log(| zςzs|) + O(1) as  z Ÿ zs 

u =log(| z|) + o(1) as  z Ÿ Ð   [ i.e., zero total charge on the disks ] 

ɲu=0 
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bǳƳŜǊƛŎŀƭ ǎƻƭǳǘƛƻƴ ōȅ άMikhlin ƳŜǘƘƻŘέΥ ŜȄǇŀƴǎƛƻƴ ƛƴ ŀ ǎŜǊƛŜǎ 
that includes a log singularity inside each disk, with coefficients 
determined by least-squares fitting at points on the boundaries. 

(This is essentially the same method Crowdy uses to evaluate 
the Schottky-Klein prime function.) 



n = 12 Circular cage 
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Dependence on  r :  logarithmic n = 12 
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This probably 
explains why 
your microwave 
oven is hard to 
see into.  Good 
shielding needs 
thick wires. 



Dependence on  n:  linear (weak!) r = 0.01 
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This probably 
explains why 
your cell 
phone works 
in the Borden 
Hall elevator. 
Signals are 
good at getting 
through gaps. 



Numerical experiments with zs=2 show, for small  r  and large  n, 

                            

                                            |Ðu(0)|   Ғ  μlogr|/ n 
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Theorem.  Given  R>1, nҗп, rҖ1/n, suppose ɲu=0  and | u(z)| <1  
for | z| <R with u=u0 on the  n disks of radius r ,  ς1<u0<1.  Then 

                                      |Ðuόлύμ  Җ  4|logr| / nlogR  . 
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The  | logr|/ n  observation can be made rigorous: 



Method of proof 

For an analytic function  f  with | f (z)| < 1  on the unit disk, | fΩόлύ| < 1 . 

For a real harmonic function  u  with | u(z)| < 1 , |Ðu(0)| < 4/ .̄ 
(See e.g. Gilbarg & Trudinger,  Elliptic PDE of Second Order.) 

The rest of the argument: convert  n  holes to  1  hole by conformal maps: 
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2.  Homogenized model via 
     multiple scales analysis  
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The effect of  n wires of radius r << 1/n << 1 can be approximated by 
a homogenized boundary condition along a curve ɱ.  We use multiple 
scales analysis, matching together approximations in three regions: 

                      inner region: scale of the wire radius, r 
                boundary layer:  scale of the gap between wires,  ʁ
                     outer region:  scale of the cage, O(1) 

We get an effective BC in the jump in the normal derivative of  u  across ɱ:     
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ώҜuκҜn]  = h (uςu0)    on  ɱ   

Equivalently, charge density = h (uςu0)    on  ɱ   

where  h  = 2 /̄ lʁog( /ʁ2 r̄) .      h<< 1:  weak screening 
 h>> 1:  strong screening    

Physical interpretation:  h  = capacitance per unit length  



Dependence on  r  

Actual 

Homogenized BC 
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n = 12 


