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On a metal shell, the voltagepotential) is constant. Likewise inside.

So the field inside is zero.
Faraday observed in 1836: the same holds (nearly) for a metal mesh.
This effect is used for shielding, e.g. in your microwave oven.,

‘ ;_'.smug .t 1‘1
oy i s, 1 |
i |
)

photo from Museum
of Science, Boston

2/33



| got interested in this problem because of an analogy
(see T. &\Veideman SIAM Reviewast year).

The trapezoidal quadrature rule is exponentially accurate for periodic
analytic integrands. Maybe the mathematics of the Faraday cage is
analogous, and the shielding effect is exponential?

In this analogy, trapezoidal rule quadrature points would correspond
to crosssections of wires of a Faraday cage.
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It must be in lots of physics and engineering books, right?
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may be some literature somewhere, but we have found next to nothing.

To be precise, we focus on the electrostatic case.
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C S & v Yleqfute Notegives one of the few treatments,
appearing to confirm the intuition that the effect is exponential.
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Fig. 7-8. Equipotential surfaces
above a uniform grid of charged wires.
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q . The method we have just developed can be used to explain why electrostatic
hielding by means of a screen is often just as good as with a solid metal sheet.
E’f"ept within a distance from the screen a few times the spacing of the screen
Wires, the fields insi 4

» the fields inside a closed screen are zero. 8

Feynman and this intuition are wrong.
The shielding is much weaker, just linear in the mesh spacing.
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Feynman starts from constant charge, not constant voltage,
O2YyaAARSNAY3 gANBa 27 )\yw\y)\u
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And though a pointhargemakes sense, a poinbltagedoes not.
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Boundary conditions for the Laplace equation
must be applied on sets of positive capacity.
The shielding must go away as the radius shrinks to zero.

Maxwell (1873) saw this and correctlgalyzed .

a planar model problem (treatis€8203-205). o)

If there was ever much followzL) 2+ al Eg St { Q3
work, it seems to have been largely forgotten. )

(Jeffrey Rauch and Michael Taylor are among . .

®

iK2aS 6Kz | yotdbutmt)Eg St £ Qa = °

5/33



OUTLINE OF THE REMAINDER OF THIS TALK

o » 1. Electrostatic Faraday cagermericsand theorem

2. Homogenized model via multiple scales analysis

3. Point charges model via constrained quadratic optimizatic
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1. Electrostatic Faraday cage:
numericsand theorem
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LAPLACE PROBLEM
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Boundary conditions
u=ugy = unknownconstant orthe disks of radius at the nth roots ofunity
u=log(| z¢zJ) + O(1) aszV¥ z

u=log(|z]) +o(1) aszY D [i.e., zero total charge on the disks
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bdzY SNA Ol f MKAIhWYS ARYRHE SHELI yarzy A
that includes a log singularity inside each disk, with coefficients
determined by leassquares fitting at points on the boundaries.

(This is essentially the same methGbwdyuses to evaluate
the SchottkyKlein prime function.)
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Dependence orr:
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Numerical experiments whit z=2 show, for smdlr and largen,

| Bu(0)| £ logrid n
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The | logr|/ n observation can be made rigorous:

Theorem. Given R>1, nx nr>X/n, suppog hu=0 and| u(2)| <1
for | Zl <R with u=up on the n disks of radig r, ¢1<uy<1. Then

|Dud n U dllogr| HalogR .
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Method of proof

For an analytic functio f with | f(2)|<1 on the unit disk] fQ d <110

For a real harmonic functiou with |u(z)| <1, |PBu(0) <4/ .
(See e.gGilbarg& Trudingey Elliptic PDE of Second Oriler.

The rest of the argument: conven holes b 1 hole by conformal maps:

z v=2z" w=(v—-1)/(1 - R?")

¢=1 ¢=1
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2. Homogenized model via
multiple scales analysis
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The effect & n wires of radis r < 1/n << 1 can be approximated by
a homogenized boundary condition along a @ We use multiple
scales analysis, matching together approximations in three regions:

Inner region scale of the wire radiys
boundary layer: scale of the gap between wires,
outerregion: scale othe cage, O(1)

We get an effective BC inghump in the normal derivate of u acros m

wik K] =h(uquy) onm

where h =27 /¢log (/27 r) . h < 1: weak screening
h >>1: strong screening

Equivalently, | charge densit =" (uquy) onm

Physical interpretationh = capacitance per unit length
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Homogenized BC



