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1 Intention of the workshop
When modeling phenomena in physics they typically lead to evolutionary partial differ-
ential equations. Their solutions are approximated by numerical simulations that demand
high numerical accuracy. The development of supercomputers goes towards ever more
cores that communicate less and less. This favors numerical algorithms that are accurate
by relying on communication of a processor with only its neighbors.

In this meeting we brought together experts from applied mathematics, represented
among the organizers by Christian Klingenberg and Chi-Wang Shu, and numerical astro-
physicists, represented among the organizers by Volker Springel. This workshop concerned
itself with the numerical methods for evolutionary partial differential equations describing
physical fluid flows. Examples of the underlying physical laws being modeled are con-
servation and thermodynamical principles. These give rise to time-dependent nonlinear
partial differential equations that typically come with constraints, say an equation of state
or variants of the second law of thermodynamics. These models may involve microscopic
features, hinting at the complexity of these models.

One area of application where these models are used is astrophysics. In astrophysics we
have entered an era where we have an unprecedented wealth of observations. These data
call for modeling and numerical simulation with ever increasing sophistication. Astrophys-
ical simulations account for about one third of the computational time used on supercom-
puters, indicating the importance allotted to this field. As mentioned before, the develop-
ment of supercomputers goes towards ever more cores that communicate less and less. This
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favors numerical algorithms that are accurate by relying on communication of a processor
with only its neighbors. This has to be taken into account when developing schemes that
are more accurate. In this workshop we wanted to see what this demand means for the
numerical methods. In particular we wanted to investigate higher order methods that are
very local.

In the last decades finite volume methods have come to fruition where with so called
total variation diminishing methods one can produce second order methods that work quite
well. The step beyond second order is challenging. Existing approaches, like WENO meth-
ods, DG methods and residual distribution methods suffer from either not being very local
or they tend to produce spurious oscillations near shocks. In this workshop the interchange
between applied mathematicians and astrophysicists did shed some light on how to move
forward. Examples of questions to be discussed were: how much higher order is really
needed, numerical issues related to higher order in time, the issue of spurious oscillations
near shocks for DG schemes, what to do about singularities arising in 3-d flows where there
are more issues to deal with than shocks, the question of Galilean invariance of models and
schemes.

Among the ever more sophisticated models that astrophysicists are turning to are com-
pressible flows involving magnetic fields. We took this into account by inviting some spe-
cialists from this area, both from the mathematical and the physics side. Issues that arise
here are among others on how to deal with constraints caused by the magnetic field, like
anisotropic diffusion, or how to enforcing that there are no magnetic monopoles.

This was a workshop on numerical methods that interacts with computational astro-
physicists. We expect this to give an impetus on the development of numerical methods.
Vice-versa, we expect the astrophysicists to use methods not common in their community
before, which later then give feedback to the mathematicians on features of these methods.

2 Recent Developments
The schedule of the workshop reflected recent developments of the field. A numerical
method mentioned many times is the discontinuous Galerkin (DG) method, [7]. It belongs
to the class of finite element methods. It is based on the weak formulation of the partial
differential equations. Both the solution space and test function space are polynomials. The
difference to traditional finite element methods is that in DG the finite elements are allowed
to be discontinuous across element interfaces. This ambiguity at the element interfaces
leads one in DG schemes to fall back onto a technique from finite volumes, namely the
use of numerical fluxes. Another important technique from the finite volume methodology,
namely the choice of nonlinear limiters to control spurious oscillations in the presence of
strong discontinuities, is also introduced into the DG schemes. From this point of view, DG
schemes can be considered as hybrid finite element and finite volume schemes. Also the
by now well established finite volume methods [5] were represented at the workshop. Here
a small volume surrounds each mesh point where the solution is represented. For partial
differential equations describing conservation of mass, momentum and energy the change
in a small volume can only come about by a flux through the boundary, thus ensuring
conservation. Both these methods use numerical flux functions that are inherently one-
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dimensional. Even though they seem to work well in practice, there is the aspiration to
find genuinely multidimensional methods. This train of thought was represented at this
workshop [1] by a talk by Phil Roe where the solution as decoupled into a set of genuinely
multidimensional waves.

The astrophysicists present at the conference gave examples of the multitude of prob-
lems that need to be solved with numerical methods: convection in stars represented by
the Euler equations with gravitational potential, relativistic flows where one needs to solve
the Einstein equations, or supernova simulations, where the reactive Euler equations are
coupled with radiation transport.

3 Presentation Highlights
We shall now report on a selection of presentations to expand on the previous chapter and
thus illustrate recent developments in more detail.

The numerical code of Volker Springel was presented called AREPO. It uses a finite
volume method on a moving mesh to solve the Euler and also the magnetohydrodynamics
equations. It is applied in cosmological simulations of the evolution of the universe. An
ongoing effort to introduce a higher order discontinuous Galerkin method into the code was
discussed in three lectures (Christian Klingenberg, Sibusiso Mabuza and Yinhua Xia, see
[2], [3], [4]). It was reported that at the same accuracy, a higher order DG method with far
fewer grid points gives much faster run time illustrating the promise DG method holds in
some astrophysical applications.

Another numerical code was presented by Fritz Röpke. It solves the Euler equations
with gravitational source terms in three space dimensions in order to study convection in
stars. A pertinent feature here is the fact that the flow may have very low Mach number in
parts of the flow. The scheme that was successfully able to deal with this was presented,
see [6]. It is a good example where the interplay between mathematics and astrophysics
led to a successful scheme that involved progress both in mathematics and physics.

The lecture by Roger Käppeli fit well into this context. He presented a well-balanced re-
construction technique based on a local discrete representation of hydrostatic equilibrium.
It worked well on a series of astrophysically relevant problems: the propagation of waves in
the solar atmosphere, simulation of core-collapse supernovae and multidimensional stellar
evolution.

In the context of high order methods formulating numerical boundary conditions for
conservation laws is quite challenging. Chi-Wang Shu presented a result where the method
is based on an inverse Lax-Wendroff procedure for the inflow boundary conditions that
turns out to work quite well, [8].

4 Outcome of the Meeting
This was the first time in many years that a meeting between applied mathematicians and
numerical astrophysicists took place. The challenge was to bring together astrophysicists
coming from different applications and therefore needing different numerical methods with
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applied mathematicians, each of whom again tends to focus on their own particular numer-
ical method. By focusing on the aspect of higher order methods it was possible to bridge
this gap.
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