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“There are two cultures in the use of statistical modeling to reach con-
clusions from data. One assumes that the data are generated by a
given stochastic data model. The other uses algorithmic models
and treats the data mechanism as unknown.”

Leo Breiman
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@ Reproducing Kernel Hilbert Spaces
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Kernels
A function

k:ZxZ-R, ZcRY
Examples

which is symmetric and positive definite is called a kernel function
e Linear kernel:

ElLinear (21, 22) = 21 22,
o Gaussian RBF kernel:

Z1,29€ Z C R?
_lzi-z)?
ky(z1,22) =€

P
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Reproducing Kernel Hilbert Spaces

For a kernel k, for every fixed z € Z ¢ R? define the function k., (-)

ks (2) = k(20,2)
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Reproducing Kernel Hilbert Spaces

For a kernel k, for every fixed z € Z ¢ R? define the function k., (-)

ks (2) = k(20,2)

A kernel function k is called reproducing kernel for a Hilbert
space H if

0 ky(-) e H for all zp € Z.
@ The reproducing property holds:

h(z0) =< h,ky, >, heH,zpeZ.
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Reproducing Kernel Hilbert Spaces

The space

n
Hpre = {Zaikzi(z) ta= (o, ,0) €ER™ 21, ..., 2, € Z}
i=1

with the inner product

(S auhe(2), 3 By () = 3 3 uBih(z )
p=I1 7=1 1=17=1

is dense in the RKHS defined by the kernel k.

Clearly, the reproducing property holds for h(z) = Y1 a;k(z;, 2):

h(z) = éaikzi(z) = ( éaik(zi,-), k(z, ))
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Properties of RKHS

Let H be defined by the Gaussian RBF kernel

_lz==0l?
kp(z1,20) =€ 7

Assume that Z c R? is compact.
Then H is dense in the C(Z), the class of continuous function on Z.
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9 Kernel Machines
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Kernel Machines (Support Vector Machines)

o Let D={(Z1,Y1),...,(Zn,Yn) : Z; € Z,Y; e R}
be n pairs of i.i.d. random vectors.

o The kernel machine decision function hp ) is given by

1 n
hp, = argmin ~ 57 L(Y;, h(Z;)) + A k3,
heH T ;=21

where

H is a reproducing kernel Hilbert space (RKHS) with kernel k&,
A >0 is a regularization constant
L is a loss function.
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Kernel Machines (Support Vector Machines)

o Let D={(Z1,Y1),...,(Zn,Yn) : Z; € Z,Y; e R}
be n pairs of i.i.d. random vectors.

o The kernel machine decision function hp ) is given by

1 n
hp, = argmin ~ 57 L(Y;, h(Z;)) + A k3,
heH T ;=21

where

H is a reproducing kernel Hilbert space (RKHS) with kernel k&,
A >0 is a regularization constant
L is a loss function.

Kernel machine decision function is the minimizer of a penalized
empirical risk problem.
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Examples of Loss Functions

@ The hinge loss:

L(y,h(z)) =max{1-y-h(2),0}, ye{-1,1}.
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Examples of Loss Functions

@ The hinge loss:

L(y,h(z)) =max{1-y-h(2),0}, ye{-1,1}.

o The quadratic loss:

L(y. h(2)) = (y - h(2))*.
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The Kernel Trick

@ The minimizer

L L Z
hp ) = argmin — ZL(Yi, h(Z;)) + )\||h\|3_[
heH T ;31
can be written as

. iaikzi(z) .

e This representation is referred to as “the kernel trick”.
o If the loss L is differentiable,

e 2 L(yi,ho A (Z:))
L nA
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Theoretical Results: Universal Consistency

Theorem:
Let

Q@ H be a ‘large’ RKHS.

@ L be a convex Lipschitz continuous loss function.

Choose 0 < A\, < 1 such that A\, — 0, and )\in — 00.

Then the kernel machine method is universally consistent:
For every probability measure P,

BL(Y,hp»,(£))] > inf E[L(Y,(2))] .
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Theoretical Results: Universal Consistency

An equivalent representation to the kernel machine decision function:

1 n
hpy= argmin —ZL(Yi,h(Z,-))
het,||h|3,<a(A"1) TV 4=1

where a(+) is some monotonic increasing function.

Variance

Space Complexity (171)
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Least Square Kernel Machines

The kernel machine decision function
L 1 2 2
hp = argmin — > (Y; - h(Z;))? + A|h]3
heH T ;3
can be derived explicitly
dnxl = (Knxn + )\Inxn)_IYnxl
1Z;-2;1?

12:=2;1

where K;; = k(Z;,Z;) =€~ ¢
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Least Square Kernel Machines

The kernel machine decision function

L 1
hp = argmin — S (Vi - h(Z:))? + A| A3,

heH i=1

can be derived explicitly

dnxl = (Knxn + )\Inxn)_IYnxl

12:-2;1

where K;; = k(Z;,Z;) =€~ ¢

Question: How to choose
o the kernel bandwidth parameter p

o the regularization parameter A
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Semiparametric Least Square Kernel Machines

o Let
D= {(Xlazlayl)v"' ) (XnvZTL’Yn) 5 XZ eXc RpaZ’i € Z,Y; ER}
be n triples of i.i.d. random vectors.

o The minimizer of

.1 &
hpy = argmin — > (Y; - BT X; - h(Z:))? + A|h|3,
BeRP heH T ;=1

is given by
B={xTv1x}" xTvly
AV (Y - xB)

a

where V = (ALK +1)71.
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Mixed Effect Model Representation

In this part I follow Liu, Lin, and Ghosh (2007). J
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Mixed Effect Model Representation

In this part I follow Liu, Lin, and Ghosh (2007).

Assume the following linear mixed model

Ynxl = anp,Bpxl + hnxl + Enx1,
where
o ¢ ~N(0,0%I),

o h is random effect with distribution A (0,7K), 7 = 0%/\,
e and h and ¢ are independent.
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Mixed Effect Model Representation

In this part I follow Liu, Lin, and Ghosh (2007). )

Assume the following linear mixed model

Ynxl = anp,Bpxl + hnxl + Enx1,
where
o ¢ ~N(0,0%I),
o h is random effect with distribution A (0,7K), 7 = 0%/\,
e and h and ¢ are independent.

Note that Z appears implicitly in the variance of h. J
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Bayesian Point of View

Assume the model
Y=XB+h+e¢,

such that
o y| (8,h(2)) ~ N{z" B+ h(2),0°}
o h(:) ~GP{0,7k(-,-)}
° ﬁ o< 17

Yair Goldberg (Haifa-U) Inference for Kernel Machines



Minimization Problem

The log posterior density for 8 and h is (up to a constant)

~(Y -XB-n)T () (Y -XB-h)-hT (+K)h.
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Minimization Problem

The log posterior density for 8 and h is (up to a constant)

—(Y -XB-r)T ()N (Y -XB-h)-h ' (+K)"h.

Writing h = Ko, and maximizing the log posterior density is equivalent
to minimizing

(Yi-8TX;+ Ka)? + o' Ka

S|~
ANgE

Il
iy

b2

which by the representation theorem is the same as minimizing
L& 7 2 2
- 2(Yi- 8" X + h(Z:))* + M| b,
i=1

over all e RP and he H
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LSKM vs LMM

Finding least square kernel machine decision function
is equivalent to
estimation in linear mixed effect model
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LSKM vs LMM

Finding least square kernel machine decision function
is equivalent to
estimation in linear mixed effect model

Question: What do we gain from the mixed model representation? J

r Goldberg (Haifa-U) Inference for Kernel Machines



Topic 1: Estimation

We would like to estimate the following parameters:
@ the coefficient vector S,
@ the function hp,x1 = KpxnOnxil
@ the noise variance o2,
@ the regularization constant A or equivalently 7 = A"1o2,

@ the kernel bandwidth parameter p.
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Topic 1: Estimation

We would like to estimate the following parameters:
@ the coefficient vector S,
@ the function hp,x1 = KpxnOnxil
@ the noise variance o2,

@ the regularization constant A or equivalently 7 = A"1o2,

@ the kernel bandwidth parameter p.

We have n + p + 3 parameters to estimate and only n observations. J
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Topic 1: Estimation

2

e Given ¢, 7, and p:

Estimation of 8 and h is done using the log posterior maximization
Same estimators as standard kernel machine estimation
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Topic 1: Estimation

2

e Given ¢, 7, and p:

Estimation of 8 and h is done using the log posterior maximization
Same estimators as standard kernel machine estimation

2

e The parameters o, 7, and p can be estimated using REML.
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Topic 1: Estimation

2

e Given ¢, 7, and p:

Estimation of 8 and h is done using the log posterior maximization
Same estimators as standard kernel machine estimation

2

e The parameters o, 7, and p can be estimated using REML.

Questions:
@ Are these estimators reasonable?

Normality was only assumed for mathematical convenience.
All the random effects are dependent.
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Topic 1: Estimation

2

e Given ¢, 7, and p:

Estimation of 8 and h is done using the log posterior maximization
Same estimators as standard kernel machine estimation

2

e The parameters o, 7, and p can be estimated using REML.

Questions:
@ Are these estimators reasonable?

Normality was only assumed for mathematical convenience.
All the random effects are dependent.

@ Can it replace cross-validation?
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Topic 1: Estimation - Some Simulations

Setting A (Model holds): h ~ GP{0,k(-,-)}. J
CV vs LMM (kernel width) CV vs LMM (regularization parameter)
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Topic 1: Estimation - Some Simulations

Setting A (Model holds): h ~ GP{0,k(-,-)} . )
T
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Topic 1: Estimation - Some Simulations

Setting B (h fixed):
h(Z) = 10cos(Z1) - 1522 + 10e~%3%1 — 8sin(Z5) cos(Z3) + 2021 Zs.

CV vs LMM (kernel width) +10®  CVvs LMM (regulariation)
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Topic 1: Estimation - Some Simulations

Setting B (h fixed):
h(2) = 10cos(z1) — 1522 + 10e723% — 8sin(z5) cos(23) + 202125, 2 € RS,
1.5 —
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Topic 1: Estimation

Summary
Simulations seem to work when
e LMM holds (h is random)

e h is fixed but unknown

Yair Goldberg (Haifa-U) Inference for Kernel Machines



Topic 1: Estimation

Summary
Simulations seem to work when
e LMM holds (h is random)

o h is fixed but unknown

Problems

@ Does estimation using Linear Mixed Model work for
Heteroscedastic noise?
Higher dimensions?

© What about asymptotic convergence for

B and h
o2, \, and the kernel bandwidth p
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Topic 2: Variance Estimation

Assume the Bayesian Model Y = X5 + h + ¢, such that
o y|(B,h(2)) ~ N{z" B +h(z),0°}
o h(-) ~GP{0,7k(--)}
o S,

The variance can be written as

Cov(B) = (XTV7'x)™
Cov(h-h)=7K - (1K)P(7K).

where

P=v'-v X (XTvx)" XTV!, V=0’I+7K.
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Topic 2: Variance Estimation

Assume the Frequentist model

Y=XB+h+e,
such that
o y|(B,h(2)) ~ N{z" B +h(2),0%}
e h is fixed

The variance can be written as

Cov(B) = 2(XTvix) 1 xTy-ly-lx(xTv-1x)!
Cov(h) = o> (1K) P*(7K).

where

P=v'-v X (XTv1x)" XTV!, V=0’I+7K.
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Topic 2: Variance Estimation

Questions

@ Under the Bayesian model, all observations are dependent
Does Var() go to zero?
Does Var(h) go to zero?

@ Which one of the estimators (frequentist vs Bayesian) is better?
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h(Z) =10cos(Z1) - 1522 + 10e~%3%1 — 8sin(Z5) cos(Z3) + 2021 Zs.

Topic 2: Variance Estimation- Some Simulations

Setting A (model holds).

Setting B (h fixed):

Setting B (h fixd)

Setting A (model holds)
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Topic 2: Variance Estimation- Some Simulations

Setting B (h fixed) with heteroscedastic noise:
h(Z) = 10cos(Z1) — 1522 + 10e~%3%1 — 8sin(Z5) cos(Z3) + 2021 Zs.

Setting B with heteroscedastic noise (h fixed)
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Topic 2: Variance Estimation - Bayesian Model

o Consider the variance of h

For simplicity assume Random Effect Model

Y=h+e

e Variance under Bayesian model
Cov(h-h)=7K - (tK)V1(7K).

where V = 7K + 2]

o Using matrix identities and assuming o2 = 1,

Cov(h-h)=I-V 3 =T—-(I+X'K)™
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Topic 2: Variance Estimation - Frequentist Model

o Consider the variance of h

e For simplicity assume random effect model

Y=h+e¢

e Variance under frequentist model
Cov(h) = c*(TK)V2(7K).
o Using matrix identities and assuming o2 = 1,

Cov(h) = (I+ K 1)™2
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Topic 3: Confidence Intervals for h(z)

e For simplicity assume random effect model
Y=h+e
o Under the Bayesian model
Var(il(z) ~h(z))=T(1-TK.V'K.),

where K, = (k.(Z1),...,k.(Z))T.

e Under the frequentist model

Var(ﬁ(z)) = 02(TKZ)V_2(TKz) ;
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Topic 3: Confidence Intervals for h(z)

10cos(Z1) — 1522 + 10e~%3%1 — 8sin(Zs) cos(Z3) + 2021 Zs.

Setting A (model holds).

Setting B (h fixed):

h(Z)

Setting B (h fixed)

Setting A (model holds)
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Topic 3: Confidence Intervals for h(z)

Setting B (h fixed) with heteroscedastic noise:
h(Z) = 10cos(Z1) — 1522 + 10e~%3%1 — 8sin(Z5) cos(Z3) + 2021 Zs.
L 10% Setting B with heteroscedastic noise (h fixed)
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Summary
@ There is a mathematical connection between Kernel Machines and
Mixed Effect Models

@ We discussed only least square kernel machines but similar
connections were established using Generalized Mixed Effect
Models
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Summary
@ There is a mathematical connection between Kernel Machines and
Mixed Effect Models

o We discussed only least square kernel machines but similar
connections were established using Generalized Mixed Effect
Models

Questions

o Estimation: Can the LMM posterior maximization replace cross
validation?

o Inference for §: Under which assumption is reliable?

o Confidence Intervals: Under which assumptions can they be
used?
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Summary
@ There is a mathematical connection between Kernel Machines and
Mixed Effect Models

o We discussed only least square kernel machines but similar
connections were established using Generalized Mixed Effect
Models

Questions

o Estimation: Can the LMM posterior maximization replace cross
validation?

o Inference for §: Under which assumption is reliable?

o Confidence Intervals: Under which assumptions can they be
used?

Comment
Testing for h = 0: Shown to work under the null.
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“Notions of significance tests, confidence intervals, posterior
intervals and all the formal apparatus of inference are valuable tools to
be used as guides, but not in a mechanical way; they indicate the un-
certainty that would apply under somewhat idealized, maybe
very idealized, conditions and as such are often lower bounds to real

uncertainty.”

D. R. Cox
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Towards Inference for Kernel Machines
Magic or Illusion?

Special thanks to
e Yael Travis-Lumer (University of Haifa)
e Malka Gorfine (Tel-Aviv University)

e Yanyuan Ma (Pennsylvania State University)

Thank you all for listening.
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