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Cornocupia of 2D materials
Graphene

2D Layered Materials
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•  Large band gap!

Semimetal
§ Dirac cone: linear dispersion
§ Inversion symmetry
§ Extraordinary properties
(mechanical strength, etc.)

Hexagonal Boron Nitride (hBN)
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Insulator
§ Broken inversion symmetry
§ Large band gap, 5eV
§ Stability
§ Used to encapsulate graphene

And also: transition metal dichalcogenides MX2, phosphorene, etc.
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Heterostructures and incommensurability

R2

R1

§ In general, the crystal lattices of the layers do not match.
§ No more Bloch theorem!
§ Traditionally, construction of supercells:

Possible for some magic angles for twisted bilayers;
Size increases quickly, very expensive calculations.
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Multiscale hierarchy of models

Length
scale

Density Functional

Theory

Ab-initio

Tight-binding models

Macroscopic quantities

Perturbation

Locality

C⇤
Algebras

Wannier

transformation

Microscopic description

Mesoscale

Preserves orbitals and phase from DFT

Macroscale

DoS, conductivity, etc.
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Overview

1. Perturbation approach.

2. Incommensurate systems and noncommutative algebras.

3. 1D Toy Model
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Perturbation approach

P. Cazeaux, E. Cancès, D. Massatt, M. Luskin
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Perturbation calculation for the density matrix

§ Practical example: h-BN monolayer perturbed by the the potential of another
h-BN monolayer.

§ Two ingredients:

 5-bands Wannier orbital model

§ 3D electric potential V computed
from monolayer DFT calculations,

 Calculated by S. Shirodkar using
the GPAW DFT code.
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General tight-binding framework and notations
§ Orthonormal basis of localized Wannier orbitals on a crystal lattice R:

pχµ,Rq1ďµďNb
RPR

where χµ,Rpxq “ χµpx ´ Rq.

R P R indexes the lattice cell, µ the basis element within each cell.
Nb basis elements per cell.

§ Unperturbed hamiltonian H0:
 Represented by a matrix h, provided by the TB model:

”

hR,R1
µ,µ1

ı

“ xχµ,R |H0|χµ1,R1y .

 Invariant by lattice translations:
”

hR,R1
µ,µ1

ı

“ hµ,µ1pR ´ R 1
q.

§ Perturbing potential V :
 represented by an operator v in the TB model:

”

vR,R1
µ,µ1

ı

“ xχµ,R |V |χµ1,R1y .
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Density matrix perturbation

 We investigate the perturbation of the electronic density matrix:
#

γ0 “ 1p´8,εF spH0q,

γV “ 1p´8,εF spH0 ` V q

§ H0: Hamiltonian of the unperturbed layer, R–periodic, εF : Fermi level,
§ V : perturbing potential, rR–periodic.
Weak Van der Waals forces between the layers ùñ use a perturbation
approach.

§ In the Wannier basis, the density matrix coefficients write:

rDpV qsR,R
1

µ,µ1 “ xχµ,R |γV |χµ1,R1y .

 We seek a perturbative expansion in the potential V :

DpV q « D0 ` D1 `Op}V }2q.

Note that the periodic lattices R and rR can be incommensurate!
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Discrete Floquet-Bloch transform

The discrete Bloch transform writes for u P `2pR,Cmq:

For q P Γ˚, qupqq “
ÿ

RPR
upRqe´iq¨R .

§ Γ˚ is the Brillouin zone.
§ Bloch theorem ùñ the Hamiltonian and the (unperturbed) density matrix
are diagonalized by the Bloch transform:

}phuqpqq “
˜

Nb
ÿ

n“1
εn,qCn,qC˚n,q

¸

qupqq, ­pD0uqpqq “
˜

Nf
ÿ

n“1
Cn,qC˚n,q

¸

qupqq,

 Nb is the number of orbitals per cell,
 Nf the number of occupied orbitals per cell,
 εn,q and Cn,q are the Bloch eigenvalues and eigenvectors of the Hamiltonian

matrix.
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Main formula
The first-order perturbation of the density matrix is given by:

pD1qR,R1 “ ´
ÿ

rKPrR˚

 
Γ˚

dq
´

|D1

¯

rK
pqqe iq¨R´ipq´rKq¨R1 ` h.c.

where Γ˚ is the Brillouin zone and ĂR˚ the reciprocal lattice of rR,
$
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´

|D1

¯

rK
pqq “

ÿ

nďNăn1

˜

C˚n,q|WrK pqqCn1,q´rK
εn1,q´rK ´ εn,q

¸

Cn,qC˚n1,q´rK ,

|W
rK pqq “

ÿ

RPR
W

rK pRqe
´iq¨R , and

`

W
rK
˘

µ,µ1
pRq “ 1

|rΓ˚|1{2

ˆ
R3
χ˚µpr ´ Rqχµ1prqpVrK pzqe

i rK ¨rdr .

§ Main assumption: unperturbed layer is an insulator (band gap).
§ Rapid decay of W

rK pRq due to basis localization  few terms.
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Physical understanding

§ Each px , yq Fourier mode pV
rK pzq of the potential leads to scattering of the

Bloch modes:
q +

eK

q

q� eK

 Commensurate case: finite scattering (folding of the Brillouin zone),
 Incommensurate case: each point of the Brillouin zone is scattered to an

infinite number of other modes.
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Numerical validation: k-sampling and convergence
§ Uniform Monkhorst–Pack grid used for numerical integration over the
Brillouin zone.

§ Exponentially fast convergence due to smoothness of the Wannier functions.

Nq
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Comparison between the convergence for the Wannier function basis (in blue)
and for a Gaussian LCAO basis using analytic integrals (in green).
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Calculations in the incommensurate case
§ The perturbation formula allows us to visualize the electronic density
perturbation for arbitrary angles.

§ Example: h-BN layer perturbed by h-BN potential with a 8˝ twist:

 Modulations of the electron density perturbation induced by a Moire pattern.
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Incommensurate systems and noncommutative algebras.
Towards electronic transport

P. Cazeaux, E. Cancès, M. Luskin
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Incommensurate bilayer systems

§ Two layers: incommensurate lattices L1, L2.

sheet 2
sheet 1

Incommensurate rotated hexagonal bilayer, θ “ 6˝ .
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Space of configurations
1 Sites of R1:

Other sites of layer R1 are known,
Other sites of layer R2 are given
by

γ2 P Γ2 “ R2{R2.

�2

R2

R1

0�2

2 Sites of R2: local configuration parameterized by
γ1 P Γ1 “ R2{R1.

§ Each possible configuration corresponds to a point of the disjoint union
X ” Γ2 \ Γ1.

§ For each possible configuration, discrete set of hopping vectors towards 0:
ΓpX q.
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Parameterization of bilayer systems

§ Natural C-* algebra formulation [Belissard, Shulz-Baldes, Prodan,...]
§ One can write a block decomposition of functions f P C˚pΓpX q,Bq as:

f “
„

f11 f12
f21 f22.



§ Each block corresponds to a set of possible hoppings:

f11 : ~Γ11 “ Γ2 ˆR1 Ñ C,

f12 : ~Γ12 “ R2 Ñ C,

f21 : ~Γ21 “ R2 Ñ C,

f22 : ~Γ22 “ Γ1 ˆR2 Ñ C.

§ Sum, product rules including magnetic fields.
§ Operator representation.
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Ergodicity and trace
Suppose now that the lattices are incommensurate:

R1 XR2 “ 0.

ùñ Equidistribution theorem for shifts under groupoid translations.

Proposition
Let P be the probability measure on X with uniform density p|Γ1| ` |Γ2|q

´1dγ on
both Γ1 and Γ2. Then

§ P is invariant and ergodic under the action of the groupoid ΓpX q,
§ T :“ TP is uniquely defined as a trace per unit volume in the sense that

T pf q “ lim
RÑ8

1
# pBR X Lωq

Tr pπωpf q|BR q ,

where BR is the ball of radius R centered at 0.
§ The trace is computed by the formula:

T pf q “ 1
|Γ1| ` |Γ2|

ˆˆ
Γ2

f11pγ2, 0qdγ2 `

ˆ
Γ1

f22pγ1, 0qdγ1

˙

.
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A reference example: the Hofstadter butterfly

§ Square lattice,
§ Harper tight-binding model,
§ Single band,
§ Peierls substitution.

14 ENERGY LEVELS AND %AVE FUNCTIONS OF BLQCH. . . 2241

q; hence one might expect the above condition to
be satisfied in roughly q distinct regions of the
e axis (one region centered on each root). This
is indeed the case, and is the basis for a very
striking (and at first disturbing) fact about this
problem: when n =p/q, the Bloch band always
breaks up into i.-recisely q distinct energy bands.
Since small variations in the magnitude of o. can
produce enormous fluctuations in the value of the
denominator q, one is apparently faced with an
unacceptable physical prediction. However, nature
is ingenious enough to find a way out of this ap-
pax'ent, anomaly. Befox'e we go into the x'esolution
however, let us mention certain facts about the
spectrum belonging to any value of z. Most can
be proven trivially: (i) Spectrum(tr) and spectrum
(ci+N) are identical. (ii) Spectrum(n) and spec-
trum(-tr) are identical. (iii) & belongs to spec-
trum(a } if and only if -e belongs to spectrum(a}.
(iv) If e belongs to spectrum (a) for any a, then
-4 ~ &~+4. The last property is a little subtler
than the previous three; it can be proven in dif-
ferent ways. One proof has been published. "
From properties (i) and (iv), it follows that a

graph of the spectrum need only include values of
& between + 4 and -4, and values of e in any unit
interval. We shall look at the interval [0, 1]. Fur
thermore, as a consequence of pxoperties, the
graph inside the above-defined rectangular region
must have two axes of reflection, namely the hor-
izontal line z= &, and the vertical line &=0. A
plot of spectrum(o. ), with n along the vertical axis,
appears in Fig. 1. (Only rational values of a with
denominator less than 50 are shown. )

IV. RECURSIVE STRUCTURE OF THE GRAPH

This graph has some vexy unusual properties.
The large gaps form a very striking pattern some-
what resembling a butterfly; perhaps equally strik-
ing are the delicacy and beauty of the fine-grained
structure. These are due to a very intricate
scheme, by which bands cluster into groups, which
themselves may cluster into laxger groups, and
so on. The exact rules of formation of these hier-
archically organized clustering patterns (II's) are
what we now wish to cover. Our description of 0's
will be based on three statements, each of which
describes some aspect of the structure of the
graph. All of these statements are based on ex-
tremely close examination of the numex ical data,
and are to be taken as "empirically proven" theo-
rems of mathematics. It would be preferable to
have a rigorous proof but that has so far eluded
capture. Before we present the three statements,
let us first adopt some nomenclature. A "unit
cell" is any portion of the graph located between
successive integers N and N +1—in fact we will
call that unit cell the N th unit cell. Every unit cell
has a "local variable" P which runs from 0 to 1.
in particular, P is defined to be the fractional part
of rt, usually denoted as (a). At P=O and P= I,
there is one band which stretches across the full
width of the cell, separating it from its upper and
lower neighbors; this band is therefore called a
"cell wall. " It turns out that eex'tain rational val-
ues of I3 play a very important role in the descrip-
tion of the structure of a unit cell; these are the
"pure cases"

FIG. 1. Spectrum inside
a unit cell. & is the hori-
zontal variable, ranging
between+4 and -4, and
p=(n) is the vertical vari-
able, ranging from 0 to 1.

[Hofstadter 1976, Energy levels and wave functions of Bloch electrons in rational and

irrational magnetic fields]

Incommensurability between magnetic flux and lattice constant.
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A one-dimensional bilayer toy model

§ Idea: two atomic chains with different lattice constants.

`1

`2

m m+ 1

n+ 1nn� 1

§ Geometric normalization:
`1`2 “ 1.

Model Hamiltonian:
§ Intra-chain interactions: nearest neighbor hopping with parameter 1,
§ Distance-dependent inter-chains interactions:

tmn “We´
1
2 p

Xm´Xn
σ q

2
.
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Density of States

Density of states for our 1D model, with σ “ .25 and W “ .5.
Technique: Periodic approximants and Kernel Polynomial Method.
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Electronic transport: a phenomenological model

Random scatterers   
phonons, other electrons, etc. 

Quantum evolution 
Test electron  
(1-particle)

d⇢

dt
= �i/~ [HE, ⇢]

⇢(t+n ) = ⇤⇢(t�n )

§ Effective quantum Boltzman equation [Schulz-Baldes and Belissard, 1994]:
dρ
dt ` LHEpρq “ ´

1´ κ˚
τ

pρq, LHp¨q “ i{~rH, ¨s.

§ Noncommutative Kubo formula (Relaxation Time Approximation):

σkl “
´ e
~

¯2
T
`

irXk ,Hs ˚ p1{τrel ` LHq
´1irXl , fβ,µpHqs

˘

.
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Current-current correlation function
ˆ ˆ

R2
f pE qgpE 1qdmklpE ,E 1q “ T pf pE qirXi ,HsgpE qirXj ,Hsq .

 Computation of the conductivity for any pβ, µ, τrelq:

σkl “
´ e
~

¯2 ˆ ˆ
R2

fβ,µpE 1q ´ fβ,µpE q
E ´ E 1

dmklpE ,E 1q
1{τrel ´ i{~pE ´ E 1q .

§ 2D Kernel Polynomial Method.
§ Example:
`1
`2
“ φ “ p1`

?
5q{2.
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Conclusion and perspectives
Perturbation methods:

§ An appropriate first-order approach for heterostructures.
§ Need for higher order perturbation to compute the linear response.

C˚-algebras:
§ A mathematical tool appropriate for describing observables in disordered /
incommensurate materials.

§ A lot of work to do to implement correctly the existing formulas, e.g.
Contour integrals,
Chebyshev polynomials,
Lanczos recursion chains.

Atomic relaxation and conduction
 how accurate are the tight-binding coefficients in this case?
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Thank you for your attention!
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