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|. Introduction

o 0 e O

iy zz * Quasi-continuum method
i ‘ » Bridging scale method

Continuum mechanics &
Mechanics of materials

I. Is Multiscale simulation is a science ? or itisan ad hoc
numerical method aiming at saving computational cost.




One day we shall have the Quantum Computer ....

2. Can we use Molecular Dynamics to design an airplane engine ?

NO !

Why ?

Stress-strain
based Design




How to link microscale MD to macroscale Thermodynamics (mechanics)?

Molecular dynamics simulations at constant pressure and/or temperature
HC Andersen - The Journal of chemical physics, 1980 - scitation.aip.org

In the molecular dynamics simulation method for fluids, the equations of motion for a

collection of particles in a fixed volume are solved numerically. The energy, volume, and
number of particles are constant for a particular simulation, and it is assumed that time ...

Cited by 4353 Related articles All 3 versions Cite Save

Among many other things, Andersen proposed to ‘scale’
(multiplicative decomposition) each atom positions as

rr = QY3(t)s1(t) .

At the initial coarse scale time,

R; = Q(0) -s;(t"), t'the time here is fine scale time.

HC Andersen

By doing so, he was able to introduce macroscale pressure p
as the work conjugate of €2 for an equilibrium MD ensemble.

The NPT ensemble MD



Parrinello-Rahman Molecular Dynamics

Polymorphic transitions in single crystals: A new molecular dynamics method
M Parrinello, A Rahman - Journal of Applied physics, 1981 - scitation.aip.org

A new Lagrangian formulation is introduced. It can be used to make molecular dynamics

(MD) calculations on systems under the most general, externally applied, conditions of

stress. In this formulation the MD cell shape and size can change according to dynamical ...

Cited by 4950 Related articles  All 8 versions Cite Save

Let a, b, and c are three position
vectors representing the three sides
C of the MD cell.
We form a second order tensor h by

a1 bl C1
h=lalblc]=| a2 by ¢
as bg C3

h = (aiéjl + bi(sz + CT;(Sjg)e@' & ij .
We let
hil = a;, hig = b@', and hig = C;, WwWe have
h = h@'jei & ij, and QQ = det{h} .

and h1 =a= hﬂei, h2 =b = hz‘gei, and h3 =C= higei.




Parinello and Rahman proposed the following ‘scaling’
(multiplicative decomposition) on atomic positions:

r;(t)=h(t)-s;(t), or s;=h"'-r;; (Cf Andersen’s) r; = Q'/3s;
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where G = h'"-h; %WTT(hTh) = Y (a2 +b2+¢?) and W = TT(Z@ m@-s@-®si).

The Lagrangian equations for the Parrinello-Rahman MD:

where the Virial stress,

T virial — QZ{_’fLIVI®VI+ Z(

T
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Parrinello-Rahman’s (NoH) extended Lagrangian:

WTr(hTh) — pQ — %Tr(E - G)

ﬁPR— Zmzsz G- S@__Zng ng +

(T2
where

Y =hy' - (S—pl)-h;'Q; G=hn""

Parrinello-Rahman MD:
By the way, this is

§ = — Z(qb (Tij))(s. —s;)— G 1Gs; NOT 100/% correct !
t vy T3, v J 19
Wh = (r+pDII—Qh-%, with T=0'h?.  T=7/0

and

r @ r;
QZ mivi @ Vi = > ¢ (ri) = —
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Remark: First principle Lagrangian

L=K-V 4 Vet

1 1 - :
K — §Zm7’f‘z.f‘1:§zmz(h’sz+h'éz)‘(h'S@"—h‘sz)

where G = h? - h.

Parrinello and Rahman made the following approximation

Kg%(), and K4%0



The APR-MD lagrangian has been viewed as an ad hoc choice,
as Parrinello and Rahman commented,

------ Whether such a Lagrangian is derivable from first principles is
a question for further study; its validity can be judged, as of now,

by the equations of motion and the statistical ensembles that

it generates. ---- - - i
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PR-MD can simulate the Cubic-to-Tetragonal Structure Phase Transition



Recent Developments

The (Andersen-) Parrinello-Rahman (NoH)
ensemble MD was modified by Paolo Podio-Guidugli
(Journal of Elasticity [2010], 145-153.)

Podio-Guidugli made the following changes:
h — F, and s; — R (although he still called it sj).

Let,

1 T e . 1 |2
ﬁPG—PR:§;mI(F 'F)-(SI®SI)+§W||FH —U(F'SI)

where C = FT - F is the right Cauchy-Green tensor. /
Note that in the original paper, the last term is 23S - F may be a typo.

Consider,
( i(OEPG—PR) _ JLpg—rr 0
dt aS] aS[ ,
4
i(aﬁpa—PR) _ OLpg—pPrR _0
. dt 8F OF ’




Consider,

( i(aﬁPG—PR) _ dLpg—pPr _ 0
dt 851 aS_r -
{
i(aﬁPG—PR) _ JdLpg-pPr 0
( dt OF oF

where



E,

E3

Referential Current

Configuration Configuration
F=nh- hg' €3
—
€2
€]
N‘O V Remarks: Define
: P 8}((5)’
0X
We have
ri(t) = F(b) Ry(t)
Equilibrium Statistical /
Configuration = F-ho-si(t)
— I‘I(t)Zh(f)-S[(t) .

The Differential Manifold Interpretation of
From Atomistic-to-Continuum MD



Multiscale Micromorphic Molecular Dynamics (MMMD)
P-R MD MMMD

——r

e I’ = ;{ i Vs 0
Supercell /") e /.

Multiscale el °
Decomposition ri=®gS;+rqy
Representative unit cell Individual cell has different deformation
Periodic boundary condition Non-periodic, Nonequilibrium
ro; =¢,-S; and ¢, :=F,-x,, € Multiplicative

Decomposition

where ¢, is the total deformation tensor of the a-th cell, and and x, = h,.

MMMD couples three scales

Scaled atomic coordinate S, | @

1. Fine scale atomistic dynamics
2. Mesoscale micromorphic dynamics Cell shape @, -
3. Macroscale particle dynamics Cell centerr,, ®




Multiscale Decomposit
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where @, is the total deformation tensor of the a-th cell, and and x,

o, — qba . Sz and qbo; .

~s .

.

Multiplicative
Decomposition



rog =rg —rq, Ra:=71,(0), and Ryp:=Rg—R, .

F is determined by the positions of center of mass of MD cells.

Ny
We first define : K, = Zw(|Ra5|)Ra5 ® Ras 20

p=1
F The define a two-point tensor
o
n Radius / al
—— N = Z w(|Ras|)ras @ Rapflso
- ' p=1
-‘ > ’ .‘4 Nh

ap = F. Raﬁ§

B=1




Intermediate Current

Configuration /—\ Configuration
F
ri =Tq + Tq

Po+ Fo R Pa = FaXa
rO{ —|_FO£ ’ Xasi

Ri:Ra+Rai
:Ra+XaSz

Referential

. Statistical Configuration
Configuration

g ¢a = FGt : X(x
Bs B,(R) B.(r)
Statistical Configuration Intermediate Configuration Current Configuration

Micromorphic Multiplicative Decomposition



Undeformed cells
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Recall E. Kroner’s
incompatible strain

Recall E. H. Lee’s
Decomposition



First principle Lagrangian
L= Ka=D Vot ) Ve

Before constructing the governing equations of MMMD), we would like to revisit the statistic conditions in APR-MD
and provide some explanations or interpretations. Consider the kinetic energy of the a-th cell:

1 1 . e .
Ko = 53 miti-ti=53 Mi(ta+da-Si+da-Si):(fa+da-Si+da-S)

4'1:{& . . ]. '.T . . . ]_ . | .

= — Ta- ra+§¢a%zmi5i @ Si +§Z”1isi -C-5;

x_.\:.._.f . ) . )
fa Kﬂ Ka

+ —(,ba{bQZmS ®S; + -:r:-T' ngfn ®S

g

il

K

where M, = Zmi is the mass of the cell, and C = cbz ¢, Introduce the following statistical assumption:

J5 = ZmS @ S; —ZmanD ‘Ra; @ Rai - Xao

= Xa;l:l - Ja - Xao = constant tensor.



Statistical Assumption: J2 is a constant Spherical Tensor
If we choose Ej as principal axes, we can have a simple expression of J3 |
I =J B, @B, + JLE, @ By + J5Es @ Eg . (37)
Since J? is spherical, we may write J, = J5, = J5; = W,,. Now it becomes clear that the quantity W used in the

original PR-MD is related to the component of Euler’s inertia tensor. Therefore, naturally, the second term of kinetic
energy becomes:

Ky = %T-‘T’}ETF(QE:Z(,{}Q ) (38)

We call the expression (35) as the First statistical condition of APR-MD.

AC(T) =< Si(t) ® S;(t+ 1) Zmz S;(t+7)
dA
= C(r Zmz Si(t+71)=0

Similarly, Z miS;(t) ®8; =0 .



Take into account macroscale B.C.
1 1 .
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Thus £, =L, (rs,¢,.5:). This derivation is both brilliant and splendid !
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The derivati
rivation is n .
: on-trivial®
It 1s tﬂejOumey . n-trivial:  (Li and Tong [201
ot the destination that ma 5] JAP)

tters.

and
Roi = Yo" S ) 4 (0Fp\. o 0¥
that if the length of S, is not fixed, 1, MAY may not represent the —\df o o
shape tenso” of the athcell. T herefore, W€ must have the con-
straint condition, On the other hand, we may derive,
E:S,» 8§ = const, (42) oF B ; ax 8.
i ¥p= Z(Eﬁrm « -———-r,x
whichisa weaker condition than conditions (40) and (41)- . .
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MMMD Computational Algorithm (i and Urata [2016) CMAME)

Gy =) m;S; Go:=1J5(t)—J5(0), and Gs := diag(J5(t)) — Tr(J5(0))diag(I®)

These constraints can be enforced by the Lagrangian multiplier method,

L5 =La— a1 Gar = Aa2: Gag — Aaz - Gaz and L), =Y L7,

where A,; and A,z are vector multipliers, and A,; is a tensorial multiplier.

- At? )

SiV(t+ At) = 28i(t) — Si(t — At) (Fgcj + Fgm) (81)
T

SO+ A = S0+ A - ARG ALY &

SO+ At) = S+ At) — ARCII(E) - AD(AL) - S (¢ + At) | (83)

where the superscript “¢” means the corrector phase, and the predicted velocity value 1s

SP(t + At) — Si(t)

()
5. =
: At

= F\7 = —mC - Co S+ 0,3 N (8T,
B o;#B;

with the correction Lagrangian multipliers expressed as
4(cl

A =) - : . and (84)

(At)? (Z m.z-)

1

1

.xg;:g_zw {Zm 52 5 8 _ 35(0) } (Z S @s) L (5)




[11. Validation and Numerical Examples

Ni FCC to HCP transition by compression

3x3x3=27cells Morse potential
108 atoms in each cell 350 K constant »
2916 atoms in total. Nose-Hoover thermostat 0.00




- Test of displacement boundary
(Tong and Li [2015] JCP)

e T ey Initial Model Setup
' F.C.C. Lattice

3x3x3 Supercells
Loading , Arw iy -
Direction (& SRR Y Ap——
1 y
, a0 = 0.352 nm i
a z

Under uniaxial compression, the original FCC lattice of T=350K
single crystal Nickel will go through structure change.zz’zg'
The interaction between atoms is modeled by Morse poten-
tial, which is plotted in Fig. 5. It has the form of

¢(r) = D(e72r0) — 2¢=2=m)), (85)
The interaction force is given by

06 (r)
ar

With the constants D =3.5059 x 107 J, x= 8.766/ay, and
ro=10.71727 A. ay denotes the constants of the FCC lattice
of nickel, i.e., ap=3.52 A0

F(r)= - = 2Da(—e 2271) 4 g7HT0)). (86)



Displacement
B.C.

Loading
Direction

Initial Model Setup

F.C.C. Lattice
3x3x3 Supercells

o>

Bt St A 4

s
YA
taen T
"N

L L L YL T YL
.‘oo.‘ S L T TL
okt 4 B

»
-n

T - *e

PR PP PR DA D B

L T LTI Y™
-

MaIp doj

et Y
i PP 4
R An A
L A

MaIA [elore]

MBI [eloreT]

H.C.P. Lattice
/\y =10.72

a; = 0.253 nm




1.7 ps
7.0 ps

LEtEee4 5§ 3

22222222

22222222
1 e e e e e o

t =6 GPa
vyy Iy v il

0 ps
3.4 ps

t 444 ¢+ 444
1 e e e e o e

22222222

Initial
F.C.C.
Final

2 A2 22222
t*r+4414 %%

Top View

H.C.P.

Traction B.C.

10.0 ps




Supercell 3 x3x3=27 — 3 x3x3=27 unit cells
— 2916 atoms

4x4x4=64 — 4x4x4=064unit cells

— 16384 atoms
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— 62500 atoms
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Example 2. Phase Transformation of Nano-rod
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Example 3. Phase Transformation of Iron

In this simulation, we adopt the Finnis-Sinclair Model [52] tor material BCC iron. The potential
energy of the Finnis-Sinclair Model (FSM) and the Embedded Atom Model (EAM) has the
following general form:

N
U=

N
> D Viri;+) Flp:) (5.3)
i=1 ;=1 i

2| =

1=

where F'(p;) is a functional describing the energy of embedding an atom in background electron
cloud, and it is defined as

N
pi=Y_plrij), rij =ri — rj, rij = |rij| (5.4)
Jj#i

The Finnis-Sinclair potential is defined as

, 3
V(rij)=(rij — ¢)*(co + cirij + cariy). plrij) = (rij —d)* + 3@ F(p;)=—AVpi .

(5.5)
with parameters cg,c1,c2,c, A, d,andf taken from [53]. Note that both ¢ and d are cutoff
distances.

(Li and Urata [2016] CMAME)



Prescribed displacement boundary condition
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V. Application: Coupling MD with Peridynamics

Three-scale s 0000000000

region

Atomistic Transition

Region

=

Zone

Macro
Region

A

0000000000000

Q000000000

O
O
O
O
O
O
O
O
O
O

Two-scale
.. I‘egion
.

-- -
- S

)

-~
Cmawmm=”

~

One-scale (a)

region



State-based Peridynamics

f(x', x)

t(x', x)
L(x,t) t(x,x") /

t(x', x)

’
t(x, x‘)\X / e

(brittle model)
f(x,x')
H

Let t(-, -) denote a vector-valued function such that
fix,x')=t(x,x') —t(x',x) fx',x)=—-f(x,x)
pu(Xq,t) = / {t[xa,t] < Xpg— X, > —txg, t] < X, —Xg >}dV + b[x,, t]
H

Pﬁa = Lo + b



Example: An one-dimensional wave propagation
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Figure 5: Displacement at (a)t=2250 and (b)t=5000 with units of macroscale step size. No filter is placed in the transition zone.

(Tong and Li [2016] JMPS)
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Example 4: A two-dimensional wave propagation

2
u(r.t = 0) = Ae 27 (1 + beos(3)) r<L.
0 r>rL.
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Example: A two-dimensional crack propagation




Example: A two-dimensional crack propagation
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Coupling MD with FEM: Nanoindentation

Spherical Indenter Vicker’s Indenter

® B.C.ofindenter can be applied to cell centers.

® Local pressure in each cell can be analyzed.
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Conclusions

1. We have extended the equilibrium ensemble PR-MD
to a non-equilibrium atomistic-to-continuum dynamics;

2. We have successfully embedded macroscale boundary
conditions into a finite-size microscale molecular dynamics
system instead of using periodic boundary condition;

3. Based MMMD, we have developed the multiscale interface
element to couple Molecular Dynamics with Peridynamics;

4. MMMD touches some basic fundamental concepts of
continuum mechanics and multiscale simulations.



Coupling of MMMD-FEM

® To combine MMMD and FEM, position of cell centers r;,

are connected to FEM nodes.

® It avoids “Fully Refined Mesh ”, at the boundary,

because nodes are connected to coarse scale positions but not atoms

Atomistic
region divided
into multi cells 7

— 0 FEM elements
Macroscale

discretisation ©  MD cell centers
MMMD + FEM system by FEM & FEM nodes
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Algorithm

Define intermediate nodes (O) to
connect FEM & MD regions.

Force from FEM elements are considered
as traction force T, for boundary
condition of MD cell centers.

Myfo = — Z faﬁ + Tk
B

Displacement of MD cell center Ar  is
utilized to estimate deformation gradient

F of the boundary elements.
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Multiscale system

7.63_\1}\__ 2 MD region

7x7x5=245 cells

64 Silicon atoms in each cell
15680 atoms in total
Tersoff Potential for silicon

FEM region
14-14-5 extra elements around MD
cells 1860 elements in FEM
20.6 § method with cubic crystal unit cel
[nm]\J Indenter

Spherical (20nmd¢)
& Vicker’s indenters.

% applied as displacement B.C. analytically
793\



Crystal phase under indenters
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(a) Energies of atomistic domain with and without filter
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(b) Comparison of energies of atomistic and macro domain

Figure 7: Evolution of energy in each domain.
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