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@i Convolution integral Ty

m Convolution integral with the Laplace transformed function 7 (s)

y(t) = (f+g)(t)

(1009) (1) = [ 1(t-1)g(x)d
0

t
1 ~
= o f(s)/es(””g(r)drds

c 0

x(t,s)
m Integral is equivalent to solution of ODE

%x(r,s):sx(t,s)Jrg(t) with x(t=0,s)=0
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@i Convolution integral Ty

m Convolution integral with the Laplace transformed function 7 (s)

y(0=(1+9)(0) = (10)9) (1) = [ 1(t-T)g(x)
0

t
f(s) / esVg(t)dtds

c 0

21r1

x(t,s)
m Integral is equivalent to solution of ODE
d
&x(t,s):sx(t,s)Jrg(t) with x(t=0,s)=0
m Implicit Euler for ODE , [0, T] = [0, t, s, . .., tn], variable time steps
At,i=1,2,...,N

Xn (S) _ Xn—1 (S) Atn

T—Ats T 1-Atso Z t’ng Ats
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i Time stepping formula Ty,

m Solution at the discrete time t,

y(tn):%/?(s)xn(s)ds

. 1 f(S)Afn /f Xn 1
Tomi/ 1— At,,s 271: 1— Atns
c

A 1 1 ~ Xn—1 (S)
(- L) 218 g
(At,,> 9n+ 2nic/ (s) 1— At,s S

M. Schanz 9CQM for Elastodynamics 5/35



B Time stepping formula Ty,

m Solution at the discrete time t,

y(tn):%/?(s)xn(s)ds
C

. 1 ?(S)Afn /f Xn 1
ComiJ 4 —Atns 2n 1 —Atns
C

A 1 1 ~ Xn—1 (S)
- F(s) 2n18) 4
(At,,) 9n+ 27510/ (s) 1— At,s S

m Recursion formula for the implicit Euler

1 ~ n n 1
th)=— [ f Atg || ——d
y(t) = 5 / CIREIN Cayvr

1 n-l 1 fa, 1
=fl-— Atg— [ f — 4
(Atn>g"+]§ ’gfzniC/ (s)kH:j1—Atks s
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B Time stepping formula Ty,

m Solution at the discrete time t,

y(tn):%/?(s)xn(s)ds
C

1 [ f(s)At
- H(s)Atn "9 /f X" i ds
2mi J 1 —At,,s 271: 1 —Atns
c

~ 1 1 ~ Xn—1 (S)
=f f —=d
(At,,) 9n+ 27510/ (s) 1— At,s S

m Recursion formula for the implicit Euler

1 ~ n n 1
th)=— [ f Atg || ——d
y(t) = 5 / CIREIN Cayvr

1 n-l 1 fa, 1
=fl-— Atg— [ f — 4
(Atn>g"+]§ ’gfzniC/ (s)kH:j1 — Ates

m Complex integral is solved with a quadrature formula
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B Algorithm Ty

m First Euler step
~f 1
h)="f
y(t) (Az‘ ) 91

with implicit assumption of zero initial condition
m For all steps n=2,..., N the algorithm has two steps
Update the solution vector x,_1 at all integration points s, with an implicit Euler step

Xn—2 (s¢) Aty 4 g
1—Ath—1sp  1—Ath—18y n-

Xn—1 (Sé) =

for ¢ =1,..., Ng with the number of integration points Ngq.
Compute the solution of the integral at the actual time step t,

1 @ 7(sr)
f - =7 o
y(tn) = (’_‘t )g"+[§:1wg172tn54x" 1(s)
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B Algorithm Ty

m First Euler step
~f 1
h)="f
y(t) (Az‘ ) 91

with implicit assumption of zero initial condition
m For all steps n=2,..., N the algorithm has two steps
Update the solution vector x,_1 at all integration points s, with an implicit Euler step

Xn—2 (s¢) Aty 4 g
1—Ath—1sp  1—Ath—18y n-

Xn—1 (Sé) =

for ¢ =1,..., Ng with the number of integration points Ngq.
Compute the solution of the integral at the actual time step t,

1 @ 7(sr)
f - =7 o
y(tn) = (’_‘t )g"+[§:1wg172tn54x" 1(s)

A tmax

m Essential parameter: Ng = Nlog (N), integration is dependent on g = A

M. Schanz gCQM for Elastodynamics 6/35



B Numerical integration Ty

Integration weights and points

2
se=v(or) o= MV (o¢)

271
n\o
for N=25,T=5,t,= (2)*T,a =15
25 T T T
¥ * *goan
+
20 o + + + 1
o + #* +
F * -
15 ** + . .
# +
ol F . |
f " '
5 * g
* +
Q #* + #* * A
¥
5 % + * 4
+
SEIEEN * ]
* +
+
] + * g
*y + * +
20k *, e * ]
*
¥ *
25 L * e 4o * . .
10 20 30 40 50 60
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i Eauivalence CQM with constant step size Ty

m gCQM with implicit Euler for constant time step sizes

A1 = 1 fo I 1
=7 Atg— [ f d
y (tn) <At>g”+jz1' tg’2ni/ (S)kH_j'l—Ats s
= A =

(] Jrni -i/?(s)Lds
= At 9n P g/2nic (1—A1’S)n7j+1 .
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B Equivalence CQM with constant step size Ty

m gCQM with implicit Euler for constant time step sizes

A1 = 1 fo I 1
=t = Atgi— [ F
y (tn) <At>g”+jz; tgj2m/ (S)kH_j'l—Atst
= A =

(L +ni1 -i/?(s)Lds
= At 9n P g/2nic (1 —Ats)n7j+1 .

m Substitution z=1— Ats = original algorithm with BDF 1 y(z) =1 —z
e e N A :
=fl — — | f —(n—j)—1
y () (At>9"+;@2ni/ < At )z dz
= c

n 1 N z o n . N
=) — f<Y()>z D4z g =Y o (f.AL) g
c =1
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B Elastodynamics Ty,

m Governing equation for elastodynamics

cEV(V-u(x, 1)) — 3V x (V xu(x,t)) = 8tl21 (x,t) (x,t)eQ2x(0,T)
u(y,t)=ap(y,t) (v,t)€lpx(0,T)
ty.t) =oan(y,t) (v,t)elnx(0,7)

u(x,o)—g—‘:( ,0)=0 (x,1) € Q x (0)

in domain Q with boundary ' =Tp Uy
m Wave speeds

o — E(1—v) o — E
T\ p(—2v)(1+v) P\ p2(1+v)’
with Young’s modulus E and Poisson’s ratio v
m Traction operator (Hooke’s law)
t(y, 1) = (Tu)(y,t) = __lim _[o(x,1)-n(y)]

Qox—yel
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i Boundary integral equation Ty

m First integral equation
(V) (x,t) =C(x)u(x,t) + (L xu)(x,t)  (x,t) € x(0,00)

m Integral operators

t
V*l //U(X yat_ Y7 )ds)’d"C
or

C(%) = T+ lim / (T;U) " (x—y,0)ds,

€0
9B (x)NQ2

t
m [ [ (B x-y.t-Du(y.9)dsyds
0
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B Spatial discretization Ty,

m Introduction of boundary elements T,
Ne
Mh= U Te
e=1
m Introduction of shape functions

uk(y,t) = ; U(eiy) and  t(y.t) = ; t(t)wi(y)

m Partitioning of the boundary and collocation
([ ol [0 -
Vo (0:) — (Caw+Kaw (9:))] [un

(s S [
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B Temporal discretization

Ty,

m Application of the gCQM to the convolution in time

Vop —Kpw [t _|D
[VND - (CNN+RNN)](Atn ) [U’d B Ln

+ Z Rowuy (st
AtnSp KNNU

m Known right hand side

f5 Con+Kop —Vpn —1y |90
- el
N In

Knp —Vn

Ng
Wy
+Z;1 1—Atysy { {A
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B Temporal discretization Ty,

m Application of the gCQM to the convolution in time

Vop —Kpw [t _|D
[VND - (CNN+RNN)](Atn ) [U’d B Ln

KDNUZ 1 _ VDDtB 1
+Z Aw{[KNNUn s [g228 e

m Known right hand side
f Cop +Kpp —\A/DN:| 1 [gﬁ}
= ’, ~ At
[fd { Knp —Vn (a67) an
Ng 7 n—1 ) n—1
y Kppgp ] [VDNgN ] }
Tl T A Y  Regn—t (S = | 0 n1|(S
2‘1 11— Atysy { {KNDQB r|(s) Vangy ! (=)
m Complexity
O(MPN) + O(MPNQ)) = O(M?N) + &(M?Nlog N))
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W Data for the tests | Ty

m Geometry and mesh

w

v

2

1
1
m y

1m

m Material data: Young’s modulus E = 1 N/m2, Poisson’s ratio v = 0, and density
p = 1kg/m?
= wave speeds

¢ =1m/s ¢ =+v0.5m/s.

M. Schanz gCQM for Elastodynamics 15/35



W Data for the tests Il ey

m Displacements: linear shape functions, Tractions: constant shape functions
m Properties of the used meshes 3 = ¢ Atconst/h

Number h B=1 B=0.25 B = 0.0625
elements | nodes At N | At N At N
56 30 | 1m 1 5 0.25 20 0.0625 80

224 114 | 0.5m 0.5 10 | 0.125 40 0.03125 160
896 450 | 0.25m 0.25 20 | 0.0625 80 0.015625 320
3584 1794 | 0.125m || 0.125 40 | 0.03125 160 | 0.0078125 640

AWM =

m Variable time steps

(n—1)* .
Aty = | n4+—"— ) Atoonst with T = NAtonst
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B Convergence study Ty,

m Boundary condition from smooth solution of the PDE with
m source at point P = (1.5,2,2)7
m direction of source d = (1,1,1)7
m temporal behavior of source

el

m Error definition

N
€ITgps = \/ZOAtn|U (X, tn) —un (X, tn) Hiz(r)
n=|

;

N -2

eITre) = EITaps (Z Atyllu(x, t,) ||Eg(r)> wxerl
n=0

CIThH
eoc = log,
CITH11

M. Schanz gCQM for Elastodynamics 17/35
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Wi Dirichiet error: constant time step size Ty,

—-—fp=1
—=3=05
——B=0.25
—-—pB=0.125
—— 3 =0.0625
-----eoc = 1
---eoc=0.75

100

|
107%% 107%% 107%* 107%%  10°

log(h)
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Wi Dirichlet error: variable time step size Ty,

—-—fp=1
—=3=05
——B=0.25
—-—pB=0.125
—— 3 =0.0625
-----eoc = 1
---eoc=0.75

100

log(errye)

10!

1072, | | | | |
107%% 107%% 107%* 107%%  10°

log(h)
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B Neumann error: constant time step size Ty

—-—fp=1
—=3=05
——B=0.25
—-—pB=0.125
—— 3 =0.0625
-----eoc = 1
---eoc=0.65

1070.5 -

log(errye)

107" |-

1 0—1 51
| | | | |
107%% 107%% 107%* 107%%  10°

log(h)
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B Neumann error: variable time step size Ty

—-—fp=1
—=3=05
——B=0.25
—-—pB=0.125
—— 3 =0.0625
-----eoc = 1
---eoc=0.65

100

log(errye)

107!

107%% 107%% 107%* 107%%  10°
log(h)
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B Neumann error: different time gradings Ty

|
10—0.4 - —o— Atconst
= o=1.1
——a=1.5
——a=2
10—0‘6 - ]
§
J
o)
o
10—0.8 - _
107" ]
! ! ! ! !

1070.8 1070.6 1070.4 1070.2 100
log(h)
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B \ave propagation Ty

m 3-d bar with geometry from above Tm
m Dirichlet BC set to zero: bar is fixed
m Neumann BC on the longitudinal surfaces set to zero

m Neumann BC on back side {Xjpaq € '|x1 =3m,—0.5m < x,x3 < 0.5m}:
load t; (Xjoad, t) = 1N/m2f (t)

f()=H() H()=1VYt>0
f(t)y=te! Vt>0
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Bl Displacement solution: Time discretisation Ty

B =0.0625, mesh 2
I

I 1
6| _Atconst
—o=1
5 —a=1.5
— —oa=2
E 41 - - - analytic
=)
=
g 3| i}
[0]
[&]
®©
re3 21 N
(7]
2
1l ,
0, |
| | | | | | |

|
0 5 10 15 20 25 30 35
time t [s]
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@i Traction solution: Time discretisation Ty

B =0.0625, mesh 2
I

I 1
_Atconst
o0 : ! N |e=t
: | ! ! ——a=15
' : ' ! —a=2
— _os5| . .
E 0 | ! ! - - - analytic
oy ] 1
5 /
e 10
[0}
[&]
© 1
a | | : 1
7} 1
5 —15] : 1 ' : N
1 1 f 1
1 1 f 1
1 1 ' 1
—o| . ; i i i
| | | | | | |

|
0 5 10 15 20 25 30 35
time ¢ [s]
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Bl Displacement solution: Time discretisation Ty

o =2, mesh 2

‘ ‘ ‘ —pB=0.125
6| \ . »|—B =0.0625
B =0.03125
St — B =0.015625
E — B =0.0078125
Iz 41 - - - analytic
5
£ 3 |
(O]
[$)
(3]
s 2| .
L
©
i i}
O | .
| | | | | | | |
0 5 10 15 20 25 30 35

time ¢ [s]
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Bl Traction solution: Time discretisation

Ty,

o =2, mesh 2

‘ —PB=0.125
— B =0.0625
o ' —— B=0.03125
— B =0.015625
E 05} — B =0.0078125
< - - - analytic
5 1| —
£
[0)]
@
o —15}| 5
0
©
_ol ]
_2.5 L | | | | | | | | |
0 5 10 15 20 25 30 35

time t [s]
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lli Displacement solution: Spatial discretisation Ty

o=2,B=0.0625
I

|

6| ——mesh 1

——mesh 2

51 ——mesh 3

= - - - analytic

= 41 =
3
<

g 3| i}
(0]
[&]
3]

a 21 s
(7]
2

1l |

0 |- -

| | | | | | |

|
0 5 10 15 20 25 30 35
time t [s]
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Bl Traction solution: Spatial discretisation ey

o=2,B=0.0625
I

|
o} . . ——mesh 1
—Y: ' ——mesh 2
' ——mesh 3
€ —05| ! - - - analytic
s |
5 | j |
=
(0]
(&)
Y
2]
5 1.5 : : |
! 1
! 1
! 1
ol N i
| | | | | | |

|
0 5 10 15 20 25 30 35
time t [s]
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Bl Displacement solution: Time discretisation Ty

B =0.0625, mesh 2
I I

I 1
1b —— Ateonst
—o=1
—a=15
T 05[] =2
L —— reference
=)
5
= o |
(0]
[$)
©
Q
@
S 05| :
_1 - ]

| |
0 2 4 6 8 10 12 14 16 18 20 22
time t [s]

M. Schanz gCQM for Elastodynamics 30/35



@i Traction solution: Time discretisation Ty
B =0.0625, mesh 2
I I

I 1
08 _Atconst
0.6 —oa=1
—oa=1.5
04 - —_— = 2
— reference
0.2

0,

0.2

displacement t; [m]

—04}

—-0.6

—-0.8 | |

| |
0 2 4 6 8 10 12 14 16 18 20 22
time ¢ [s]
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Bl Displacement solution: Time discretisation Ty

o =2, mesh 2
I

a |
E 05} R
5
£
g ol |
[0]
()
ks
a —B=0.125
© 051 — B =0.0625
—— B =0.03125
—— B =0.015625
-1 —— reference
| | | | | | | T T

| | T
0 2 4 6 8 10 12 14 16 18 20 22
time t [s]
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@i Traction solution: Time discretisation Ty

o =2, mesh 2

[T T I T ]
08 —B=0.125
06| — B =0.0625
—— B =0.03125

— 04 — B =0.015625

E —— reference

Y 0.2

5

E 0 | .

3

8 —0.2| a

Q

K]

T 04| i
—0.6] i
—0.8] i

l l l l l l l l l l

| |
0 2 4 6 8 10 12 14 16 18 20 22
time ¢ [s]
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i Conclusions Ty

m Generalized Convolution Quadrature Method realized for
m direct collocation BEM
m mixed problem in elastodynamics
following “M. Lopez-Fernandez and S. Sauter. Generalized convolution quadrature
with variable time stepping. part Il: Algorithm and numerical results. Preprint
Universitét Ziirich, 09-2012, 2012”

m BDF 1 with variable time stepping used — BDF 2 is in preparation (testing is
missing)
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Conclusions ey

Generalized Convolution Quadrature Method realized for

m direct collocation BEM
® mixed problem in elastodynamics

following “M. Lopez-Fernandez and S. Sauter. Generalized convolution quadrature
with variable time stepping. part Il: Algorithm and numerical results. Preprint
Universitét Ziirich, 09-2012, 2012”

BDF 1 with variable time stepping used — BDF 2 is in preparation (testing is
missing)

Method has similar behavior compared to original CQM

Storage requirements are huge due to Nq = Nlog N

Algorithm can easily parallelized (in principle, Cache size??)

Fast methods from elliptic frequency dependent problems can directly be used for
matrix-vector product — No solve in Laplace domain!
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