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Problem description

Goal : Imaging extended scatterers in the sea using acoustic waves.

Marine model environment : 2D, homogeneous waveguide with horizontal pressure
release bdries, constant sound speed ¢y and density p.

L

(0,0 2= 2,

+ -

transducer array
*-06-06-06-06-06-6

O : extended scatterer (typical size ~ wavelength, o).
D : depth, D > )\
L : range (distance between array and scatterer), L > D
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Array imaging setup

r=2D

o vertical array A : N equidistant transducers ( h : inter-element distance).
o A=[0,D] : full array.
e A C[0,D] : partial array.

e Array response matrix II(w) € CN*N : [[I(w)],.s = the Fourier transform of
the time traces recorded at the r-th transducer due to a d—function impulse
generated by the s-th transducer, for a given frequency w.

@ Data : Array response matrix for the scattered field.

@ S : search domain.
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G(&, &) outgoing Green's function for the Helmholtz operator —A - —k?-

G@, ) = -3 ﬁieiﬁn‘Z*Zslxn(x)Xn(xs),
n=1""

N |

where k is the (real) wavenumber and {un, Xy }n=1,2,... eigenpairs of

PR

X"(x)+puX(z)=0, x€ (0,D) and X(0)= X(D)=0,
ie.,
pn = (nw/D)?,  Xn(x) = /2/Dsin(\/mz), n=1,2,....
Assume 3 an index M s.t.
punr < K < MUMA+1,

hori I bers - | k2= pn, 1<n< M, ~ propagating modes
orizontal wavenumbers : (3, = SRR, m> Ml ~ evanescent modes
n ) = 3
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Kirchhoff migration (KM) functional

At frequency w and for a search point §° = (2%,2%) € S

N
(g w) =

r=1s=1

N

where a_c'r = (Za7x’[‘)y i"s = (Zaams)'

Remark that this can be used either for full or partial array aperture.
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Alternative imaging functional - Modal Projection

A =0, D] : full array.

Introduce a weighted modal projection of the array response matrix, i.e., a matrix
P(w), such that Ym,n=1,2,..., M,

D D
Ppan(w) = BmfBn / / (2, Zy,w) X () X (2,) da, das,
\W—/ 0 0 \W_/
M x M NxN

or, in matrix form, A R
P=n*D;' VIV DY,

where Dg :diag(é,...,ﬁﬁ), and Viy = Xy(ag), k=1,....N, £=1,...
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Define the imaging functional

M
T S 1 —i )| 2a—2° s s\
TEM(G5, w) = ~ Z o1 (BntBm)|za ‘Xn(x )X (2°) Pr (w).

m,n=1
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Selective imaging (free space)

Goal : Imaging specific parts of the scatterer.

We follow the subspace projection method
Borcea, Papanicolaou, Guevara—Vasquez, SIAM J. Imaging Sci., 2008.

Motivated by selective focusing of multiple ‘point’ scatterers. DORT method.
Prada, Fink, Wave Motion, 1994.

Hazard, Ramdani, SIAM J. Appl. Math., 2004.

Pingon, Ramdani, /P, 2007.

Based on the SVD of the array response matrix

where
@ X : a diagonal matrix containing the singular values o;,

@ U,V : unitary matrices containing the left & right singular vectors, resp.
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Selective imaging in waveguides

We create a filtered version of P(w),

M
D[]P> )] = Zd o:U; Vi, where the filter weights d; = 0 or 1.

=1

To create selective focusing images use

M
T =S 1 —i n m Zafzs S S o~
TG w) = s Y e Ol 09X, 00) (DIPW)])
m,n=1
M
Fiem _ b —i (B +Bm)2a—2° s s *
M) = —gm 2. © X (@) X (2) (05 (@)U @)V5 (@)
m,n=1
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A model problem - full array

1d vertical reflector (‘crack’) 7 of width b, centered at (L, )

0.0) L .

A

s
SR
=l
Il
@
|
o

T

Receiver &, = (0, z,), source &; = (0,z), r,s € {1,2,...,N}

(z,; = k2/ G(y G(§, %) dz, array response matrix (g = (L,x))

(assuming unit reflectivity for the target.)
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inserting G ..

8 V k2 —pin, n=1,..,.M (,”\,)Q X 5 . 1.2
= n=(2T)", n=a/5 sin /unpx, n=1,2,...
i/ pn—k2, n>M+1 . = = !
In matrix form
II= g Ainf gT

where

gkgf'wOforEZM—l—l

. An (the M x M principal submatrix of Ai.¢) is relevant

C. Tsogka
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On the other hand,

~ 1 i i
P=—1QAuQ, Q=diag(eMF, ... e"nh)

Pis unitarily equivalent to Ay, since Q*Q = 1.

C. Tsogka Imaging in acoustic waveguides BIRS January 17-22, 2016 17 / 46



On the other hand,

~ 1 : i
]szzQAMQ, Q:diag(elﬂlL,...,elﬁML)
Pis unitarily equivalent to Ay, since Q*Q = 1.

Need to explore the spectral properties of Ay,
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Spectral properties of the matrix

B
Qpm = / Xe(z) X (z)dx
1 [P & —m)m (¢ + m)m
= 5 cos ————F—— dw - = da:.
A’n, = Tn - Hn,a

where

T = (to—m)i m=1 Toeplitz Hy = (te4m)i m=1 Hankel
and

1 D
tm:B/O ]lT(x)cos%dx, m=1,2,...
17(x) : generating function of T,, and H,
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Let Vi") < I/é") < ... < v eigenvalues of A,,.
e 0< Y™ <, foralli=1,...,n,

@ for any fixed integer k, V,(C”) — 0, z/;"_)k — 1, asn — oo,

o lim, oo £ (#{k s v € (6,1 —¢) fore> O}) =0, and

n

: @ D : .
0 limp oo =+ 377 v = & [7 17(2) dz = & ~ ratio of non-zero eigs to total

i=1"1%
w
D=200m, =75 Hz k=20, b=40m, x, = 70m D=200m,f=75Hz, % =20 m,b=40m,x, = 70m D =200m, =75 Hz, k=20 m, b=40m, x; = 70m
cescog
° © o
os y os| i os >
08| ol 0.8 o 03] .0

a
EET RORORORER 5 10 oo e To ap B

n =20 n — 40 n = 80

— Grenander & Szeg6, Toeplitz Forms and their Applications, 1984

— Trench, Asymptotic distribution of the even and odd spectra of real symmetric
Toeplitz matrices, Linear Algebra Appl., 1999
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Number of ‘significant’ singular values for A,

In our case n = M (= number of propagating modes)

.. the number of 'significant’ singular values for A, is expected to be roughly

b1~ [
(M 5]~ [,\72}
size of the scatterer devided by the array resolution (as in free space)

E.g. f =75.5Hz, D =200 m, co = 1500 m/s, A = 19.87 m, M = 20.

D =200 m, frq =75.5 Hz, A = 19.8675 m, b =40 m, x =70 m, M = 20 D =200 m, frq =75.5 Hz, % = 19.8675 m, b =60 m, x, =70 m, M = 20

0.9 . 0.9 N
. 8 . l?
07 ) '

™
°
2

Singular values of A,
o
&

Singular values of A
°
&

0.2] 0.2] \
01 ‘b 01 ‘Q
] 5 "o~ ® ® 2 0 5 & 13 X
b =40 m = 2\ ~ 4 significant s.v.’s b =60 m = 3\ ~ 6 significant s.v.’s
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Selective imaging

Consider ff,‘M for a search point 4° = (L, 2°) located at the correct range L.

2
TKM ﬂb J J
J ( 16h2 m; . X ( )(UefurrLun - (4}12 Up, X ) )

where

w’ = (uf,ug,... uj,)" is the s.vec. of Ay ~ the sval. 0.

Natural to associate to u” the trig. polynomial

M J . nwx
sy(x) = Up, 810 —5=

n=1

and explore its properties for various J.
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D =200 m, f =73 Hz, & = 20.55 m, b =40 m, x =80 m J=1 J=5,b=40m J=8

1 ©

o
09 | 20) 20| 20
08 i} 40 40 40
<47 | L R R r T sof ~—=s [ T —
5
206 ° 1 80, o) 80,
=2
05 i e P -{ tookom e
]
S04 1 120 120 120
2
£ } 1a 14 a4
% 03 o 4 0 0
02 R 160 160 160
01 1 180 180 180
Q6500000000000
0 2 4 6 8 10 T2 14 16 18 20 0 05 1 05 1 % 05 1

Figure : Left : The singular values of Ay (M = 19). Right : The normalized graphs of
(s7(x))?, x € [0,200], for J = 1,5,8

J =1~ signal subsp.
J =5~ transient subsp.
J = 8 ~ noise subsp.

Slepian, Prolate spheroidal wave functions, 1978
Hanke, Nagy, Inverse Toeplitz preconditioners for ill-posed problems, 1998
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Easy to show that

5117
Ll _

||3JH%2[07D]

Therefore the trigonometric polynomial that corresponds to the first singular
vector u! and, consequently, the associated image computed at the correct range
L, exhibit the largest fractional concentration of energy in (a, 3).
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Easy to show that

I 70200 _
R
||3JH%2[07D]

Therefore the trigonometric polynomial that corresponds to the first singular
vector u! and, consequently, the associated image computed at the correct range
L, exhibit the largest fractional concentration of energy in (a, 3).

What about the eigenvectors of the matrix Ay ?

Try to characterise them depending on the various positions of the crack.
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A crack attached on the top of the waveguide

In this case the eigenvectors of the matrix Ay; may be recovered by the

skew-symmetric (u’, = —uf, i =1,..., M) eigenvectors of the matrix Tops 11
which satisfy
M
1 (m—n)mb J
sin u, =V, m=-M,....M
Z (m—n)m D " Jom

~Au/ M, is a discrete prolate spheroidal sequence (DPSS) or Slepian
sequence, a discrete analog of the prolate spheroidal wave function (PSWF)

¢2J71-

Recall, 9, is the eigenfunction ~ the n-th eigenvalue of the Fredholm integral
equation

! sinc(z —y) 3 I
/,1 m(x —y) Vn(y) dy = pnton(z), =€ [-1,1],

Here, the bandwidth parameter : ¢ = ? = bk, where k is the wavenumber.
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Moreover, we can show that

sy(x) = Const.wzJ_1<%>, x € [0, D].
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2
The graph of (s;(x))? vs. the graph of (2,_1( %)) , for z € [0,200].

f=73Hz, b=40 m.

Gross-range (m)

Cross-range (m)

V2 vs. & 1=73Hz 3 Hz v vs . 1=73Hz
2 2
af - af
& &)
120 120 £ 120
5 5
140 140 140
160 160) 60
180 180 120
07 02z 03 04 05 06 07 08 07 02z 03 04 05 05 07 07 02z 03 04 05 06 07
J=1 J=2 J=3
V2 vs. & f=73Hz W, v, =73 Hz
2 2
af - a
& &)
@b £ E gy :
120 £ £ i
s S Y
140) 140) 1+
160 i 160
180 160} 160
07 0z 03 04 05 06 07 T o7 0z 03 04 05 08 07

J=4

C. Tsogka

Imaging in acoustic waveguides

2, 2016
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A crack attached on the bottom of the waveguide

Easy to show that
S5 (@) = 57D = ),

.. the image created by the imaging functional f;‘M, at the correct range L, is

2
determined by the graph of the PSWF (@/)2(]_1(%)) , x € [0,D].
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A crack located in the interior of the waveguide

The eigenvectors of Aj; are determined through the skew-symmetric eigenvectors
of the matrix Ty 1, where they now satisfy

M
Z ! i (sin (m = n)rf — sin (m = n)7ra> ul = vyul,

Bt (m—n D D "

form=-M M.

geeey

This is the discrete analog of the integral equation
ol
Kiu(z) = /_1 G (sinkfB(z —y) —sinka(z —y)) u(y) dy = vu(zx),
for z € [-1,1].

K is a compact symmetric operator from L?[—1,1] to L?[—1, 1], hence its eigenvalues
Vg > > > Uy > - — 0, as n — oo, while its corresponding eigenfunctions are
complete in L?[—1,1].
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Moreover, we may show that
sj(z) =~ Const.v(z), =z €[0,D],
where v is an odd o j—eigenfunction of the integral equation

. sinkz(m—y)v — (D). x — -8 —alUla
Kovfa) = [ D) dy = vile), w € T =[5 -] U]

Note that 7 is a disconnected interval, while the kernel is a sinc function with
bandwidth parameter equal to the wavenumber.

K is also a compact symmetric operator from L2(J) to L?(J), that has the
same eigenvalues with K7, and its corresponding eigenfunctions are complete in

L2(7).
SenGupta et al., J. Fourier Anal. Appl., 2012
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The graph of (s;(x))? vs. the graph of v*
73 Hz, « = 60 m and 8 =100 m, (b

), for = € [0,200].
40 m).

2 2 e 2 2 ye 2
V2 vs. &, =73 Hz Vi vs. &5, (=73 Hz V2 vs. 5 1=73 Hz
2 2 2
4 o)
&)

H 5 H
8 & 100} 81
8120 8 120] g1
5 5 5

140 140 140

160 gt Vo) 160) EEy) 60

180 3 160 w0 180

07 02z 03 04 05 065 07 08 09 07 02 03 04 05 05 07 08 09 07 02z 03 04 05 06 07 08 09
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2 2 o 2 2 e
V; vs. <, =73 Hz Vi vs. s, f=73Hz Vi, vs. € =73 Hz

€ £y E o

£ [ i S S ML B )t S DOS S S SN S
H 2 120) £ 120]

H H § >

o 1o o
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0 15 am 180G

C. Tsogka Imaging in acoust

waveguides BIRS January 17-22, 2016 30 / 46



Selective imaging with f}}“

f=73Hz, =60 mand =100 m, (b =40 m).

Frq =73 Hz, % = 205479 m, b =40 m, X, =80 m, J =1 Frq =73 Hz, A =20.5479 m, b =40 m, x, =80 m, J =2

Cross-range (m)
Cross-range (m)

450 450
Range (m) Range (m)
Frq =73 Hz, % = 20.5479 m, b =40 m, x, = 80 m, J =4 Frq =73 Hz, A = 20.5479 m, b =40 m, x; = 80 m, J =5

Cross-range (m)
Cross-range (m)

450 450
Range (m) Range (m)
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Modal projection for the partial array

Partial array : A C [0, D].

Main issue : X,,'s are no longer orthonormal along A.
Idea : Project on suitable band-limited functions along the array.

In matrix form : Consider

l,% ) si(z1)  s1(x2) s1(zn)
g 7y s2(71)  s2(w2) so(zn)
o syv(z1)  sa(xe) sm(N) ) yren
where
M
sy(zi) = Zui Xi(z:),
k=1
and u’ = (u{,ug,...,ui;)T is the o.n. eigenvector of the Gram matrix VIV ~

the eigenvalue v;.
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Recall that
o Vs the N x M matrix with Viy = Xy(zk), k=1,...,N, ¢=1,....M,
o Dg = diag(é, e ﬁ%) Q = diag(elA1l . eiful) and

o let U be the unitary matrix U = (u!,u?, ..., uM).

Recall also that for the crack model problem,

~ 1
Il = —ZVDBQAMQDﬂVT.

~ 1
ST ST = —ZSVDﬁQAMQDgVTST
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Recall that
o Vs the N x M matrix with Viy = Xy(zk), k=1,...,N, ¢=1,....M,
o Dg = diag(é, e ﬁ%) Q = diag(elA1l . eiful) and

o let U be the unitary matrix U = (u!,u?, ..., uM).

Recall also that for the crack model problem,

~ 1
Il = —ZVDBQAMQDﬂVT.
~ 1
SISt = ~19V DsQAnQ Dy Vst

But we may prove that
SV =U"<USV =1y
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Define the matrix P as
P=D;'USTS"U" Dyt

Therefore

=
\

_ -1 T QT 17T pH—1
D;'USTIST UT D

1 __ _
— _ZD/; USV DsQAMQDg YV S"U" D

IM IM

—LQAvQ

- Pis unitarily equivalent to Ayy.
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|dea - Define the matrix P as
P=D;'USTS"U" Dyt

Therefore

=
\

_ -1 T QT 17T pH—1
D;'USTIST UT D

1 __ _
— _ZDﬁl USV DsQAMQDg YV S"U" D

IM IM

—LQAvQ

- Pis unitarily equivalent to Ayy.

Note that in the full array case the orthonormality of the X,,'s implies :
S=hVT and U =1I,; = US = hVT - we recover the previous definition.

C. Tsogka Imaging in acoustic waveguides BIRS January 17-22, 2016 35 / 46



Idea - Define the matrix P as
P=D;'USTS"U" Dyt
Therefore
P=D;'Ustis”u” Dt

1 __ _
= _ZD,; USV DsQAnQDs V" ST UT DJ!

IM IM

—LQAvQ

- Pis unitarily equivalent to Ayy.

Note that in the full array case the orthonormality of the X,,'s implies :
S=hVT and U =1I,; = US = hVT - we recover the previous definition.

N.B. Everything works fine under the assumption that we use exact arithmetic.
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In practice : finite precision computations

E.g.
1

1
S =diag{ ..., }(si(z;))
188 V1 147 5 (zj) i=1,...,M,j=1,...,N

where v; are the eigenvalues of vTy.

Note that VTV may be viewed as an approximation of the M x M matrix Aarr with

(Aarr)

mn

= l/ X () Xm(z)dz, myn=1,2,..., M.
h A

Ay is a Toeplitz-minus-Hankel matrix.

Let larr is the array length. Then
@ approx. [larr/(A/2)] are close to 1, and
@ M — [larr/(A/2)] approach 0.
Therefore as ., decreases more singular values tend to zero, and in fact VIV will

become practically singular as soon as its minimum singular value pmin falls below some
threshold.
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Behavior of the minimum s.v. of VIV

The length of the array is decreased symmetrically

200 180 160 140 100 80 60 40

C. Tsogka Imaging in acoustic waveguides

BIRS January 17-22, 2016
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Crack : Imaging with 75 and

D =200 m, co = 1500 m/s, f = 73 Hz, (for fo = 75 Hz, Ao = 20 m),
h = Xo/8 = 2.5 m. Crack : length b = 40 m, center : (450, 100) m.

IK M
1™ = 0.015226 SNR = 2.902 1™ = 0.015226 SNR = 2.902 1™ = 0.015226 SNR = 2.902 M = 0.014498 SNR = 2.0571

SNR = 2.961 SNR = 2.949 SNR = 1.5583 SNR = 0.95082

|A] =200 m |A] =180 m |A] =140 m |A] =80 m
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Crack : Selective imaging with

| Al =180 m (90% of the total depth) (array is cut symmetrically)

1™ = 0,010971 SNR = 3.3769 1™ = 0.0080796 SNR = 2.9408 1™ = 0,0077326 SNR = 1.9704 1™ = 0,0047821 SNR = 1.920
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"M and selective imaging with

Crack : Imaging wit

| Al =60 m (30% of the total depth) (array is cut symmetrically)

fKM

™%X = 0.0093889 SNR = 1.6734

1™ = 0.0059365 SNR = 1.1444 1™ = 0.0071555 SNR = 1.8405 1™ = 0.0028604 SNR = 1.7131 1™ = 0.002892 SNR = 1.6004
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Square : Imaging with

| Al = 180 m (90% of the total depth)  (array is cut symmetrically)

fKM

SNR =2.3413

I = 8.4247¢-07 SNR = 1.3349 I = 6.9783e-07 SNR = 2.0113

1™ = 5.9103¢-07 SNR = 2.1198 | = 2.8693¢-07 SNR = 1.3914
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Square : Imaging with Z*" and selective imaging with

|A| = 140 m (70% of the total depth) (array is cut symmetrically)

iKM

SNR =2.0293

1™ = 7.632¢-07 SNR = 1.7032

_‘@:

J=1
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Square : Imaging with

|A] = 120 m (60% of the total depth) (array is cut symmetrically)

iKM

SNR =1.5573

I = 3.5385¢-07 SNR = 1.3816 1" = 3.1449-07 SNR = 1.278 1™ = 5.4339¢-07 SNR = 2.8071

1™ = 1.5827¢-07 SNR = 0.83107
=3

C. Tsogka Imaging in acoustic waveguides BIRS January 17-22, 2016 44 [/ 46



Table of contents

@ Conclusions

C. Tsogka Imaging in acoustic waveguides BIRS January 17-22, 2016 45 [/ 46



Conclusions/Future Work

Conclusions

@ We have proposed a new selective imaging functional based on Kirchhoff migration
and the s.v.d. of P(w), which is a weighted modal projection of the array response
matrix.

@ For a model problem (‘crack’) : rank (]f”(w)) ~ [%/2]

@ For the model problem, we fully characterised the singular vectors of P(w) and the
imaging functional along the crack.

@ We extended our methodology to the partial aperture case using a projection on
suitable band-limited functions along the array.

C.T., D. A. Mitsoudis and S. Papadimitropoulos, Selective imaging of extended reflectors
in two-dimensional waveguides, SIAM Journal on Imaging Science, Vol. 6, No. 4, pp.
2714-2739, 2013.
C.T., D. A. Mitsoudis and S. Papadimitropoulos, Partial aperture imaging in acoustic
waveguides, preprint
Work in progress

@ inhomogeneous medium,

@ multiple extended scatterers.
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Conclusions/Future Work

Conclusions

@ We have proposed a new selective imaging functional based on Kirchhoff migration
and the s.v.d. of P(w), which is a weighted modal projection of the array response
matrix.

@ For a model problem (‘crack’) : rank (]f”(w)) ~ [%/2]

@ For the model problem, we fully characterised the singular vectors of P(w) and the
imaging functional along the crack.

@ We extended our methodology to the partial aperture case using a projection on
suitable band-limited functions along the array.

C.T., D. A. Mitsoudis and S. Papadimitropoulos, Selective imaging of extended reflectors
in two-dimensional waveguides, SIAM Journal on Imaging Science, Vol. 6, No. 4, pp.
2714-2739, 2013.
C.T., D. A. Mitsoudis and S. Papadimitropoulos, Partial aperture imaging in acoustic
waveguides, preprint
Work in progress

@ inhomogeneous medium,

@ multiple extended scatterers.

Thank you'!
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