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Acoustic scattering — notation

Problem: a'(x, t) is incident on [ for t > 0 — find the scattered field a*(x, t)

scattered field as
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e PDE: aj, = Aa®in Q (wave speed is ¢ = 1);

e BC:a*+ 2 =0onTl IC: 2 reaches att >0

e TDBIE: a° can be obtained from surface potential wu:
1 u(x', t—|x"'—x|) .
— ———  “ dox = —a'(x, t [Lt>0
el A =] ox a'(x,t) x¢€ >
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Connections: space—time Galerkin and convolution spline

e Ha Duong: TDBIE variational formulation — stability of full space-time
Galerkin approximation

e But Galerkin methods are typically not in time-marching form — very
expensive to implement without modification

e Strategy: find a modified variational formulation with the following
properties.

e its exact and (Galerkin) approx solutions are close to those for the unmodified
version

e its Galerkin approx is equivalent to a convolution spline (time-marching)
scheme

e the CS scheme's basis functions are globally smooth enough to make
quadrature efficient

e Could then use Ha Duong (Galerkin) analysis for convolution spline
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Ha Duong: variational formulation

e TDBIE (single layer potential) for surface potential u:

e
(Suth)=—4W(K e dox = () xe T te[0.T]

e Equivalent exact variational form: find v € V, sit. Vge V, t € [0, T]
t t .
a(u,q; t) = //qSl'J dox dt = —//qé' dox dt
0Jr oJr
Note: time differentiated TDBIE Sii = —4' not Su = —a'

e Energy of scattered field a° is

1 .
awﬂzdmwnzi/QVﬂ%Hﬂﬂw
Q
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Space-time Galerkin approximation
e Approx solution in terms of unknowns U}:

Nt Ns

u(x, t) = up(x,t) ZZ Ul dk(x) ¥n(t) € Vi

n=1 k=1

e Approx variational form: for each g, = ¢;(x)¢n(t) € Vi,

a(up, qn T) = /wn(t)//iz Umk )¢m(t |x — y|) dox doy dt

k 1 m=1
Ns Nt ¢
=>> U // kX ﬁmn(|x—y|)daxday— //qhadcrxdt
k=1 m=1

T A T )
where B a(r) := /(]¢n(t) Pm(t —r)dt = / Pn(t) Ym(t —r) dt
(the time basis functions have support in [0, T])
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A nice property of B-splines

> ﬁm,n(r) = /O '(/)n(t) ¢m(t - r) dt
o If 1,(t) = By(t/h — n) then

T .
Bma(r) = /OBg(t/h— n) Be(t/h— m—r/h)dt

1 1
— h<325<;—2+m—n>—Bge</r7+2+m—n>)

= _hB2Z+1 (% +m— I”I)

e Note: needs some modification near 0 and T
o Also works for Petrov Galerkin (By, Byr) — Byyer
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B, time basis functions for Galerkin

Approx variational form: for each g, = ¢;(x)¥n(t) € Vi

;
a(up, g T) = 7/ /qh 4’ dox dt
0 JIr

Assemble into matrix—vector form for each n < Nt:

Nt -
Z Qm,n Um - any Qm,n — w 5m,n(|x - yl) dede
o rJr x—yl

where ¢ = (¢1, ..., én;) and Qn., € RNs*Ns

Note: most Qm,n = Q"™ since most S, , = fhE’QgH(r/h +m—n)-so
mainly a convolution sum

Bm.n are degree 2¢ and are globally C2~1, so quadrature can be done over
space elements only
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Galerkin is not usually a time-marching scheme. ..

e Example: ¢,(t/h) = Bi(t/h — m) — translates of 1st order B-spline (hat
functions)

e Resulting linear system for the W/ € Rs is: U° =0,

n
Q U™ +3Y QMU ™=a", n=1:Nr—1 (modified at n = Nr)

m=0

e Use extrapolation: U™ ~2U" — U™ ! to get modified scheme
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Modified (B; in time) Galerkin
e Extrapolation is equivalent to modified variational problem:

t = t
a(un, an; T)+h2/// il XX y’l’D“h(y ) doxdoydt = Galerkin RHS

b(itn,Gn; T)

where F(r) = By(r/h+1/2) = second order B-spline
e Gives a time-marching scheme:
n
ie. (20* + QO) u”+ (Ql _ Q*) Un—l + Z Qm umm—a"
m=2

e Using Bs-basis functions also applied in convolution spline form to time
differentiated TDBIE Si = —3&' gives same matrices and slightly altered
RHS
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Compare exact solutions of variational formulations

Original: find u € V such that forall g€ V, t € [0, T]
a(u,q; t // X, T) X’TdedT

Modified: find v € V such that for all g€ V, t € [0, T]

a(v,q;t) + W b(v, g t) = //q(xr (x,7) dox dt

So a(v—u,q;t)+h?b(v—i,gt)=—h*b(is,q;t)
Set g = v — u to get an energy-like expression:

a(v—u,v—ut)+hb(v—i,v—it)=—h?bli,v—it)
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What's known about energy E(u,t) = a(u, u; t)?

E(u,t) >0
Ha Duong's results concern its time integral:

T T
al|ull3-1/2 < / a(u, u; t)dt = / E(u; t)dt < Blullyg—s2l|2 |52
0 0

B .
= HUHH—I/Z < aHa’”Hl/z

What is the space % ~1/2? Ha Duong uses
o (H;g2’1/2)' (from Lions & Magenes) in earlier work, including PhD thesis
o H Y2 =H7Y2(0, T;L3(N)) N L0, T; H~Y/3(T')) in 2003 survey article

Note: rearranging gives:

/OTa(u,u;t)dt:/OT/Ot/ru(Su)daxdetz/OT(T_t)/ru(gb)dgxdt
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Stability in modified variational problem — exact
e Exact: find v € V s.t.
t
a(v,q;t) + h?b(v,q;t) = — / /qéiddxdT
0Jr

forall g€ V and all t € [0, T]

e Exact: Ha Duong coercivity and upper bound give stability

)
VB < [ (alv,vi) + 12 (v, vi )t
0 N——

>0

T pt
= —/ //Véld(]'xdet S BHVH’H*U?HélHHl/Z
0JoJIr

B .
= ||VH7-171/2 < EHQ’HHI/Z
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Stability in modified variational problem - Galerkin approx
e Approx: find v, € V}, s.t. for all g, € Vp

7
a(vh, ah; T) + h2b(\'/h, ah; T) = —/ /qhé’da'xdT
0 JIr

e Approx: stability would follow from coercivity (OK) and upper bound (?77?)

.
al|vall3,-/2 S/a(v/,,vh;t)+h2 b(Vh, Vn; t) dt < Bl|Vhll5g-1/2]18" 31,2727
0 N———

>0

e Upper bound appears to need

t
a(vh, Vh;t) —+ /72[)(\'/;,7 Vh; t) = —/ /VhéidﬂxdT YVt € [0, T]
0 r

to work in simple way — but this is not true in general, only for t=T.
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Bound difference between exact solns of original and
modified variational problems

e Set q = v — u, the difference in solutions. We have

a(q, q; t) + h°b(g, 4; t) = —h*b(i1, §; t)
LHS RHS

e Can show that b(g, g; t) > 0, so using Ha Duong coercivity

T T
allql3-12 < /LHSdt:/ RHS dt
0 0
< W2 GIgllyg-1z (10etllgg-1/2 + TIOFull3y-1/2)
< W2 Gllally-1z (102832 + TN02a ]| 301/2)

provided a' is well-enough behaved.

e Finally
lv = ullgy-22 < W2 Co (1074l |32/2 + T1O2a 1 31/2)
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Difference between approximate solutions

Would like to bound the difference between the Galerkin approximate
solutions of the two variational problems.

Galerkin approx: find up, v, € V), such that, for all g, € V},

.
a(up, qn; T) = —/ /qhé'dedt = a(Vh, qn; T) + h?b(vi, qn; T)

original modified

Set qn, = vi — up and subtract original from modified:
a(qn, qn; T) + h*b(Gh, G T) = —h*b(tin, G T)

Coercivity same as for the exact solutions:

;
ol gnll3;-1/2 S/ (a(qn, qn; t) + h*b(Gh, Gk; t)) dt
0

but the upper bound is not clear, since we do not know a way to bound
|0¢unll-1/2 and [|OZup|l4,-1/2 in terms of derivatives of a'.
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Summary

e B-splines: demonstrated nice properties as time basis functions
— simple formula for core time calculation in Galerkin approx
— good smoothess for quadrature based only on space elements
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Summary

B-splines: demonstrated nice properties as time basis functions
— simple formula for core time calculation in Galerkin approx
— good smoothess for quadrature based only on space elements

B; spline Galerkin: with modified variational form

equivalent to B, “convolution spline” method with explicit time marching
modified variational problem inherits coercivity property

Galerkin approx of modified variational problem stable 777

— solutions of original and modified variational problems differ by O(h?)

— Galerkin approx of original and modified variational problems differ by 777
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Summary

e B-splines: demonstrated nice properties as time basis functions
— simple formula for core time calculation in Galerkin approx
— good smoothess for quadrature based only on space elements

e B; spline Galerkin: with modified variational form

equivalent to B, “convolution spline” method with explicit time marching
modified variational problem inherits coercivity property

Galerkin approx of modified variational problem stable 777

— solutions of original and modified variational problems differ by O(h?)

— Galerkin approx of original and modified variational problems differ by 777

e QOutlook: dig deeper in Ha Duong's orginal work to understand and fix gaps
above (or ask the audience)
— tidy up B> spline Galerkin and explicit time marching B, “convolution
spline” counterpart
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