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Gradient damage model

* |[sotropic damage model

e Scalar damage variable: « € [0, 1]

e Strain energy density

1 1
Wie,a,Va) = §A(a)g e +w(a)+ §W1€2Voz -Va

] N

Elastic energy Dissipated energy in a Regularizing term
homogeneous process

e 2 material functions: a— Ala) d — w(d)

* | material parameter: | ¢ How to identify the material functions!?
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Stability criterion

e Total energy for an admissible state (u, «)

or 2

\}}}‘ Orf? P(u, o) = /QW(e(u)(a:), a(x), Va(x)) dr — Tq(x) - u(x)dr

INY) Ta

o Stability criterion

Vou € Cp,¥oar >0, 3Ir >0, VYhelo,r),
P(u + hou, o+ hda) > P(u, )

Taylor development up to the second order of the total energy
h2
P(u + héu,a + hoa) = P(u, ) + AP’ (u, ) (du, dcr) + ?P"(u, a)(6u, 6a) + o(h?)

(u, cv) stable if (resp. only if) for all (du, o) with dav > 0
r77’(u,oz)(5u,504) > (resp. >)0

| P"(u, ) (6u,0cr) > (resp. >)0 if  P'(u,a)(du,da) =0

\
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Homogeneous states

7, — u(x) = e
d 5t$\>‘\‘ 9.0
\a a(xr) = apx a; < 1
Ip§2 Ta = A(ay)en
() Stability (at fixed loading)?

* Hardening properties

* Size effects

* Boundary conditions
For homogeneous states:

P’ (u, ) (du, dar) = (%A’(at)st e+ W’(ozt)) /Q(Soz dx

P (u, ) (Su, 6a) = /

(A(at)e(éu) e(du) + 2A (i )es - e(0u)da
Q

un (%A”(at)gt ey + W//(Oét)) () + w2V - V5oz> dx
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Homogeneous states

P’ (u, a)(du, dar) = (%A’(at)st L E¢ + W’(ozt)) /9504 dx

| - -

>0

First-order necessary stability condition: %A’(at)et e +w (o) >0
damage criterion for homogeneous state
| , :
SA (ct)er - ¢ +w' (o) >0  Elastic states

P (u, @) (6u,6a) >0 if a0
)0, 00) >0 I da# =  Stable

P (u, ) (du,0) = /Q A(ay)e(ou) - e(du) dx > 0

1 : C
§A’(at)et gs+wW' (o) =0  Damaging states ==  Second derivative
P’ (u, ) (du, da) = 0 required
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Hardening properties

Elastic domain given by the local damage criterion at a material point

: 1
In strain space  R(a) = {5 e M : §A’(a)5 e+ w'(a) > O}
. S=A""
In stress space R*(«) = {0 e M : —55’(04)0 o+ w'(a) > O}

No snap-back
E

Strain-hardening: elastic space is increasing in strain space

A" (a)w' (o) — A'(a)w" () > 0 )

el
O
o
E
ol

O
O

Stress-hardening: elastic space is increasing in stress space

S"(a)w' (o) — S (a)w" () < 0

o

Stress-softening: elastic space is decreasing in stress space

S"(a)w'(a) — S (a)w' () > 0
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Role of hardening properties in stability

P (u, @) (6u, dr) = /

(A(at)s((?u) ce(ou) + 2A" (ay)es - e(du)oa
Q

1
+ (§A”(Ozt)5t e + W”(at)) () + w2 Vi - V(Soz) dx
P (u, o) (du, 5 :/ A(ozt)(e(5u) — et&x) : (5((5u) — et(Soz) dx + W1€2/ Voo -Viadx
Q

Q

1 1 /
B (55”(047:)% "0t — W (Ozt)) /(50‘)2 dx with e; = S'(ay)oy
Q

Stress-hardening

k S"(a)w' () = S (a)w" () < 0 = %S”(Oét)o't o —w'(ar) <0 wmp  Stable

Stress-softening

\ /1 / o/ 1 1 7, /! Requires the Study
S"(a)w'(a) = S (a)w’ () > 0 wp 55 (ag)oy -0 —wW' (o) >0 mmp of 2 Rayleigh ratio
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Rayleigh ratio

R(6u,da) = fQ A(at)(6(5u) — et&l) ' (8(5U) — etéa) dx + wq0? fQ Via -Viadzr
(%S”(ozt)at O — w”(at)) [, (00)% da
Stable if (only if) inf R(ou,0c) > (resp. >) 1

dueCq,0a€D

e Under fully prescribed forces

T = Al )en Particular choice: du = e;z, da=1
R(eir,1) =0  =wmp 5ueclg}§aep R(éu, o) =0

Unstable
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Case of fully prescribed displacement

x Uas=¢ecy ,
Change of variable Y = 7
ou =10 1
L characteristic size of the body
\ 4

Ja, Alaw) (e(6u) — erdar) - (e(du) — erdar) dy + W1£—22 Jq, Véa - Viady
(%S”(Oét)at Loy — W”(Oét)) le (504)2 dy

Ry (0u,da) =

Case of small domains under prescribed displacement: L. — 0

A(Ozt)et - €t

PL —> PO = > 1 Stable (provided strain-hardening)

%S”(th)(ft Ot — W//(Oét)

Case of large domains under prescribed displacement: [ — 00

. Ja, Alay) (e(du) — erda) - (e(du) — erdar) dy
PL —7 Poo = inf
ueCoda€P (180(0y)ay - 0y — w(ar) ) fy, (00)2 dy )
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Size effects: the |ID case

ou

W\ S

L

Jo E(aw) (00 — egda) - (3u' — egda) dz +wy L5 [ (50/)? da
(%S/’(Oét)o-t Ot — W//(at)) fol((SOé)Q d.fC

Ryr(du,da) =

Calculation of is pp, = inf Rp(6u,0c) explicitin ID.
du€eCq,0aE€D

Homogeneous damaging state is stable if (resp. only if)

L < (resp. <)\/(7T2W1E(Oét)sl(06t)40'él /

55" (ar)o? = w(ar))?

KP, Marigo, Maurini, J]MPS 201 |
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Example in ID case

Classical damage law with elastic phase

2

E(a) = Ey(1 — a)?, w(a) = Te
Eq
- : L U 47
Stability analysis: | = < \.—= for U; >U, with A\, = ——
/ / t = U = 3v/3

Unstable
5 <
E ~
Stable
0 ] 2 Ex

Ut/ Ue Ut / Ue
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Example in ID case

Classical damage law with elastic phase

Stability analysis:

E(a) = Ey(1 — a)?, w(a) =

2

_E—Oa

L
/

<22t for U,>U, with A =
Uy

A7t
3v/3

O[Oy

Unstable

< < A
~ Tensile test ¢
___________________ }
Stable
0
0 1 2 3
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Size effects: illustration in the |ID case

Ambrosio-Tortorelli law with no elastic range

L . 2 - 128 0'12\4 9
E(a) = Ey(1 — a)7, w(a) = T o
Stability analysis: | = < TV Ut /U3y
T 4 (/TR - 1)
10+
3 Stable Unstable
0
0 1 )

U/Uy
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Size effects: illustration in the |ID case

Damage laws with same uniaxial stress-strain response

E(a) = Ey(1 — a)?,

Same ID homogeneous response for any p

1

vy,

Ui/ U,

2

w(a) = 24 (1 — (1 — a)?/?)

= E

but different stability diagrams!
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Effects of the boundary conditions

small domains pg > 1

Stable \pi !

Poo  large domains

Pso < 1: Stability depends on size effect (¢/L)

Poc > 1 :  Unconditionally stable

Uniaxial states:

®
% @» Poc =0 Always unstable for large domains
Spherical states: o Ala) = (BE(a),v) KP, Marigo, JE 2013

Ud — &+ *
C2(1—2v) 2(s'(ay))? s 1
- > T BAT) sa)s ()

Et :ét]. '
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Effects of the boundary conditions

Spherical states a— Ala) = (E(a),v)

Ud — &+ *
C2(1—2v) 2(s' (o))’ s — g1
<= - Pes = 3(1 —v) s(ayg)s” (ay)

4(1 —2v)q

E(a) = Eo(l —a)f,  w(a)=wa P T30 —v)(p+ 1)

Poo > 1
pT 3t

Poo < 1

e 1 0.2 0.5
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