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Motivation: Interface Problems and Immersed Boundary Method (FE)

Interface Problem

Consider the problem

", piAui :fi in Q*
r u=20 on 92
[pVu-n] =g onT
N U] =« onT
Q L

We denote

Figure: Domain Q@ = QT U Q™ UT.

ot o = -
Smooth Interface T'. [pVu-n) = p"Vu"nT+p VU nT, U] =u" —u

n*: normal vector pointing outwards QF
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Motivation: Interface Problems and Immersed Boundary Method (FE)

Interface Problem

ot

Figure: Domain Q@ = QT U Q™ UT.

Smooth Interface T.

Consider the problem

Aut =5t
u=20
[Vu-n]=8
[u] =0

in QF
on 9N
onTI
onTl

We denote

[Vu-n)=Vut -nt +Vu -n

o

=Uu —u

n*: normal vector pointing outwards Q%
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Stationary Immersed Boundary Problem

Consider the problem

Au=f+g inQ
u=20 on o)

o(x) = /0 B(s)0(x—X(s))ds, x € Q

Figure: Domain @ = @+ UQ~ UT. d(x): Dirac delta function
Smooth Interface T'. X: parametrization over [0, A] of curve T

@ J. Thomas Beale and Anita T. Layton.

On the accuracy of finite difference methods for elliptic problems with interfaces.
Commun. Appl. Math. Comput. Sci., 1:91-119 (electronic), 2006

@ Yoichiro Mori.

Convergence proof of the velocity field for a Stokes flow immersed boundary method.
Comm. Pure Appl. Math., 61(9):1213-1263, 2008.
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Immersed Boundary Method (IBM)

IBM is a finite difference method developed by Peskin (1977), as a com-
putational tool to investigate blood flow in the presence of cardiac valves

Some properties:
e Discrete approximation J,(x) of the Dirac delta function 4 (x)
e Application in problems with fluid-structure interaction
e Beale and Layton (2006) proved error estimates for the Poisson equations
e Mori (2007) proved error estimates for the stationary Stokes equations
e Boffi and Gastaldi (2004) introduced a finite element approach to IBM
e IBM and FE-IBM are only first order accurate near the interface

@ Charles S. Peskin.

Numerical analysis of blood flow in the heart.
J. Computational Phys., 25(3):220-252, 1977.

FEM for stationary elliptic interface problems April 8, 2016 6/55



Motivation: Interface Problems and Immersed Boundary Method (FE)

Finite element approach to IBM

Difficulties:
e Mesh non aligned with the
interface

e Regularity of the solution

Figure: Domain Q@ = QT U Q™ UT.
Smooth Interface T".

@ Daniele Boffi and Lucia Gastaldi.

A finite element approach for the immersed boundary method.
Comput. & Structures, 81(8-11):491-501, 2008.
In honour of Klaus-Jiirgen Bathe.
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Finite element formulation

Find u, € Vv, such that

/Vuh Vvdx—/fvdx—F/B s))ds, v eV,

V,: finite element space of continuous piecewise polynomials

e This can be seen as the finite element approach of IBM for Poisson equations

e By means of the variational formulation the delta function is replaced by an
integral along the interface

e The method is formulated for a mesh independent of the interface (not matching)
e An important feature is that the left-hand side is not affected by the interface
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.
Numerical test FE-IBM

h lefll,y v Vel lleflljoo v Ivellipoo v
1.8e-1 1.02e-1 4.71e-1 1.63e-1 7.01e-1

8.8e-2 1.57e-2 2.70 1.38e-1 1.78 4.09e-2 2.00 3.26e-1 1.10
4.4e-2 6.72e-3 1.22 1.30e-1 0.09 2.85e-2 0.52 5.48e-1 -0.75
2.2e-2 2.02e-3 1.74 7.88e-2 0.72 1.07e-2 1.42 5.87e-1 -0.10
1.1e-2 7.65e-4 1.40 6.16e-2 0.36 7.24e-3 0.56 6.24e-1 -0.09
5.5e-3 2.71e-4 1.50 4.27e-2 0.53 4.39%-3 0.72 6.24e-1 0.00
2.8e-3 9.09e-5 1.58 2.83e-2 0.59 2.04e-3 1.11 7.80e-1 -0.32
1.4e-3 3.53e-5 1.36 2.24e-2 0.34 1.38e-3 0.57 8.78e-1 -0.17

Table: L and L™ errors of the approximate solution by FE-IBM, on a non-uniform grid.
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Convergence

Theorem Suppose that Q is a rectangle and assume that u
solves the interface problem with the Dirichlet boundary condi-
tions replaced with periodic boundary conditions. Let u; be its
FE-IBM approximation. Let z €  and let d = dist(z,I') > kh
for a sufficiently large fixed constant x. Furthermore, suppose
dist(T, ) > d. Then, we have

h
IV (It = un) (2)] < Ch(log(1/h) 75 + D ([lull ) + lulle o))

where C depends only on the quasi-uniformity of the mesh.
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Higher-order finite element methods
Application to Stokes equations
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A simple interface problem Higher-order finite element methods

Interface Problem

Consider the problem
Aut = f* in QF
u=20 on o)
[Vu-nl=p onl
] =0 onT

Motivation: Implementation of more general prob-
Figure: Domain © — O+ UQ~ UT. lems as Stokes (Navier-Stokes) equations
Smooth Interface T Objective: Develop finite element methods with

piecewise polynomials of order k
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A simple interface problem Higher-order finite element methods

Finite element method

Figure: Domain Q@ = QF U Q™ U . Smooth Interface I'.

Find u, € v}, such that

/Vuh~Vvdx:/fvdx+/Bvds— > ( VWL}-Vvdx—‘r/ Vw%~Vvdx)
Q Q r T— T+

reTr

for all v € V,,, where w¥ is a correction function
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Higher-order finite element methods
Construction correction function

Define the local space for T € T;F

sKT) = {w € LX(T) : wlp+ € Pk(Ti)} .

D=ty (xbTy| = [DEtu(x5T)| foro<i<t¢and0< <k,
n T\ n i

{ (W)= (0) =0, if6eQ UT;

(wh)H(8) =0, if6eQrt. for all degree k Lagrange points 6 of T.
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A simple interface problem Higher-order finite element methods

Define the bilinear form and the functional

a(u,v) = Z/TVwVvdx, F(v) = /vadx.

TET)

Define the global correction function

w0 it T € T\Ty
“ 1w ifTeTl.

We defined our scheme as; Find u;, € V,, such that

alup, v) = F(v) — a(w", v) Vv € V.

= alu—un,v) = a(w',v) YWweV,.
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A simple interface problem Higher-order finite element methods

Linear case: edge-based correction method

e Let & be the edges intersecting I'

® go=n" -t b=t -t

Find u, € V, such that:

Ep(v) :/S;fvdx—l—/rﬁvds— Z

L’ES{

\

/ Vuy - Vvdx = Ey(v) YWwevV,
Q

hy— ot
2

aeﬁ(xc) [VV .

nle
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Higher-order finite element methods
A priori error estimate

Define Lagrange interpolation operator I, onto the finite element space V,,

Main result:

Theorem

Suppose that Q is convex and that the family of meshes {7.},~0 are quasi-
uniform and shape regular, then

IV (Inte = wn)||zoe () < CHE (lu™ || ey + i o)) s

1fnte = unllzow () < CHF log(1/h) (lu™ ooy + ™ e am)) 5
where C > 0 are constant independent of 4.

FEM for stationary eliptic interface problerms

April 8, 2016 17 /55



What do we need?

a(lyu —up, v) = a(lyu—u, v) + a(u —up, v) = a(lyu —u, v) + a(w", v)
= Z V(I —u) - Vvdx
rem\Tr T

+ Z V(I + wr —u) - Vvdx

T
ek

Construction of w4, for T € 7,F, must satisfy
I (Lt + W = w)ll oo 2y < CHE

where T+ = TN Q*
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Higher-order finite element methods
Numerical examples: 5 £ 0and a =0

h lefll, Ivehll,a leNligoo v IR
1.8e-1 1.39%-1 4.44e-1 2.53e-1 5.20e-1

8.8e-2 3.09e-2 217 1.72e-1 1.37 6.40e-2 1.98 3.84e-1 0.44
4.4e-2 7.32e-3 2.08 5.75e-2 1.58 1.58e-2 2.02 1.79e-1 1.10
2.2e-2 1.81e-3 2.02 2.18e-2 1.40 4.19e-3 1.91 1.20e-1 0.58
1.1e-2 4.50e-4 2.01 8.57e-3 1.35 8.92e-4 2.23 6.45e-2 0.89
5.5e-3 1.12e-4 2.01 3.57e-3 1.26 2.37e-4 1.91 3.17e-2 1.02
2.8e-3 2.68e-5 2.06 1.55e-3 1.21 6.23e-5 1.93 1.71e-2 0.90
1.4e-3 6.89e-6 1.96 7.68e-4 1.01 1.68e-5 1.90 8.33e-3 1.03

Table: Errors of the approximate solution by EBC-FEI, on a non-structure triangulation.
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A simple interface problem Higher-order finite element methods

Numerical example: 5 # 0 and a #£ 0

h el Ivehll,o 1 leNligoo v Ve lipoo r
1.8e-1 9.28e-3 3.27e2 1.42e-2 4.23e2

8.8e-2 541e3 078 3.50e2  -0.10 8233 079 6.61e-2 -0.64
4.4e-2 1.19e-3 218 1.18e-2 1.56 2.19e-3 1.91 3.18e-2 1.06
2.2e-2 2.89%e-4 2.05 5.06e-3 1.23 7.41e-4 1.56 2.25e-2 0.50
1.1e-2 7.51e-5 1.94 2.42e-3 1.06 1.64e-4 217 1.15e-2 0.97
5.5e-3 1.89e-5 1.99 1.18e-3 1.04 4.45e-5 1.88 5.57e-3 1.04
2.8e-3 4.71e-6 2.00 5.74e-4 1.03 1.20e-5 1.89 2.68e-3 1.06
1.4e-3 1.18e-6 2.00 2.86e-4 1.01 3.03e-6 1.98 1.35e-3 0.98

Table: Errors of the approximate solution by EBC-FEI, on a non-structured triangulation.
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Numerical examples

—— siope 1285
° L-emor

- 184
W' enor

10"

10

Figure: Plot of the L> and W!>>° errors (left) and the approximate solution (right) by the method, on

non-structured meshes.

h lefll,2 v Vel leNligoo v Vel lipoo
1.8e-1 8.87e-5 3.97e-4 3.80e-3 2.53e-2

9.0e-2 9.73e-6 3.29 7.46e-5 2.49 9.04e-4 2.14 7.43e-3 1.82
4.7e-2 1.11e-6 3.33 1.06e-5 3.00 2.15e-4 2.21 2.58e-3 1.63
2.4e-2 1.30e-7 3.15 1.42e-6 2.95 5.06e-5 213 7.34e-4 1.84
1.2e-2 1.59e-8 3.14 2.24e-7 2.76 1.27e-5 2.07 2.16e-4 1.83
6.1e-3 1.96e-9 3.04 3.15e-8 2.85 3.15e-6 2.02 5.55e-5 98

Table: Errors of the approximate solution on a non-structured triangulation.
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A simple interface problem Higher-order finite element methods

Numerical example

I

Figure: Plot of the approximate solution by the method, on non-structured triangulations.

h leflly v Vel leNligoo v Vel lipoo
2.5e-1 7.55e-4 2.19e-3 2.18e-2 1.05e-1

1.2e-1 5.41e-5 3.80 2.22e-4 3.31 2.56e-3 3.09 1.96e-2 242
6.2e-2 4.37e-6 3.63 3.60e-5 2.62 4.83e-4 2.40 5.78e-3 1.76
3.1e-2 4.41e-7 3.31 5.11e-6 2.82 8.11e-5 2.57 1.53e-3 1.92
1.6e-2 3.38e-8 3.70 6.99e-7 3.07 1.45e-5 2.48 4.35e-4 1.90

Table: Errors of the approximate solution on non-structured triangulations.
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Stokes Interface Problem

—Au+Vp = f, in Q
V-u =0, in Q
u = 0, on 90

U = « onT
[(Vu—phn] = 8. onTl
Figure: Domain Q@ = QT U Q™ UT.
Smooth Interface T.
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Finite Element Method

Find (us, pr) € Vi x Mj, such that

/Vuh:Vvdx—/phV~vdx :/f.vdx+/ﬂ.vds
Q Q Q r

_Z(/T V~vdx+/TVw’}:Vvdx>

TeTF

/qV~uhdx =- > /qv-w';dx
Q T

reTt

for all (v,q) € Vi, X M.
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Corrections

Velocity:

Foreach T € 7,F, let w% € S*(T) such that

[D’;fzw’}(xfj)} = [D';féu(xf’T)] for0<i<fand0<¢<k
I;l(w'}) =0.

Pressure:

Foreach T € 7,7, let w). € $*~!(T) such that

[Df;"'m/;(xf’)] = [Df,“*p(xf”)] for0<i<fand0</<k-—1,
Jn(wh) =0.
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Numerical example

Consider an exact solution of Stokes interface problem on Q = (—1,1)?

o 3y if r <1/3,
ul(x,y)*{ 447 ifr>1/3 4*£+3X273y2 ifr§1/3,
u(x,y) = ¥ : »oplny) = %2 2 ;
0 (x,y) = —3x, if r <1/3, T4+ =3y ifr>1/3
HOVZ= U x— 8 ifr>1/3

Figure: Plot of velocity (left) and discontinuous pressure (right).
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Numerical example

[ Il v [EATE . Iveill,, RZATES
2.5e-1 2.02e-3 3.47e-3 1.01e-1 3.86e-1

1.3e-1 2.56e-4 2.98 4.23e-4 3.04 2.77e-2 1.87 1.48e-1 1.38
6.3e-2 3.06e-5 3.06 8.62e-5 2.30 7.21e-3 1.94 4.22e-2 1.81
3.1e-2 3.74e-6 3.03 1.14e-5 2.92 1.84e-3 1.97 1.33e-2 1.67
1.6e-2 4.55e-7 3.04 1.67e-6 2.77 4.63e-4 1.99 3.65e-3 1.87

Table: Errors and orders of convergence for velocity, on structured meshes.

[ If, [EA T
2.5e-1 2.33e-2 6.32e-2

1.3e-1 8.50e-3 1.46 3.31e-2 0.93
6.3e-2 2.65e-3 1.68 1.58e-2 1.07
3.1e-2 7.12e-4 1.89 5.09e-3 1.64
1.6e-2 1.84e-4 1.95 1.46e-3 1.80

Table: Errors and orders of convergence for pressure, on structured meshes.
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@® High-contrast interface problem
Model problem
Interface finite element method approach
Unfitted stabilized Nitsche’s finite element method

FEM for stationary eliptic interface problerms

April 8,2016

28/55



Model Problem

Consider the problem
—pt At =fF in QF,
u=20 on 09,
ul =0 onl,
[pDnu] =0 onl.

The jumps across the interface I are defined as
[pDut] = p Dy-u” +p Dyru’, [u] = ut —u”

n: unit normal vector pointing outwards QF
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High-contrast interface problem Model problem

Objective
Develop a piecewise linear FEM, with error
estimates independent of contrast Z—f > 1
lu—wlly < Chllfllz)
lu—wnllzy < CH|Ifll2)-

Difficulties

e Unfitted mesh (independent of the
interface)

e Regularity: u|q+ € H*(Q%)

e Convergence independent of
contrast.
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High-contrast interface problem Model problem

Two approaches

Unfitted Nitsche’s Method for Interface

Interface Finite Element Method
Double the degrees of freedom on the el-

Define local piecewise polynomial finite el- ements intersecting the interface and add
ement spaces on elements intersecting the penalty terms to weakly enforce the conti-
interface. The basis functions are con- nuity across the interface.

structed to having them satisfy the jump

conditions across the interface. e Interface version of Nitsche’s method

e Hansbo and Hansbo (2002), uniftted

e FE version of the Immersed Interface fem based on Nitsche's method

Method of LeVeque and Li (1994)

e Adjerid, S. Ben-Romdhane M and Lin
T.

e LinT, LinY. and Zhang X.

e Burman and Zunino, Stabilized
unfitted Nitsche method.

e Burman and Hansbo, Unfitted Nitsche
extended finite element method.

QF
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High-contrast interface problem Interface finite element method approach

Finite element space

Jump conditions of basis functions: P T
v e PY(TT), 3 E(v) € P'(T7) satisfying: -~ O
T~ \ p !
EW)n) = ) T2 N g
(D+E(W)(x0) = (D1v)(x0) 7
p~(D,+E()(x0) = p* (D) (x0) T
Basis functions: Local space:
v inT+ 1o Jspan {G(v),G(»),G(v3)} ifTeT"
o0) = {E(v) in T~ $(T) = { P (T) T € TATT
FEM for stationary elliptic interface problems April8,2016  32/55



Finite element space

M A Ay
| ’ ,
Figure: lllustration of basis function using barycentric coordinates on 7+ and p~ = 1, p* = 10.

Global finite element space:

Vi = {v : vy € SY(T), VT € Ty, vis continuous across all edges in &,\5{}
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High-contrast interface problem Interface finite element method approach

Finite element space

Global finite element space:

Vi = {v . v|r € 8'(T), VT € Ty, v is continuous across all edges in 8,1\85}

M. Sarkis FEM for stationary elliptic interface problems April 8,2016 33/55



Interface finite element method approach
Local approximation on S!(7)

7

Local interpolation operator: Let u*™ € H*(Q*) with [u] = 0 and
[pDnu] = 0. For each T € T,"', define Iru € S'(T)

Ifu onTH*
ITM = E
Imu onT™

If T € T:\7,' define Ir(u)|r to be the Scott-Zhang interpolation
operator of uon T.

\

I# are defined satisfying the following conditions

(Iru)(x0) == (Jrug ) (xo) = (Iy u)(x)
DIy w)(xo) = (D (Jrug))(xo) = (Dl u)(xo0)
p (Dyrlru)(x) = p~(Ddrug )(x0) =t p' (D17 u)(x).

Jr: L? projection operator onto P' (7).

J
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Interface finite element method approach
Local approximation on S'(T)

We define the interpolation operator 7, onto the finite element space V, as the
restriction of the local interpolation operator Ir, i.e.

Lulr = Ir(w)|r  foral T € T,.

Lemma: The following bounds hold, j = 0, 1:

j j 2 — 2 — 2
WD (= bl 2 -y < Chiy (IDug 2 gy + 107z 2 gy + 1D 12 g )

and
i i 2 + 2+
B || D (u — IT”)HLZ(TE,-%—) < ChT(HD”E HLZ(TE,+) + |Dug HLZ(TE,+)
P2 —
+ Dt Iz )
\ J
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Finite element method

Find u; € Vv, such that: an(un,v) = (f,v)a WeV,

ap(w,v) = /pvhw Vv — Z/ {pV;,v} [[w]]—&-{pvhw} [[v]])

ecel

+Z (& [ o+ 2 [ ot 1)

(|e [T + 16t [T )

tesr
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Finite element method

Find u; € Vv, such that: an(un,v) = (f,v)a WeV,

ap(w,v) = /pvhu Vv — Z/ pV/,v} [[W]]—&-{pvhw} [[v]])

ecel
> (& [ v+ 5 [ it em)

(|e YOI Ry S )

EESF

Stabilization terms
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Interface finite element method approach
A priori error estimates: Preliminaries

We prove:

e Coercivity: c|v[lv < aw(v,v), Vv eV,

e Continuity:  ay(w,v) < Clw|wlvllv, Yw € Hi(QF), v € Vi
e Interpolation error estimate:  ||lu — u||lw

e Inconsistency error estimate:  an(u — un, Inu — uz)

M = IVEVarlag + 3 <| B o + oy lmn,z(m)

eES,F
+ 32 (o1 VI + 2 1 IV ) -
ecel
M = IV + D2 (07 I -l le™ L+ o ¥ IHL9Y) - ml2a oy e
regl’

FEM for stationary elliptic interface problems April 8, 2016
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Interface finite element method approach
A priori error estimates: Energy estimate

Theorem: There exists C > 0, independent of i, p~ and pt,
such that

lu —wunlly < Ch (v p~(||Dul| 20—y + ||D2“||L2(Q—)Jr

Vot (1Dull2osy + 1Dl 2o
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Interface finite element method approach
A priori error estimates: Energy estimate

Theorem: There exists C > 0, independent of i, p~ and p™,
such that

le—wly < ch (Vo (IPla@-y + IDull@-)+

Vo (IIDullaasy + ID°ull20))

Energy estimate
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Interface finite element method approach
A priori error estimates: Energy estimate

Theorem: There exists C > 0, independent of i, p~ and p™,
such that

llu—wmlly < Ch (\/ﬂ‘( IDullzi 0~y + [1D%ullizi0-) )+

Vot (IDullisy + ID%ull@s )

Energy estimate Regularity estimate (convexity)
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Interface finite element method approach
A priori error estimates: Energy estimate

Theorem: There exists C > 0, independent of i, p~ and p™,
such that

llu—wmlly < Ch (\/ﬂ‘( IDullzi 0~y + [1D%ullizi0-) )+

Vot (IPullz@sy + 11Dl )

Energy estimate Regularity estimate (convexity)

Energy error estimate
C

1Fllz2e)
/p_

[l —unlly <
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Interface finite element method approach
A priori error estimates: L? estimate

Theorem: Assuming (2 is convex, then it holds

ch
lu — unll2y < F'VHLZ(SZ)'
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April 8, 2016

39/55



High-contrast interface problem Interface finite element method approach

Numerical example

Exact solution: Q = (=1,1)> TI'={x € Q:x} +x} = R*}
Q ={xeQ:xt+x} <R}

® = ifxeQ
ulx = o o .

S ARY(E - ) ifxeqf
\ )

80~ and for case I' = 9™ (right).

Figure: Approximate solution, case I' =
April 8,2016  40/55
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High-contrast interface problem Interface finite element method approach

Numerical example

Errors:
0 . -
e, = |lun — ””LZ(Q) € = |lun — ”HLOO(Q)
1 1,00 _
o = VAV — Vi)l oy ar™ = IVa(Vun — Vi)|o0 (o)
! & r e r e r e}]’oc r
1 8.2¢-3 2.5e-2 1.1e-1 3.7e-1
2 173 228 57¢3 212 44e2 130 2.1e-1 0.86
3 2.7e-4 2.63 1.3e-3 219 1.8e-2 1.29 9.7e-2 1.08
4 46e5 257 32e4 197 833 112 522 090
5 9.0e-6 234 72e5 215 39e3  1.07 252  1.08
6 20e-6 219 1.8e-5 201 19e3 103 13e2 092
7 47e7 208 46e-6  1.94 954  1.02 6.8e-3  0.94
Table: Errors and convergence orders with p~ = 1 and p™ = 10%, stabilization parameters v = 10 and

yr = 10,and h = 2~ (+3/2),
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High-contrast interface problem

Numerical example

Interface finite element method approach

Errors
_1 Sloo
g = |lp(Vun — VM)HL2<Q) € = |lp(Vup — Vu)|lroo ()
& = || p(Duup — Dyut)|| 00 e = |lp(Vuy — Vi)
h = 1p(Dnlty nl)||Lo° (T) n = P h Lz(ﬂ)\Thr
1 2}1 r 2}1’00 r ?]]l’oo r e;:’oo r
1 3.9e-1 7.0e-1 7.0e-1 3.7e-1
2 1.6e-1 .32 6.1e-1 0.19 4.0e-1 0.81 2.1e-1 0.86
3 6.4e-2 1.29 1.9e-1 1.68 1.9e-1 1.07 9.7e-2 1.08
4 2.9e-2 1.15 2.2e-1 -0.20 1.0e-1 0.91 4.9e-2 1.00
5 1.4e-2 1.09 1.4e-1 0.65 5.0e-2 1.01 2.5e-2 0.98
6 6.6e-3 1.04 6.6e-2 1.09 2.5e-2 0.99 1.2e-2 1.00
7 3.2e-3 .02 5.1e-1 -2.95 1.3e-2 0.98 6.2e-3 1.00
Table: Errors and convergence orders with p~ = 1 and p* = 10, stabilization parameters v = 10 and

vr = 10.
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Numerical example

Errors:
0 1
ey = [lun — M”LZ(Q)’ e, = |lvp(Vuy, — VM)HLZ(Q)7
—1
g = |lp(Vun = Vi)l 2y
0 _l,00 1
ot h h h
10! 2.3e-6 6.5e-3 2.8e-3
102 2.0e-6 6.6e-3 2.0e-3
103 2.0e-6 6.6e-3 1.9e-3
10* 2.0e-6 6.6e-3 1.9e-3
100 2.0e-6 6.6-3 1.9e-3
100 2.0e-6 6.6e-3 1.9¢-3
Table: Errors with p~ = 1 and & = 2~ (*3/2) | stabilization parameters v = 10 and ~r = 10.
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Unfitted stabilized Nitsche's finite element method
Finite element space

Figure: lllustration of definition of set 7,", th Left figure: elements in 7,"" (red transparent). Center figure: set
Q,” (blue transparent). Right figure: set Q,T (blue transparent.

VE = {vec(Ql):vjr e P(T),VT € T,~ and v|ponpnt = 0}
V=V, x V.
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Unfitted stabilized Nitsche's finite element method
Finite element method

Find uy = (u; ,u;") € Vi, such that:

an(up,v) = (f,v), forallveV,

an(w,v) = /+ erVwJr Vv Tdx +/ p Vw™ - Vv dx
Q _

> T U R e R RO

TeTF

2 K / IV IS Tds e Y el [0 I I T

ecel ecglt

7,7 » and v, are positive parameters to be chosen.
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Unfitted stabilized Nitsche's finite element method
A priori error estimate

Define the energy norm || - ||v

1
VIV =lveVyliz e + D EIIVP*[VHIZWF)
reTk

+ > lellVe IV e + Y lelllVer Vv i,

268{’_ e€8{’+
forv= (v7,v") € HF () x HF ().

We prove:

e Coercivity (independent of contrast): c||v|lv < aw(v,v), Vv eV,

e Continuity: — ax(w,v) < Clwllw|[v|lv, Yw € HF}(QF), vE V.

e Galerkin orthogonality:  an(u — us,v) =0, Yv €V,
e Interpolation error estimate:

lu = Lllv, < Ch(V/pT 1Dl 20y + Vo~ 1Dl 200 )
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Unfitted stabilized Nitsche's finite element method
Energy estimate

Theorem: Suppose that Q2 is convex. Then, there exist
C > 0 independent of p*, such that

Ch
[l — wnlly < 7|lf||L2(n)~
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Unfitted stabilized Nitsche's finite element method
Flux error estimate

Theorem: (Discrete Extension) Assume that 7, is quasi-uniform. Let v, €
v,k Then, there exists a function Ev, € Vi = {v € Co(Q) : v|r € P(T) :
VT € Ti} such that Ev, = v, in Q;F, and

1Evillin ) < Clvlln

with C > 0 independent of A.
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Unfitted stabilized Nitsche's finite element method
Flux error estimate

Theorem: (Discrete Extension) Assume that 7, is quasi-uniform. Let v, €
v,k Then, there exists a function Ev, € Vi = {v € Co(Q) : v|r € P(T) :
VT € Ti} such that Ev, = v, in Q;F, and

1Evillin ) < Clvlln

with C > 0 independent of A.

Theorem: Assume that €2 is convex and the triangulation is quasi-uniform.
Then, there exists a constant C > 0, independent of i and p*, such that

1V ()72 = 10¥ (=) ~[I72 0y + 1oV (=16) |24y < Chfllz2ey-
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High-contrast interface problem Unfitted stabilized Nitsche’s finite element method

Numerical example

Exact solution: Q = (=1,1)> TI'={x € Q:x} +x} = R*}
Q ={xeQ:xt+x} <R}

® = ifxeQ
ulx = o o .

S ARY(E - ) ifxeqf
\ )

80~ and for case I' = 9™ (right).

Figure: Approximate solution, case I' =
April 8,2016  49/55
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High-contrast interface problem Unfitted stabilized Nitsche’s finite element method

Numerical example

Errors:
0 L
ep = luy — 2oy e = Ny —ullpoo ()
1 1,
e = lo(Vuy = Vu)ll 20 < = Np(Vuy — Vi)l o0 ()
1 52 r el‘l’o r ('117 e}]’oo r
1 1.9e-02 5.5e-02 3.7¢-01 5.9e-01
2 6.2-03 1.64 1.5e-02 1.86 1.4e-01 1.38 2.7e-01 1.1
3 1.1e-03 2.46 2.8¢-03 2.45 5.66-02 1.31 1.2-01 117
4 1.76-04 2.69 5.0e-04 2.48 2.6e-02 1.1 5.4e-02 1.17
5 2.8e-05 2.66 9.8e-05 2.34 1.3e-02 1.03 2.4e-02 1.14
6 4.6e-06 2.59 1.9e-05 2.39 6.4e-03 1.01 1.26-02 1.03
7 8.4e-07 2.45 4.2-06 2.16 3.2e-03 1.00 6.0-03 1.01
Table: Errors and orders of convergence with p~ = 1, p* = 10*, stabilization parameters v = 10 and
A& =10.
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Unfitted stabilized Nitsche's finite element method
Numerical example 3 # 0

i (3 +:3)%/2 2
Smooth exact solution u(x) = =—=— forx € @ = (-1,1)", and

I' = {x:x} +x3 = (1/3)*}. Consider Q™ as the inclusion. Let p* = 10*and p~ = 1.
Note that the jump of the flux in nonhomogeneous. Stabilization parameters: v = 10,
v, =10and ~, = 10.

1 0 r 20

1 1,00
L’h r (’h r e

h h r
1 4.2e-02 6.7e-02 7.9e+03 2.8e+04
2 1.1e-02 2.00 1.8e-02 1.90 3.9e+03 1.00 1.4e+04 0.94
3 2.6e-03 2.00 4.6e-03 1.95 2.0e+03 1.00 7.4e+03 0.97
4 8.4e-04 3.30 2.3e-03 2.02 1.5e+03 0.74 6.8e+03 0.26
5 2.1e-04 2.00 6.0e-04 1.95 7.6e+02 1.00 3.4e+03 0.98

Table: @ = (=1, 1)A, T ={x€Q:x 4+ =(1/3)*},p~ =1,p" = 10*.
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@ Summary and future projects
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Summary

Immersed Interface approach:
e Piecewise linear FEM for an interface problem
e Optimal energy error estimate independent of contrast
e Optimal L? error estimate independent of contrast
e Extension to 3D

Nitsche’s approach:
e Piecewise linear FEM for an interface problem
e Optimal energy error estimate independent of contrast
e Optimal L? error estimate independent of contrast
e Flux error estimate independent of contrast
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Future projects

e Flux error estimate for interface finite element method
e 3D extension of Nitsche’s finite element method

e Non-homogeneous jump conditions

e Higher-order method for interface problems

e Stokes interface problem

e Moving interface problems: Navier-Stokes equations

FEM for stationary elliptic interface problems April8,2016  54/55



e e e |
Future projects

e Flux error estimate for interface finite element method
e 3D extension of Nitsche’s finite element method

e Non-homogeneous jump conditions

e Higher-order method for interface problems

e Stokes interface problem

e Moving interface problems: Navier-Stokes equations

Thanks for your attention!
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