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Markov chains

@ A discrete-time, time-homogeneous, finite Markov chain can be
thought of as a system that undergoes transitions between states,
over some finite state space {sy, ..., sSp}, in discrete time steps.

Jane Breen (U of M) Markov chain clustering WCLAM 2017 2/38



Markov chains

@ A discrete-time, time-homogeneous, finite Markov chain can be
thought of as a system that undergoes transitions between states,
over some finite state space {sy, ..., sSp}, in discrete time steps.

@ For each s;, s;, there is some transition probability t; denoting the

probability of the system moving from state / to state j in a single
time step.

Jane Breen (U of M) Markov chain clustering WCLAM 2017 2/38



Markov chains

@ A discrete-time, time-homogeneous, finite Markov chain can be
thought of as a system that undergoes transitions between states,
over some finite state space {sy, ..., sSp}, in discrete time steps.

@ For each s;, s;, there is some transition probability t; denoting the
probability of the system moving from state / to state j in a single
time step.

@ In this way, the chain is memoryless; the movement of the chain
depends only on the current state the system is in.
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Markov chains

@ A Markov chain can be represented entirely by the probability
transition matrix T = [t;], a nonnegative row-stochastic matrix.
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Markov chains

@ A Markov chain can be represented entirely by the probability
transition matrix T = [t;], a nonnegative row-stochastic matrix.

@ Given an initial probability distribution vector g , the probability
distribution after k time-steps is given by u} = uJ T*.
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Perron-Frobenius theorem

Theorem

Let T be a primitive row-stochastic matrix. Then:
(@) p(T) =1, and 1 is an eigenvalue of T.

(b) IfX+# 1 is an eigenvalue of T, then || < 1.

(c) There is a positive left eigenvector w' of T corresponding to the
eigenvalue 1.
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Stationary vector

Definition
Given that a Markov chain with transition matrix T is ergodic (that is, T
is primitive), the left eigenvector w' of T corresponding to the

eigenvalue 1 is referred to as the stationary vector of the chain, and it
catalogues the long-term behaviour of the chain.
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Mean first passage times

Definition

For states / and j, the mean first passage time from / to j, denoted

m , is the expected length of time it takes for the chain to reach state j
for the first time, given that the chain starts in state J.
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Road network model

Emanuele Crisostomi, Stephen Kirkland, and Robert Shorten.
A Google-like model of road network dynamics and its application

to regulation and control.
International Journal of Control, 84(3):633—-651, 2011.
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Clustering in Markov chains

Clustering behaviour is usually characterised by the existence of
collections of states of the Markov chain for which the system, if
starting in a state in a cluster, is unlikely to leave that collection of
states in the short term. Also, the expected number of time-steps until
the chain is in a state outside of that cluster is relatively large.
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Clustering in Markov chains

Example
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Example
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Result

Theorem (Crisostomi, Kirkland, Shorten, 2011)

Let T be an irreducible stochastic matrix and suppose that \ € R is an

eigenvalue of T. Letv = [v] |

—v, [07]T be a corresponding

A-eigenvector (with vi > 0 and v» > 0) and let us partition the matrix T

conformally as

T2

Too

T
To1
T31

and label the subsets of the partition as S, So, and Sy respectively.

Then:
(@) p(T11) > A and p(T22) > A.

T3o

Ti3
To3

Ta3
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Result

Theorem(ctd)
(b) There are subsets Sy C Sy, S» C Sz, and positive vectors W, , W,
with supports on Sy, S, respectively such that w,' 1 = W, 1 = 1
and
Sown()Y tp=1—=p(T1) <1 =), (1)
i€8 j2 S

and
ZW2(’)ZtU:1 —,O(ng)g 1-A (2)
icS, j2Ss
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Result

Theorem(ctd)

(c) Foranyje S,

.. 1 1
wy()m; > > 3
T
i€Sy
and foranyj e S,
S wp(iymy > > 4)
1—p(T22) —1-A

I'Eég

where mj; are entries of the mean first passage matrix.
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Explanation of result

The existence of a real eigenvalue ) that is ‘close’ to 1 indicates the
existence of clustering behaviour in the Markov chain as follows:
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existence of clustering behaviour in the Markov chain as follows:

@ There are two collections of states, S; and S,, indexed by where
the entries of an eigenvector corresponding to A are positive and
negative.

@ Some weighted average of the transition probabilities from states
in S to states in S, (and vice versa) is bounded above by 1 — \ —
i.e. the probability of transitioning from S; to S, is expected to be
small if A =~ 1.
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Explanation of result

The existence of a real eigenvalue ) that is ‘close’ to 1 indicates the
existence of clustering behaviour in the Markov chain as follows:

@ There are two collections of states, S; and S,, indexed by where
the entries of an eigenvector corresponding to A are positive and
negative.

@ Some weighted average of the transition probabilities from states
in S to states in S, (and vice versa) is bounded above by 1 — \ —
i.e. the probability of transitioning from S; to S, is expected to be
small if A =~ 1.

@ Some weighted average of the mean first passage times from
states in S to states in S, (and vice versa) is bounded below by
—~ —i.e. MFP times from S; to S, are expected to be large if

T—x
A=~1.
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Question: complex eigenvalues?

Can any clustering behaviour be determined from a complex
eigenvalue?

That is, given A € C an eigenvalue of T where A = o + i3, can we:
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Can any clustering behaviour be determined from a complex
eigenvalue?

That is, given A € C an eigenvalue of T where A = o + i3, can we:

(a) define a conformal partition of a corresponding eigenvector for A
and the matrix T;

(b) determine lower bounds for the spectral radii of T11 and T, (the
principal submatrices determined by the index set of this partition);
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That is, given A € C an eigenvalue of T where A = o + i3, can we:

(a) define a conformal partition of a corresponding eigenvector for A
and the matrix T;

(b) determine lower bounds for the spectral radii of T11 and T, (the

principal submatrices determined by the index set of this partition);
and

(c) conclude equivalent statements about the clustering properties of
T as in parts (b) and (c) of the theorem.
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Question: complex eigenvalues?

Can any clustering behaviour be determined from a complex
eigenvalue?
That is, given A € C an eigenvalue of T where A = o + i3, can we:

(a) define a conformal partition of a corresponding eigenvector for A
and the matrix T;

(b) determine lower bounds for the spectral radii of T11 and T, (the
principal submatrices determined by the index set of this partition);
and

(c) conclude equivalent statements about the clustering properties of
T as in parts (b) and (c) of the theorem.

A brief examination of the proof of the above theorem will determine
that (b) and (c) are proven independent of the fact that A is real;
moreover, given lower bounds for p(T11), p(T22), these may be
substituted for A in (1), (2), (3) and (4).
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A starting point

@ Let T be an irreducible stochastic matrix with an eigenvalue
A=a+if.
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A starting point

@ Let T be an irreducible stochastic matrix with an eigenvalue

A=a+if.
@ Let x + iy be an eigenvector of T corresponding to the eigenvalue
A.
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A starting point

@ Let T be an irreducible stochastic matrix with an eigenvalue
A=a+if.

@ Let x + iy be an eigenvector of T corresponding to the eigenvalue
A

@ Then since
T(x+iy)=(a+iB)(x+1iy)
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A starting point

@ Let T be an irreducible stochastic matrix with an eigenvalue
A=a+if.

@ Let x + iy be an eigenvector of T corresponding to the eigenvalue

A

@ Then since
T(x+iy)=(a+iB)(x+1iy)

by equating real and imaginary parts we have
Tx = ax — By

and
Ty = Bx + ay.
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@ Partition the system (i.e. the matrix T and the vectors x and y)
according to where x is positive, negative, and zero.
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@ Partition the system (i.e. the matrix T and the vectors x and y)
according to where x is positive, negative, and zero.

@ Then we have

T4 | Ti2 | T3 X1 axi — By
To1 | Too | To3 Xo | = | aXo— By
Ta1 | Tao | Ta3 0 —By3

where x; > 0 and x» < 0, entrywise.

@ Let 54, S, S3 denote the index sets of the partition. Note that Sz
may be empty.
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This gives:
T11X1 4+ TiaXo = axy — Byy,
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This gives:
T11X1 4+ TiaXo = axy — Byy,

and since TioX» is entrywise nonpositive,

Tixy > axy—By.
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This gives:
T11X1 4+ TiaXo = axy — Byy,

and since TioX» is entrywise nonpositive,
Tixy > axy—By.

It follows from this that

T11]1 > mjln (W) 1.
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This gives:
T11X1 4+ TiaXo = axy — Byy,

and since TioX» is entrywise nonpositive,
Tixy > axy—By.

It follows from this that

T11]1 >  min (O[X1(j3(1_(j)/6y1(!)> 1.

By a well-known result we know that the spectral radius of a
nonnegative matrix lies between its minimum and maximum row sums.
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This gives:
T11X1 4+ TiaXo = axy — Byy,

and since TioX» is entrywise nonpositive,
Tixy > axy—By.

It follows from this that

T11]1 >  min (OZX1(_13(1_(])B}/1(])> 1.

By a well-known result we know that the spectral radius of a
nonnegative matrix lies between its minimum and maximum row sums.
It follows that

—rax() — Byil)
pTe) = m)”( x0) )
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or alternatively,

Jane Breen (U of M)
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or alternatively,

p(T11) >  a—pBmax <y1—(j)>

x1(f)

J

Similarly, we may show that

p(T22) = o—pmax (yz—(j))

x2(/)

J
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or alternatively,

2100
p(Ti1) = a—ﬁm}ix <#(j)>

Similarly, we may show that

y2(J/)
o(Te) > a- ﬂmjax <$(j)) :

If « ~ 1 and g = 0, then these lower bounds are close to 1, indicating
clustering behaviour in the collections of states indexed by S; and by
So.
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Extra hypotheses

@ Note that we need
axy—pBy; >0 and axo —Byo <0

in order that these lower bounds are positive.
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Extra hypotheses

@ Note that we need
axy—pBy; >0 and axo —Byo <0

in order that these lower bounds are positive.

@ We treat the above as hypotheses that must be satisfied in order
to conclude anything about clustering behaviour of the chain.
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Repartitioning

@ Consider the vector x + ty, for some t > 0, and partition according
to wperg X + ty is positive, negative, or zero, with index sets
S1, 82, Ss.
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Repartitioning

@ Consider the vector x + ty, for some t > 0, and partition according
to wperg X + ty is positive, negative, or zero, with index sets
S1, Sz, Ss.

@ Then we have

Tii | Tz | Ts X1+t alxi + tyr) + B(txs — 1)
To1 | Too | To3 Xo+tye | = | alke + the) + B(txe — J2)
Ta1 | Tz | Ta3 0 (at — B)ys
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Repartitioning

@ Consider the vector x + ty, for some t > 0, and partition according
to wperg X + ty is positive, negative, or zero, with index sets
51,8z, Ss.

@ Then we have

Tit | Tz | Tia X1+t alxi + tyr) + B(txs — 1)
To1 | Top | Tos Xo+tys | = | a(Xo+tye) + 5(}‘5(2 )
Ta1 | Tao | Ta3 0 (at —B)ya3

@ t must be bounded above by

k) —x%0)
min <}71(/)> and - min (m)'
y1(j)<o0 ¥2(j)>0
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Repartitioning

@ Note that this ‘repartition’ is not substantially different. We simply
allow the option of including some extra states in the cluster by
including indices corresponding to positive entries of y3 to Sy, and
indices corresponding to negative entries of y3 1o So.
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Repartitioning

@ Note that this ‘repartition’ is not substantially different. We simply
allow the option of including some extra states in the cluster by
including indices corresponding to positive entries of y3 to Sy, and
indices corresponding to negative entries of y3 1o So.

@ Moreover, S; C §;and S, C S..
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Repartitioning

@ Note that this ‘repartition’ is not substantially different. We simply
allow the option of including some extra states in the cluster by
including indices corresponding to positive entries of y3 to Sy, and
indices corresponding to negative entries of y3 1o So.

@ Moreover, S; C §;and S, C S..

@ Interpreting in terms of prospective clustering behaviour, we are
simply allowing the possible addition of more states into our
existing index set to potentially achieve a ‘tighter’ cluster.
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Repartitioning
@ Proceeding as before, we have:

T +t) > a(X + ti) + B(tx — )

= () — ()
= p(T11) > Oé+ﬁmjln(m)7
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Repartitioning
@ Proceeding as before, we have:

T +t) > a(X + ti) + B(tx — )

= () — ()
= p(T11) > Oé+ﬁmjln<m)’

@ Similarly

p(T2) > a+ﬁ@n(

txa(f) — ?z(f))
X()) +172() )
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Repartitioning
@ Proceeding as before, we have:

7'11()?1 +ty1) > alXy + tin) + B(txy — 1)

= p(T41) > a+pmin
j

2 <D“(1 () —n (/'))
X1 (/) + ti ()

@ Similarly

p(7-22) > Oz—l—,ijin <

té2(j) - }"/z(f)) |
X2(J) + ty2())
@ These lower bounds are increasing functions of t, and so they are

optimized by taking the limit as t approached the minimum of the
previous bounds.
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Repartitioning - again!

@ Now consider x + ty, where t is negative, and partition according
to where x + ty is positive, negative and zero, denoting these new
index sets S1, S», Ss3.
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Repartitioning - again!

@ Now consider x + ty, where t is negative, and partition according
to where x + ty is positive, negative and zero, denoting these new
index sets Sy, Sy, Ss.

@ Then there is the possibility of including in the index set S;
(respectively, S,) some nodes corresponding to entries of y3
which are positive (respectively, negative), producing a different
partition than before (possibly).
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Repartitioning - again!

@ Now consider x + ty, where t is negative, and partition according
to where x + ty is positive, negative and zero, denoting these new
index sets Sy, Sy, Ss.

@ Then there is the possibility of including in the index set 54
(respectively, S,) some nodes corresponding to entries of y3
which are positive (respectively, negative), producing a different
partition than before (possibly).

@ Since we observed that the expression for the lower bounds were
increasing in t, and t is negative, we choose t — 0 to optimise
these lower bounds for the spectral radii. This means that we
achieve the same lower bounds as in the most basic case.
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Theorem

Theorem

Let T be an n x nirreducible and stochastic matrix, let A = « + i3 be

an eigenvalue of T, with «, 8 > 0, and let x + iy be a right eigenvector
of T corresponding to .
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Theorem

Theorem

Let T be an n x nirreducible and stochastic matrix, let A = « + i3 be
an eigenvalue of T, with o, 8 > 0, and let x + ’)f be a right eigenvector
of T correspondingto X. Fori=1, 2, 3, let S;, S;, and S, be the index
sets obtained from the partitions described above, let x;, y;, X;, yi, X;, Vi
be the subvectors of x and y corresponding to the index sets S;, S;,
and S;, and let T;, T and T be the > principal submatrices of T
corresponding to the index sets S;, S;, and S;. Then:
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Theorem(ctd)
(a) If axy — By >0,

(b) If axo — By» < 0,

p(T22) 2a—[3~max{y2(j)}.

x2(j)

J
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Theorem(ctd)
(c) If aky — By1 >0,

p(Ti1) > a3 -min

{t)"ﬁ(j)—}"ﬁ(j)}
() +tn() ]
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Theorem(ctd)
(c) If aky — By1 >0,

Mﬁ02a+ﬁﬂw

{mm—%m}

() +th() )

where t > 0 and is bounded above by
[ =x(0) [ =%()
mjln{%(j)} and mln{~ > }

J
71()<0 $2(j)>0

Jane Breen (U of M) Markov chain clustering WCLAM 2017 27/38



Theorem(ctd)
(c) If aky — By >0,

irozees (G20}

where t > 0 and is bounded above by
min { _~X1 (.j) } and min {—ng)} .

o () o ¥ ()
y1()<0 ¥2(j)>0

If y4 > 0 and y» < 0, then

p(T1) > a+ 8- mjln{)? )}

'~<z
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Theorem(ctd)
(d) If afo — B < 0,

o) 2400 S

where t > 0 and is bounded above by
min { _~X1 (.j) } and min {_Xz(.j)} :
j 210)) '

j
71()<0 ¥2(j)>0

If y4 > 0 and y» < 0, then

p(T22) >a+f- mjln {)N(—)}
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Theorem(ctd)
(e) Ifaxy — By >0,

p(T11) > a—B- m,n{i_’_( (l)}

(f) If axo — By2 > 0,

WTe) 2 a - p-min {20},

Xa(f)

J
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Using the imaginary part of the eigenvector

@ Partition the system (i.e. the matrix T and the vectors x and y)
according to where y is positive, negative, and zero.

@ That is, we have

Ti1 | Th2 | T3 Y1 BX1 + ayi
Tor | Too | Tog Yo | = | Bxatay

Ta1 | Tao | Ta3 0 BX3
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Another theorem

Theorem Il

Let T be an n x nirreducible and stochastic matrix, let A = o + i be
an eigenvalue of T, with o, 8 > 0, and let x + iy be a right eigenvector
of T corresponding to \. Fori=1, 2, 3, let S; denote the index sets

obtained by partitioning according to where y is positive, negative and
zero.

Jane Breen (U of M) Markov chain clustering WCLAM 2017 31/38




Another theorem

Theorem Il

Let T be an n x nirreducible and stochastic matrix, let A = o + i3 be
an eigenvalue of T, with o, 8 > 0, and let x + iy be a right eigenvector
of T corresponding to A. Fori=1, 2, 3, let S; denote the index sets
obtained by partitioning according to where y is positive, negative and
zero. Also, let S; (respectively, S;) be the index sets obtained by
partitioning according to where sx + y is positive, negative, and zero,
where s is positive (respectively, where s is negative).
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Another theorem

Theorem Il

Let T be an n x nirreducible and stochastic matrix, let A = « + i be
an eigenvalue of T, with o, 8 > 0, and let x + iy be a right eigenvector
of T corresponding to A. Fori=1, 2, 3, let S; denote the index sets
obtained by partitioning according to where y is positive, negative and
zero. Also, let S; (respectively, S;) be the index sets obtained by
partitioning according to where sx + y is positive, negative, and zero,
where s is positive (respectively, where s is negative). Let

Xi, i, Xi, i, Xi, ¥i be the subvectors of x and y corresponding to the
index sets S;, g‘,-, and S;, and let T}, T,-,- and T be the principal
submatrices of T corresponding to the index sets S;, S;, and S;.
Assume that x; and y; (resp., X; and y;, X; and y;) are linearly
independent, i = 1,2. Then:

Jane Breen (U of M) WCLAM 2017 31/38



Theorem Il (ctd)
(a) If ayy + Bx1 >0,

x1(/)

p(T11)2a+5~mjin{—}-

y1(/)
(b) If ays + Bx2 < 0,

p(T2) > a+pB- mjin {}’2_(1)

Xz(l')}.
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Theorem Il (ctd)
(c) If ayy + Bx > 0,

2

~—"

p(Ti1) > a+ - mjln{

'~<z

(d) If ayo + X2 > 0,

¥2(/)

J

X1(j)}'

p(ng) >a+p- mln{ 20)}.
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Theorem Il (ctd)
(e) If ajy + 8% > 0,

p(T11) > a+,6’-mjin

{)71(/)—571(1')}
sx(f) + () )
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Theorem Il (ctd)
(e) If ays + x4 >0,
p(T11) > a-i-ﬂ-ml_in{
where s < 0 and is bounded below by
=) }
min = and b
J { x1(f) y

x1(/)>0

X1(J) — sh (/)}
sxi(f) +y1() )’

min
.
X2(/)<0

{ x2(/)

—}72(/)}'
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Theorem Il (ctd)
(e) If ayy + Bx1 >0,

9(711)Za+5'mji

{)_(1(]') - 371(1)}
sxi() + () )’

where s < 0 and is bounded below by
= (f)} : {—}’2(!)}

min = and b min

o { % () Y T TR0)

1 (j)>0 Xz(/)<0

If Xy < 0and x> > 0, then
p(T11) > a— B -min {}_/—(I)} .
i LX) )
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Theorem Il (ctd)
(f) If ays + BX2 <0,

o(Tae) > a+ 8- m/_i

{)_(2(/) - 3}72(/')}
sxa(f) + yo(j) J

where s < 0 and is bounded below by
= (f)} : {—}’2(!)}

min = and b min

o { % () Y T TR0)

X1 (j)>0 Xz(/)<0

If Xy < 0and x> > 0, then
p(T2) > a— B -min {}_/—(I)}
i X)) )

Jane Breen (U of M)

Markov chain clustering

WCLAM 2017

35/38



Example

@ T a 40 x 40 irreducible stochastic matrix, with an eigenvalue
A =0.8188 + 0.0348i.

Partition wrt: Si LBonp(T11) So  LBonp(Tep)
X 6—40 0.6539 1-5 0.8108
X+ty,t>0 6—40 0.8115 1-5 0.8027
X+ty,t<0 6—40 0.6539 1-5 0.8108
y 1-5 0.9698 6-35 0.8262
sx+y,s>0 | 1-5,36-40 0.9698 6-35 0.8262
sx+y,s<0 1-5 0.8108 6—40 0.8188
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Example
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Thank you!
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