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Schrédinger operator
Notation

Q open, smooth, bounded and simply connected domain of R?

magnetic field
magnetic potential s.t. curlA = B

> W

h >0 semi-classical parameter

A= %(Xg, —X1)
Semiclassical Magnetic Laplacian

Ly = (=ihtV+A)? onQ
with magnetic Neumann boundary condition on 952
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Some motivations

Aim: analysis the spectrum of £, in the semiclassical limit7z — 0

Let 1,(%) be the n-th eigenvalue of £,
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Some motivations

Aim: analysis the spectrum of £, in the semiclassical limit 7 — 0

Let 1,(%) be the n-th eigenvalue of £,

Motivations:

» The lowest eigenvalue (%) of the magnetic Laplacian is involved in
the theories of superconductivity and liquid crystals

» Simplicty of 14(%)?
» Estimate of the gap 12(%) — 21 (h)?
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Pure electric potential

A partially semiclassical electric Laplacian
Approximation of the eigenpairs of operators with electrical potential

~h?Ag — Ay + V(s,t)
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Pure electric potential

A partially semiclassical electric Laplacian
Approximation of the eigenpairs of operators with electrical potential
~h?Ag — Ay + V(s,t)

Born-Oppenheimer strategy
» replace, for fixed s, —A¢ + V(s, t) by its eigenvalues p(s)
» consider the reduced operator

—h? A + py(8)

» apply the semiclassical techniques a la Helffer-Sjdstrand
» ¢ symmetric = tunneling effect

cf. [Helffer-Sjéstrand 84-85,Combes-Duclos-Seiler 81, Martinez 89, Klein-Martinez-Seiler-Wang 92]
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Pure electric potential

A partially semiclassical electric Laplacian
Approximation of the eigenpairs of operators with electrical potential
~h?Ag — Ay + V(s,t)

Born-Oppenheimer strategy
» replace, for fixed s, —A¢ + V(s, t) by its eigenvalues p(s)
» consider the reduced operator

—h? A + py(8)

» apply the semiclassical techniques a la Helffer-Sjdstrand
» ¢ symmetric = tunneling effect

cf. [Helffer-Sjéstrand 84-85,Combes-Duclos-Seiler 81, Martinez 89, Klein-Martinez-Seiler-Wang 92]

Is there an analog in the pure magnetic case?
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Schrddinger operator

Some references
Many results about the asymptotic expansions of 1,(%)

Constant magnetic field

[Erdos, Baumann-Phillips-Tang] (2D, disk)

[Bernoff-Sternberg, del Pino-Felmer-Sternberg, Helffer-Morame] (2D, smooth )
[Helifer-Morame] (3D, smooth )

[Fournais-Persson] (3D, ball)

[Jadallah, BN] (2D, corners)

Domains with corners
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Schrddinger operator

Some references
Many results about the asymptotic expansions of 1,(%)

Constant magnetic field

[Erdos, Baumann-Phillips-Tang] (2D, disk)

[Bernoff-Sternberg, del Pino-Felmer-Sternberg, Helffer-Morame] (2D, smooth )
[Helffer-Morame] (3D, smooth €2)

[Fournais-Persson] (3D, ball)

[Jadallah, BN] (2D, corners)

Variable magnetic field

[Lu-Pan, Raymond] (2D, smooth Q, non vanishing field)

[Montgomery, Helffer-Morame, Pan-Kwek, Helffer-Kordyukov] (2D, smooth €, vanishing
field)

[Lu-Pan, Raymond, Helffer-Kordyukov] (3D, smooth €2, non vanishing field)

[BN, BN-Dauge, BN-Dauge-Martin-Vial] (2D, non vanishing field, corners)
[BN-Dauge-Popoff] (3D, corners)
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Schrédinger operator

Some references

Many results about the asymptotic expansions of 1,(%)
Essentially variational analysis based on

1. a construction of appropriate test functions for the Rayleigh quotients

2. areduction, through a space partition of unity
and estimates of Agmon type,
to local models whose spectrum is known
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Schrddinger operator

Some references

Many results about the asymptotic expansions of 1,(%)
Essentially variational analysis based on

1. a construction of appropriate test functions for the Rayleigh quotients

2. areduction, through a space partition of unity
and estimates of Agmon type,
to local models whose spectrum is known

Asymptotic expansion of the first eigenfunctions?

Do the magnetic eigenfunctions admit WKB expansions?
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Smooth case

Non symmetric case

Assumption

The algebraic curvature « of the
boundary of 92 has a unique and
non-degenerate maximum at s =0

Let ko = —«"(0)

Theorem
We have the asymptotic expansion

k
2a(1) = Oofi = Crsmasdi®? + (21— 1)COL* | /%hm +o(h'

©p and C; > 0: constants related to the De Gennes operator

cf. [Helffer-Morame, Fournais-Helffer]
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Smooth case
Non symmetric case
Assumption
The algebraic curvature « of the

boundary of 92 has a unique and ¢
non-degenerate maximum at s =0

Let kp = —«”(0)

Theorem
We have the asymptotic expansion

k.
An() = Ol — Cikmaxl™'? + (20— 1)C10}/* ,/%hm + o(n"'*)

©p and C; > 0: constants related to the De Gennes operator

cf. [Helffer-Morame, Fournais-Helffer]
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Smooth case

Non symmetric case

3

o5 o o5
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Smooth case

Symmetric case

-i HI 4% mﬁ:

Modulus and phase of the first eigenfunction, 7 = l

MM b

Modulus and phase of the second eigenfunction, 7 =



Introduction De Gennes Change of variables WKB Born-Oppenheimer Ellipse Numerics Domains with corners
O0000e (e]e] [e]o]e} [e]e]e} 0000 0000 (e]e]

Smooth case

Symmetric case
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Smooth case

Symmetric case
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First two eigenfunctions, 7 = 5
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Smooth case

Symmetric case

Ellipse
0000

Numerics
(e]e]

Domains with corners
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Domains with corners

De Gennes operator
For¢ e R,
H, = DZ + (1-¢)?
defined on L3(R*) with Neumann conditions on the boundary

u(¢): first eigenvalue of H,
u,: corresponding positive L2-normalized eigenfunction

Proposition
- p(¢) and ¢ = u; are real analytic w.r.t. {

There exists {y > 0 such that

W is decreasing on (—co, {p) -
and increasing on (o, +co) o

O = pu(lo) =&, W () =0, |u40(0)|2—”2(f°)

cf. [Dauge-Helffer, Fournais-Helffer]
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De Gennes operator

Momenta

Mk(g):fom(r—g)kwg(f)ﬁdr, vk eN

Proposition
. uZ (0)
With Cy = —%5—, we have

fR (&o - T)U?O (r)dr =0
fR (8:u),, (*)u(7) dr = O

f (6, +21(% - 1)+ 72(&o - T)) Ug, Uy, dT = —Cy
Ry

Domains with corners
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Change of variables

Boundary coordinates

=109
v : R/€Z — 9 a parametrization of the boundary with |y’| = 1
v(s) inward unit vector at y(s)

k(s) curvature s.t.
Y (s) = k(s)v(s)

Let us consider the diffeomorphism

F:R/Z — Qi
(s,t) > y(s8)+tv(s)

with, for ty > 0,
Q, = {x € Q, dist(x,90Q) < to}

Domains with corners
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Change of variables

Potential

_ 1-t(s))A(F(s. 1)) -y’
A(s,t) = (( A((SF)ES,(t)gs- v()g) ’ (S))

Change of gauge: there exists a gauge function ¢ s.t.

» Local change of variables on €y, :

— —~ e £ 1
A(s,t) =A-Vp= (70 t‘g 2K(S)) with  yo = 7 f curl Adx; dxo
Q

cf. [Fournais-Helffer]
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Change of variables

Potential
A(e gy _ [(1—tc(s))A(F(s. 1)) - ¥'(s)
A(s,t) = ( A(F(s, 1) - v(s)
Change of gauge: there exists a gauge function ¢ s.t.

» Local change of variables on €y, :

— —~ e £ 1
A(s,t) =A-Vp= (70 t‘g 2K(S)) with  yo = 7 f curl Adx; dxo
Q

» Local change of variables on €, = (s1,82) x (0, to):

As, 1) = (h;&’ o g’((s))

cf. [Fournais-Helffer]
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Change of variables

New operator
L = (~inV + A2 ~ T,
with
L, = m(s,t)"'aDym(s, t)iD;
2 2

+m(s, )™ (hDS T+ Rl —t+ %K(S)) m(s, )™ (hDS + Rl —t+ %K(S)

m(s,t) =1 - tk(s)
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Change of variables

New operator

Ly = (—inV + A)? ~ L5 ~ h2g,
with
Ly = m(s,t)"'aDym(s, t)hD;

2
+m(s, 1) (hDs +hE —t+ %K(S)) m(s,t)™ (hDs

h

Il
St
ol

t2
FhRl—t+ EK(s))

Scaling (s.t) = (o, ht), h = hz m(o, ht) =1 — htk(o)

¢, = m(o, ht) ™' D,m(c, ht)D;
2
+m(o, ht)™' (hDg +&H-T7+ h%x(a)) m(o, ht)™ (

An(h): n-th eigenvalue of €5,

2
hD, + & — 7+ hEK(O')

|
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WKB constructions in the simple well case

Theorem

There exist a sequence of real numbers (1,)>0 S.t.
i
ﬂn(h) h:O Z /ln’jhz
j>0

Besides there exists a formal series of smooth functions on V

i
a, ~ Za ihz
" ho ‘ n
j=0

such that
(Lh = An(h)) (ane“"/”%) = 0(h) o-®/h?
with o 2
O g o) = —1 K —K 1/2
®: () (M"(Ko)) j(; (x(0) = «(s))""“ ds

defined in a neighborhood V of (0, 0) such that Re ”/(0) > 0



Domains with corners
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WKB constructions in the simple well case
Theorem

We also have that
3k

/1n,0 = Oy, /ln,1 =0, /ln,z = —C1Kmax> /ln,3 = (2n - 1)C1 6(1)/4 V 2

The main term in the Ansatz is in the form
ano(0, 1) = foo(0) Uy, (7)

For all n > 1, there exist hy > 0, ¢ > 0 s.t. for all h € (0, hg), we have

B(/ln,o + /ln,2h + /ln,Shg, Chg) nsp (Qh) = {/ln(h)}

and 1,(h) is a simple eigenvalue
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WKB constructions in the simple well case

Sketch of proof — Conjugation via a weight function ® = ®(s)
¢, = m(o, ht) "' D,m(c, ht)D; + m(o, ht) ™' Ppm(o, ht)~'Py,

2

2

Pn=nh (D,r + T—K(O’)) +(%-7) and  m(o,ht) =1 - htk(0)
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WKB constructions in the simple well case

Sketch of proof — Conjugation via a weight function ® = ®(s)
2y = m(o, ht)'D,m(c, ht)D; + m(o, ht) ' Pym(o, ht)'Py,

2

2

Pn=nh (D(r + T—K(O’)) +(%-7) and  m(o,ht) =1 - htk(0)

Conjugate operator

® = ®(0) : phase function defined in a neighborhood of o= = 0

1 1
Q‘f’,\’g — edJ((r)/h? Qhe—¢(a')/h2
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WKB constructions in the simple well case

Sketch of proof — Conjugation via a weight function ® = ®(s)

€, = m(o, ht) ' D;m(c, ht)D, + m(o, ht) ™' Ppm(c, ht) ™' Py,
with
2
Pn=nh (DU + %K(O’)) + (& -7) and  m(o, ht) =1 - htx(o)

Conjugate operator

1 1
@9 = e®(IN* g o=®()N L@y 4 h2gy 4 hey 4+ hiLg+ ...
where
2 = D? + (Lo — 7)?
Q1 = 2((0 - T)I(b/(O')
2
L =«(0)d: +2 (DU + K(O’)%) (Ho—-71)- <I>’(0')2 + 2«k(0) (4o - T)2T

8 = (D + ()2 ) (19(0)) + (19 (0)) (D + k()| 4 410 (0 )ex(r) o )
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WKB constructions in the simple well case

Sketch of proof — Formal series

Look for a formal series solution on the form

/I’VZ:/ljhé a~Zhéa,-

j>0 j>0
such that, in the sense of formal series,
% ~ la

Let us now solve the formal system
. 1
i.e. we cancel each power of hz step by step
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WKB constructions in the simple well case
Sketch of proof

» First equation in h°
Qoao = Apdo

= lg = Oy, ao(o, 1) = fo(o)ug, (1)

where fy has to be determined
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WKB constructions in the simple well case
Sketch of proof

» Second equation in hz

(Yo = do)ar = (41 = L1)a0 = (4 = 2(do = 7)i®" (7))o (7)o (o)

Fredholm alternative

{/11 =0
ai(0,7) = 0’ (0)fo(0) (9zu) ., (7) + Fi (o) U (7)

where f; is to be determined in a next step
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WKB constructions in the simple well case
Sketch of proof

» Third equation in h
(Lo — Ao)az = (A2 — L2)a — L1a
The right hand side can be explicitly computed

and the equation becomes

K’ (4o)
2

(80—10)52 = /lgU_(o fo+ o U, fo—l—Kfo(—aTU_(O —2(4’0—T)2TU§0 —7? (Z:()—T)U_(O)

where
8y = ap — (0u), (i fr — Do To) + 3(02U), "% fo
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WKB constructions in the simple well case
Sketch of proof
» Third equation in h
Using properties of uy,,
' (¢0) U 0)
2 3
eikonal equation of a pure electric 1D-problem with potential Ci«(o)
Thus

Ao + ¢/2(0_) + C1K(U’) =0, with Cq =

/12 = —C1 K(O)

and

e 1/2
M”({o))

o)

In particular we have

fo(r(K(O) ~ «(s))"/ dg

ko Cy
K (o)

1/2
q>"(0):( ) . with ke =-x"(0)>0
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WKB constructions in the simple well case
Sketch of proof

» Third equation in h

This leads to take

ap = fodz + (0pU)g, (I0'fy — i0,fo) — 3(92), D% fo + faliy,

where &; is the unique solution, orthogonal to u, for all o, of

#’({o)
2

(Qo—ﬂo)ég = /lgU{o—f' ¢/2U{0 +K (—aTU{O — 2({0 — ‘1')2‘1'U{0 — Tz(é'o — T)U{O)

and f> has to be determined
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WKB constructions in the simple well case
Sketch of proof

» Fourth equation in h?
(Lo —Ao)az = (A3 — L3)ap + (A2 — L2)ar — L1
Fredholm condition
= (Y380 + (L2 — 2)ar + L1182, Uy i2(r, ar) = Aafo
This equation in o-variable writes

H’(&o)
2

((D,((T)ag— + (90(1)/(0')) fo + F((J’)fo = /13f0

where F is a smooth function which vanishes at o = 0
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WKB constructions in the simple well case
Sketch of proof

» Fourth equation in h?

Linearized equation at o = 0:

¢,,(O)M”(2§o)

(0'6(,- + 60-0') f() = /l3f0
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WKB constructions in the simple well case
Sketch of proof

» Fourth equation in h?

Linearized equation at o = 0:

| 3k
C1 9(1)/4 ?2 (0'(9(7 + 60—0') fo = /lgfo

Choose A3 in the spectrum of this transport equation

{(2n— 1)0168/4\/3%2, n> 1}

= Local resolution of the transport equation
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The operator symbol

Global change of variables

¢, = m(o, ht) ™' D,m(c, ht)D;
2

+m(o, ht)™' (hDU + % -7+ h%K(O’)) m(o, ht)™ (hDg + % -7+ h%K(O’)

seen as an operator valued operator:

hDg+7—; o ¢

= 1D-operator in the t-variable
Hyzn = —m(o, hT)_1(97m(0', ht)d,

+ m(o, ht)™ (g -7+ h%ZK(O')) m(o, ht)™ (g -7+ hT2—2K(O')) +0(h?)
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The operator symbol

Asymptotics expansion
Since m(o, ht) = 1 — htk(o), then
m(o, ht)™' =1+ htk(o) + O(h?)
Thus

Horh =— (1 + hti(o) + O(hz)) d: (1 — htk(0)) 0,

+ (1 + htk(o) + O(hz))2 ({ -7+ hT2—2/<(0')) +0(h?)
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The operator symbol

Asymptotics expansion
Since m(o, ht) =1 - htk(o), then
m(o, ht)™' =1+ htk(o) + O(h?)

Thus

Hozn =Hy + () (0- + 27(¢ = 7)° + 72(¢ = 7)) + O(h?)

onR/€Z X R4

Domains with corners

The lowest eigenvalue v(c, £, h) of operator H,,;  is simple and isolated
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Born-Oppenheimer strategy

Computation. ..

For each o € R/¢Z and ¢ € R, compute the integral
[ Hesnuoyucte)ar
0

We get,as h —» 0,0 —» 0and ¢ — ¢,

”(4")(4 o + agh)? — Chk(or)

f g ntie (1) () dr = O +
+O(h?) + O(ha®({ = £0)) + O(h(£ - £)?) + O((¢ = £0)°)

with aq defined by u”’(£o)ao = Cokmax
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Born-Oppenheimer strategy

Computation. ..

For each o € R/¢Z and ¢ € R, compute the integral
[ Hesnuoyucte)ar
0

We get,as h —» 0,0 —» 0and ¢ — ¢,

N(g")(g o + agh)? — Chk(or)

f HeznUs (T)Ug (1) dT = Og +
+O(h?) + O(ho™(¢ = L)) + O(h(¢ = L)) + O((¢ - 40)°)

with aq defined by u”’(£o)ao = Cokmax

To determine the effective operator

Ie - hD,, Jr—
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Effective operator

Maxima

M= {o,00, -+ ,0n}: set of all curvilinear abcissa where the maximal
curvature kmay is attained

In the previous asymptotics, replace o — 0 by dist(c, M) — 0

dist(or, M): curvilinear distance between o and the set M

At a formal level, and coming back to operators in variable o,
one expects that the low lying spectrum of the operator £, should be
asymptotically the same as the one of

)

Qiff =0+ 5

Yo 2
hD, + F - {0+ aoh| — C1K(0’)h

acting on L2(R/(Z, do)
and up to operators with symbol

o(r?).  o(h(dist(c. M) (¢ - ). O(h(¢ - 0)?) and O - &)°)
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Effective operator
Scaling

L8 = 0oh + (hDs +yo - Loz + aoh)? - C1K(S)hg

K’ (%o)
2

with
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Effective operator

Scaling
o —ogn+ X g{o) (hDs + yo — £oh? + agh)? — Cix(s)h?
with
_
Yo 7

One expects
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Tunneling effect for the ellipse

Effective operator

PG
Q—{(x1,x2)eR2 —12+b—2<1}, a>b>0

£ =109, kp = —x"(0)

Effective operator

Leﬁ _ eoh + H (250)

(hDs + o - foh% + aoh)? = Cik(s)h

3
2

Domains with corners
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Change of variables WKB
(e]e]

Introduction De Gennes
[e]e]e} 0000 @000

000000 (e]e] [e]o]e}

Tunneling effect for the ellipse

Effective operator

x2 X2
Q:{(x1,x2)eR2 —‘2+b—2<1}, a>b>0

€ =109, ko = —k"(0)

Effective operator
3

£eff = Ogh —|— (40) (hDs +vo — {()h% + (1’07’1)2 - C1K(S)7’LlE

> Shift by ©of — Cyx(0)h2
» rescaling s = £x

Ko 2 [(sDx+ &)+ V(x)|  on  L*(R/2rZ)

2
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Magnetic flux effect on the circle

Framework
Let B, the electro-magnetic Laplacian
P, = (eDx + a(x))? + V() on Lgn_per(R, dx)

with a and V smooth, 2z-periodic

Gauge transform:

Po~ Py = (Dy+ £ + V(). &0 — f " a(x) dx

Ul

eigenvalues : pk()

Domains with corners



Introduction De Gennes Change of variables WKB Born-Oppenheimer Ellipse Numerics Domains with corners
000000 (e]e] [e]o]e} [e]e]e} 0000 [e]e] le] (e]e]

Magnetic flux effect on the circle

Gap between the first two eigenvalues
Theorem
» exactly two non-degenerate minima at 0 and = with V(0) = V(x) =0
» V(x) = V(r-x)=V(-x)

V//(O)
2
Let us define the positive Agmon distance and the constant A by

xVV =V,
S = f w/ V(x)dx, and A =exp (— _ dx]
[0.7] 'A%

[0.2]

pi2(e) = Voe+o0(e) ase—0, with Vo =

Then we have the spectral gap estimate

p2(€) —pi(e) = 881/2A\/@\/¥

cos(fﬁ) o-S/e +s3/20(e‘3/“’)
E

cf [Outassourt87. BN-Hérau-Raymond]
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Tunneling effect for the ellipse

Spectral gap for the effective operator

Proposition
The spectral gap of the effective operator L is given by

eff eff i 22C1% ’” ” ;1 4 2
)~ 110~ 1A 2 oW @l (0 -(5))
C(r_ & ~s/ni
< fos 5 (5 o
where
2C4 2
S = 0) - ds,
,u”(éb) 0 K( ) K(S) S
ds \Jk(0) - <19)
A:exp—f «(0) — «(s) 2,
[0,% %(0) — «(8)
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Tunneling effect for the ellipse

Spectral gap for the operator

Conjecture
The spectral gap of the operator £}, is given by

where
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Numerical simulations

Eigenvalues

(a) Aj(h)/hvs. 1/h (b) Aj(7)/h — ©g + Cikmaxh'/? vs. 1/

Figure: Behavior of the first two eigenvalues vs. 1/
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Numerical simulations

Computations of the parameters

mab ~ 6.283

/2
4f Va2cos? t + b2sin® tdt ~ 9.688
0

_b* V8

a2 2
b s\\ % 1 3 ors\\¥?
_1_2 2 ——(1==
al-eos () =gl e ()
k(0) =2

/ 2C1 3 -3/2
/2 — (1 - e?cos? ds = 3.357
27r p f \/ (1 —e?cos?s) s
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Numerical simulations

Validity of the conjecture

Numerics
oce

Domains with corners
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Domains with corners

Stratification of {2 (Q bounded simply connected in R2)

a=au(Je)u(lv)

ect veB

with € and 8: the set of edges e and vertices v of Q

For any x € , let I, be its tangent cone

Dimension | x € Q | Model geometry for Iy
2D Q plane R?

e half-plane R?

v angular sector S,

cf. [BN-Dauge-Popoff]
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Domains with corners
Stratification of {2 (Q bounded simply connected in R2)
a=au(Je)u(lv)
ecC vel

with € and 8: the set of edges e and vertices v of Q

For any x € Q, let I, be its tangent cone

Local ground energy
E(B, NMy): bottom of the spectrum of the tangent operator (—-iV + A)? on [y)

cf. [BN-Dauge-Popoff]
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Domains with corners
Stratification of {2 (Q bounded simply connected in R2)
a=au(Je)u(lv)
ecC vel

with € and 8: the set of edges e and vertices v of Q

For any x € Q, let I, be its tangent cone

Local ground energy
E(B, Ny): bottom of the spectrum of the tangent operator (—iV + A)? on M)

Lowest local energy
£(B,Q) := inf E(B, M)
xeQ

cf. [BN-Dauge-Popoff]



Introduction De Gennes Change of variables WKB Born-Oppenheimer Ellipse Numerics Domains with corners
000000 (e]e] [e]o]e} [e]e]e} 0000 0000 (e]e]

Domains with corners

Stratification of {2 (Q bounded simply connected in R2)
a=au(Je)u(|Jv)
ecC vel
with € and ¥: the set of edges e and vertices v of Q
For any x € Q, let Iy be its tangent cone

Local ground energy
E(B, My): bottom of the spectrum of the tangent operator (—iV + A)? on M)

Lowest local energy
&(B,Q) := inf E(B, M)
xeQ

Theorem
There exists C > 0, k > 1 such that

|1(n) -n&(B,Q)| < CH ash— 0

cf. [BN-Dauge-Popaff]
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Asymptotics
Numerical simulations
0.5 o.
0518 N
0.516f R
08 ’ R
g\ 0.512] ""' o
e Ry mmgrns
0.4 0.508] “““ B
0.506) T
0.504)
0.35 0.502] L

10 20 30 40 50 60

Rhombus

20 40 60 80
B

equilateral triangle

7 (R vs. A7

square

cf. [BN-Dauge-Martin-Vial]
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