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Setting

Ergodic dynamical system (M, ®;, 11) observed through a vector-valued
function F : M — R”

Given time-ordered observations {xg,...,xy_1} with x; = F(a;) and
n > 1, we seek to compute approximate Koopman eigenfunctions with
high smoothness



Kernel methods for Koopman eigenfunctions (Giannakis 2015, Giannakis et al. 2015)

We formulate a Galerkin method for the Koopman eigenvalue problem in

a data-driven basis of L?(M, 1) with a well-defined notion of smoothness
(Dirichlet energy)

e Takens delay embeddings
Fs:M—R*  F(a)=X=(F(a), F(P_s:a),..., F(P_(s_1)5:2))

e Variable-bandwidth kernel

Xi — Xi|2
Kes  MxM—=R,, Kcs(ai,aj) =exp| — —1/‘r’n i!/m
€Ge,s' (Xi)Tes" (X))

e Diffusion maps normalization

Re = Ke,s(ah aj)

s Zk Ke,S(ajvaky

Re,s(aia aj)
Zk R&‘,S(aia ak)

Pe,s(ai7 aj) —



Galerkin method for the Koopman eigenvalue problem

e We eliminate rough eigenfunctions by solving the eigenvalue problem for
L. =v+eA

Continuous problem. Find z € H*(M,h) and A € C s.t.
<¢7 V(Z)> + E<gradh wagradhz> — )\<¢,Z>, Vw < Hl(M7 h)

Discrete approximation

/ /
> (vi—edj)g = e, z=) cpi,
=0

j=0
& 1 — oi(aks1) — pi(ar_1)
i \dk+1) — Pj\dk—1
Pi — 1/2° VU:NZSOi(ak) : 251’1
[ k=0

e The action of v on functions is approximated via finite differences in
time

e By construction of the {(;} basis, (grad, ¢;, grad, ;) = d;;, and the
scheme remains well-conditioned at large /



Traveling waves in synthetic dataset

Uy + = (0.5 4 sin(x))[2 cos(kix — O1(t)) + 0.5 cos(kox — Ox(t))]
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Diffusion maps and Koopman eigenfunctions

In systems with pure point spectra of the Koopman operators,
Af = lims_, o Asf is well defined, and [A, v] = 0 (Giannakis 2015)

Eigenfunctions of A provide an efficient approximation space for
eigenfunctions of v

Timescale separation

Eigenfunctions recovered by diffusion maps with delays embeddings have
timescale separation (Giannakis & Majda 2012, Berry et al. 2013)



Removing i.i.d. measurement noise
For data X; = x; + &;, x; = F(a;), corrupted by i.i.d. noise &;,

Ell% — %% =[x — x[* +2R*,  R* =varg

Performing delay-coordinate maps, and taking the limit s — oo,
o [IXi = XjII> == [1X; — Xj[|* + 2R3
e Because g is flat, the bias term in the pairwise distance produces a

multiplicative bias in the kernel which cancels to O(e?) in the diffusion
maps normalization

. )? )? 2 R
Re(arna) = o0 [~ ) e K (3 9),
eose’ " (Xi)ose' (X))

Ke(ai,a))
Z P (ai, aj)f(aj) Z Zk}:(((a;’:k; f(aj) — /M Pe(ai, b)f(b) du + O(€?)
J i 2 > Ke(ar,ax)

e Since [,, Pc(aj, b)f(b) du = f(a;) — eAgf(a;) + O(e?), this bias does not
affect the convergence of the eigenfunctions of P, to the eigenfunctions
¢k of Az as € — 0, and the denoised ¢, can be employed in the Galerkin
scheme for Koopman eigenfunctions



Indo-Pacific SST datasets

CCSM4 controal
1300 y monthly-averaged SST, 1° (nominal), preindustrial forcings

GFDL CM3 control
800 y monthly-averaged SST, 1° (nominal), preindustrial forcings

HadISST
Industrial era (1870-2013) SST, 1°
Satellite era (1979-2013) SST, 1°

e No bandpass filtering or detrending performed

e Results checked for robustness against embedding windows 4-30 v,
changes in spatial domain, addition of observational noise



Indo-Pacific SST modes recovered by NLSA

Modes from CCSM4 and CM3:

® Annual cycle and its harmonics

(2] ENSO and ENSO combination modes (McGregor et al. 2012; Stuecker et al.
2013; Ren et al. 2016)

©® Tropospheric biennial oscillation (TBO) (Meehl 1987) and associated
combination modes

® Interdecadal Pacific oscillation (IPO) (Power et al. 1999)
® West Pacific multidecadal mode (WPMM)

Modes from HadISST:
e Annual, ENSO, and TBO modes robustly recovered
e Evidence for IPO and WPMM (though of degraded quality)



ENSO and ENSO combination modes
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e ENSO emerges as an oscillatory pair of eigenfunctions with a vgnso = 4
y~! frequency peak and a decadal amplitude envelope

e Combination modes predicted from quadratic nonlinearities in the
coupled atmosphere-ocean system (McGregor et al. 2012; Stuecker et al. 2013)
are recovered at the theoretically expected frequencies vgnso £ 1 vy and
degeneracies

e The ENSO and ENSO combination modes together capture the
phase-locking of ENSO to the annual cycle



ENSO and ENSO combination modes
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e Reconstructed surface winds exhibit anomalous westerlies during the
development of El Nino events in boreal winter, and a southward shift
preceding El Nino decay in boreal spring (Vecchi 2006; Stuecker et al. 2013)

e Surface circulation consistent with Indian Ocean SST dipole (Saji et al.
1999; Webster et al. 1999)

XMXL [cm]

F”%S

11/1174

03/1175

I 3000

—
F T = 2000
F" % < 07/1175
) - " 41000
| ! @ ——
e 1°
L) - 11/1175
Ay - 7 4{-1000
o @ --2000
of. Q .). I_3000 03/1176

)

¢ %\ - e

’ > 07/1176
M- o s =

60 100 140 180 220 260




SST anomaly [K]

Decadal modes (WPMM & IPO)
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e West Pacific multidecadal mode (top) characterized by multidecadal
variability and a prominent cluster of SST anomalies in the western
equatorial Pacific

e Some similarities with 2nd EOF of decadal Pacific SST (Timmermann 2003;
Ogata et al. 2013) and SST residuals (Karnauskas et al. 2009; Solomon &
Newman 2012; Seager et al. 2015)

e Cold (warm) WPMM phases correlate with enhanced (suppressed) ENSO
activity (corr. coeff. 0.63 in CCSM4)
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West Pacific multidecadal mode
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— climate impacts
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e Cold WPMM phase is characterized by anomalous westerlies in the
central Pacific and anomalously flat zonal thermocline profile; such
conditions are known to correlate with enhanced ENSO activity (Kirtman
& Schopf 1998; Kleeman et al. 1999; Fedorov & Philander 2000)

e Circulation and SST patterns are consistent with strong impacts on
Australian decadal precipitation (corr. coeff. 0.62 in CCSM4)
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Analysis of organized tropical convection
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T, from 1983-2009 CLAUS archive
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Koopman Eigenfunctions
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Spatiotemporal reconstruction

)
L - 1
-
|
L —-——
— —
@ = s =
_O -  —
© 01/1093 - = o
& ~ = -
= = = —_=
=S =
== ==
- — ~— S ——— S
01/09/93 | e -—= =
- —s ‘k
- ~\
—— ——
bt — —
—
—

120W 60E 120E 180E 120W 60E 120E 180E 120W 60E 120E TSOE 120w

longitude

60E  120E  180E

(a,e) Raw Signal

(b,f) Annual cycle

(c) Madden-Julian Oscillation (MJO)

(d,h) Westward-propagating disturbances

(g) Boreal Summer Intraseasonal Oscillation (BSISO)



MJO

lag 63 d 21 h
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CCEW: mixed Rossby-gravity wave
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CCEW: Kelvin wave
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CCEW: equatorial Rossby wave
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Summary

e \We have demonstrated the potential of data-driven Koopman operator
techniques for extraction of spatiotemporal patterns from
high-dimensional multiscale timeseries generated by nonlinear dynamical
systems.

e [he method relies on constructing low-dimensional representations
(feature maps) of spatiotemporal signals using eigenfunctions of the
Koopman operator governing the evolution of observables in ergodic
dynamical systems.

e This operator is estimated from time-ordered data through a Galerkin
scheme applied to basis functions computed via the diffusion maps
algorithm.

e |n particular, applying this method to 2D brightness temperature data

over the tropics, we identified several propagating patterns corresponding
to CCEWs.

e To our knowledge, recovery of such patterns from brightness temperature
data has previously not been possible via objective eigendecomposition
techniques.
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